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Abstract

I give an overview/summary of the techniques used, and the results derived, in my 1984
PhD dissertation, Reducibility and Determinateness on the Baire Space. In particular, I focus
on the calculation of the order type (and structure) of the collection of degrees of Borel sets.

1 Introduction

I would like in this article to present a overview of the main results of my PhD dissertation, and
of the game and other techniques used to derive them.

My first thought was to print the entire dissertation but I quickly realized that it was too long—
about ten times too long! Hopefully, this condensed version will still be useful. In producing
such a drastically shortened account, I have omitted detailed proofs, and many less important
or intermediate results. Also, the remaining definitions and results are for the most part given
informally.

In writing this I have in mind, first, colleagues (whether in Mathematics or Computing) who
are not familiar with descriptive set theory but nevertheless would like to learn about “Wadge
Degrees”. To make the material accessible to these readers I have included some basic information
about, say, Borel sets that will be very familiar to Cabal insiders. However, my hope is that even
experts in descriptive set theory may learn something, if not about my results, at least about the
manner in which they were discovered. In particular, I would like to give some ‘classic’ notions,
such as Boolean set operations, the attention they deserve.

As already indicated, the approach will be technical but fairly informal. I will skip many
precise definitions and statements of results; firstly, because the details can take up precious space
and obscure the important issues; and secondly, because these detailed formulations can be found
elsewhere. Readers who need more precise formulations can find them in the dissertation itself [18],
which, if all goes to plan, will soon be published as a book.

2 Definability

My research grew out of a seminar Prof. J.W. Addison, Jr. gave in the theory of definability in
the Fall of 1967, at UC Berkeley. The theory of definability (founded, according to Addison [2],
by Tarski) studies the relationship between the grammatical complexity of definitions and the
semantic complexity of the objects (typically sets) that they define. A perfect example is the
theorem that formulas whose sets of models are closed under ordinary extension are exactly those
equivalent to existential formulas.

In definability, it is usually easy to show that an object has a definition of a certain degree of
complexity—just come up with it. However, proving the contrary—that no such definition exists—
can be extremely difficult. Many of the most important results of definability theory help with
this problem by reducing proving nonexistence of a definition to proving existence (of something
else). For example, we can prove that there does not exist an existential equivalent of a formula by
proving that there exists a model of the formula that can be extended to a model of its negation.

∗To appear in Proc. of the Cabal Seminar, LNML 37, Springer.
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3 Descriptive set theory

In the 1967 seminar we learned of intriguing analogies (due largely to Addison himself) between
apparently distinct results in predicate logic, recursive function theory and descriptive set theory.

Descriptive set theory is the oldest of these topics, and it grew out of classical analysis. The
study of continuity, differentiation and integration, and the limit process revealed the existence of
sets (of real numbers) and functions (over the reals) that failed to possess some highly desirable
properties. Measure theory, for example, extended the Riemann integral to a much wider collection
of functions. Analysts discovered, however, that the axiom of choice implied the existence of
functions and sets that are not measurable. On the other hand, every set/function that actually
arose in practice was measurable. Similary, it seems that every set actually encountered has the
perfect set property—it is either countable or has a perfect subset (and hence has the power of the
continuum). Nevertheless, the Axiom of Choice implies the existence of sets without the perfect
set property.

The conviction grew that any set that was somehow constructible or definable was much better
behaved than the mysterious sets that the axiom of choice allows us to produce like rabbits out
of a magician’s hat. This led to a systematic study of the ways in which sets of reals can be
constructed, and to a comparative study of the power of different ways of defining these sets.

For example, the open sets are almost the simplest, and are easily seen to have the two
properties just mentioned. So do closed sets (complements of open sets) and in general any finite
Boolean combination of open sets.

4 The Borel sets

In the 1967 seminar Addison suggested I work on the problem of providing constructive examples
to verify the nontriviality of the famous Borel hierarchy.

The class of Borel sets is the least class containing all the open sets and closed under comple-
ment and countable union. Borel sets can be very complex but they are all measurable and have
the perfect set property (as well as many others).

The Borel hierarchy is determined directly by the inductive definiton just given. The Borel
hierarchy classifies Borel sets according to how many alternations of negation and countable union
are required to construct them. The simplest are the open sets and their complements, the closed
sets. Traditionally G denotes the class of open sets and F the class of closed sets.

At the next level in the Borel hierarchy we find the collection Fσ of countable unions of closed
sets and its dual, the collection Gδ of countable intersections of open sets (again, traditional
notation). (The dual of a collection of sets is the collection of complements.) Continuing in this
way we form the collection Gδσ of countable unions of countable intersections of open sets, and its
dual Fσδ; the class Fσδσ and its dual Gδσδ; and so on.

The finite levels by no means exhaust the Borel sets. The simplest sets not necessarily in any
finite level are those that are the union of a sequence of sets each at some finite level. If the
individual sets are from higher and higher finite levels, their union will not in general be at any
finite level. It is not hard to see that we cannot close out under countable union until we have a
level for every countable ordinal.

Nor does the class of Borel sets include all sets that can be (somehow) defined. If B is a Borel
set and f a continuous function, the image under f of B ({f(β) | β ∈ B}) will not in general be a
Borel set. These sets (called analytic sets) are nevertheless all measurable, and all have the perfect
set property. Closing the Borel sets out under complementation and continuous image gives us
the projective sets, and once again they form a hierarchy.

The bottom level of the projective hierarchy consists of the class of analytic sets and its dual.
On the next level we find that class of continuous images of complements of analytic sets, together
with its dual, and so on as before (the hierarchy has only ω levels). Almost all examples of sets
explicitly defined in analysis are in the lower levels of the projective hierarchy.
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5 The analogy with recursive function theory

Recursive function theory is much younger than descriptive set theory. It began with the work of
Church and Turing, who formalized the notion of “effective” and showed that (in modern termi-
nology) there are recursively enumerable (re) sets that are not recursive. Recursive enumerability
is clearly a form of definability—an re set is ‘defined’ by the Turing machine that enumerates it.

In 1946 Tarski [16] pointed out an analogy between the analytic sets and the re sets. In this
analogy recursive sets correspond to the Borel sets: every set that is re and co-re is recursive, just
as (a classical result) every set that is analytic and coanalytic is Borel. However in 1950 Kleene [7]
found a pair of re sets that were not separable by a recursive set. This upset the analogy, because
(by a stronger form of the classical result) every disjoint pair of analytic sets is separable by a
Borel set. Kleene asked his new graduate student Addison to look into the anomaly.

Addison discovered that Tarski had, arguably, got the analogy wrong, and that it made much
more sense to pair the re sets with the open sets. What Addison [1] called the “fundamental
principle” of the analogies is the fact that the continuous functions are those that are, in a very
natural sense, computable. Addison’s principle is indeed of fundamental importance both for the
study of infinite games and of infinite (nonterminating) computations. To explain it, however,
I must first introduce the Baire Space.

6 The Baire Space

Originally descriptive set theory, which grew out of analysis, studied sets of real numbers (subsets
of the continuum). However the set of real numbers, considered as a topological or metric space,
was far from convenient. All the spaces formed by taking the product of the reals with itself a
number of times were distinct (not isomorphic), although in terms of foundational issues, these
differences were of no importance. For example, it is just as easy to prove that some subset of the
real line is nonmeasurable as to prove that some subset of the plane is. Furthermore, the decimal
expansion of real numbers is annoyingly irregular; for example, 1.0 and 0.99999999. . . represent
the same number. Also, there are no nontrivial sets of reals that are both open and closed.

The first descriptive set theorists soon found that by considering only sets of irrational numbers,
little was lost and much was gained. The space of irrationals, with the induced topology, (soon
called the Baire space) has many clopen sets and is isomorphic to all its finite or countable powers.
Furthermore, continued fraction expansion (necessarily infinite) is much better behaved than the
decimal expansion. In fact the continued fraction expansion was used so much they eventually
worked directly in the space ωω of all ω-sequences of natural numbers. This is what contemporary
mathematicians mean by the Baire space.

It is easy to describe the topology of the Baire space directly in terms of ω-sequences. Given
any finite sequence s, the interval of Baire [s] is the set of all infinite sequences that extend s. For
example, [〈7, 3, 2〉] is the set of all ω-sequences whose 0-index element is 7, whose 1-index element
is 3, and whose 2-index element is 2. The intervals of Baire form a basis for the Baire topology:
a set A is open iff every element of A is in an interval included in A.

7 Clopen sets as recursive sets

To see the connection between the Baire topology and computability, let us start at the other
end and ask, which subsets of the Baire space are recursive? In conventional recursive function
theory, a subset of ω is recursive iff there is a computer M that implements the membership test.
This means that given any n, if we give n as the input to M , M will compute for a while, then
eventually output either 1 (meaning n is a member) or 0 (meaning it is not). By a computer we
mean a deterministic and purely mechanical device. A computer must be finite but may have an
unbounded memory. There are several ways of formalizing these ideas, all equivalent; for example,
we can take our computers to be Turing machines with infinite (or extendable) tapes, initially
blank. We also need an input-output convention/protocol; we can agree that the machine will be
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started with nothing but its input (in binary) on the tape, and that when it halts nothing but the
output will be left.

There is no real difficulty in carrying this definition over to the Baire space, especially if we use
the Turing machine model. An element of the Baire space is infinite but so are the Turing machine
tapes. So we can say that a subset A of the Baire space is recursive iff there is a Turing machine
that, when started with an arbitrary α (in ωω) on its tape, eventually halts with either a 0 or 1
on its tape, indicating that α either is (1) or is not (0) an element of A. We should be a bit more
precise about the input-output convention. For example, we can specify that the components of
the sequence α are written on the right half of the tape, and that when the machine halts the 0
or 1 is under the read head. (We obviously cannot require the machine to erase all its input).

The really important point is that the machine must give an answer after only a finite amount
of computation, during which it can have examined only a finite number of α’s values (let k be
the largest number for which αk is so examined). That means it must give the same answer for
any α′ that agrees with α on at least the first k values. Suppose the machine concludes that α is
in A, and let α|k be the sequence 〈α0, α1, α2, . . . , αk−1〉. Then not only α, but every element of
the interval [α|k] is in A. Similarly, if the machine had concluded that α was not in A, then [α|k]
would have to be a subset of −A. Putting it all together, we see that if A is Turing decidable
then (1) every element of A is in an interval included in A; and (2) every element of −A is in
an interval included in −A. Bearing in mind the fact that the intervals are a basis for the Baire
topology, (1) says that A is open and (2) says that −A is open, i.e., that A is closed. This means
that decidable subsets of the Baire space are both closed and open—they are clopen sets.

Are all clopen sets decidable? No, and it is simple to find a counterexample. Let K be any
nonrecursive set of natural numbers and let A be the set of ω-sequences whose first element is
in K. Set A is clearly clopen but not machine-decidable. However there is still a sense in which
it is ‘easy’ to decide whether or not α is in A: we ‘just’ look at α0 and ask whether it is in K. In
other words, A is machine-decidable modulo a countable amount of information (the membership
list of K). We can make this precise by allowing our Turing machines to have an extra, read-only
tape with a single sequence δ written on it. If membership in A can be decided by such a machine,
we say that A is recursive in δ. It is not hard to see that a set is clopen iff it is recursive in some δ.
(Alternatively, we could allow our machines to have a countably infinite number of states, and
impose no constraint on their transition functions.)

8 Open sets as re sets

If the recursive sets correspond to the clopen sets, which sets correspond to the re sets? Since
a set is recursive iff both it and its complement are re, it is likely that the re sets correspond to
either the closed or open sets. We know that a set is re if there is a machine that enumerates
its elements; but it is not clear how a machine could enumerate an uncountably infinite set of
ω-sequences. There is another definition, however, that does carry over. A set K is re iff it is half
decidable, in the following sense: there is a machine M that, given n as input, eventually halts
with 1 on its tape iff n is in K. (The machine is not required to halt if n is not in K.) Moving to
the Baire space, a set A is analog-re iff there is a machine M that, given α as input, eventually
halts with a 1 on its tape iff α in A.

Given this definition, it is not hard to see that analog-re is open. Suppose first that A is
analog-re and α in A. If we start M with α0, α1, α2, . . . on its tape, M will eventually halt with 1
on its tape. Before halting, M will have had a chance to examine only finitely many components
of α, none (for some k) of index k or greater. This means M will do likewise for any α′ that
agrees with α on at least the first k components; in other words, any α′ in [α|k]. Thus α is in an
interval (namely [α|k]) included in A, so A must be open. Conversely, if A is open, we program a
machine M to examine one by one the components of α until, for some k, [α|k] is a subset of A.
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9 Continuous functions as computable functions

Finally, given that re sets correspond to open sets, it should come as no surprise that recursive
functions correspond to continuous functions. To see this, consider what it might mean to say
that a function over the Baire space is Turing computable. In the case of the natural numbers, we
say that a function f from ω to ω is computable by M if, for any n, if we give n as input to M ,
M eventually halts with f(n) as output. To carry this over to the Baire space, we need a protocol
that tells us how to give an α to M as input, and how M presents β (= f(α)) as output. For
input, we can simply write the components of α on half of the tape, as above. Output is not so
simple, because it is infinite.

There are actually (at least) two ways to do this. One is to present β using what computer sci-
entists now call a “demand-driven” protocol. This allows us to compute any particular component
of f(α) for any particular α. More precisely, M accepts an arbitrary α in ωω and an arbitrary n
in ω as input, computes, and eventually halts with f(α)n as output.

The other approach uses what is now called a “data-driven” approach. We present M with
α as input, and M computes β0, β1, β2, . . . , in turn, writing them in order. In this protocol M
never stops; it is a continuously operating device.

Fortunately, it does not matter which protocol we use. In either case it is easy to verify that a
function is machine computable (in some δ) iff it is continuous. To see this, suppose first that f
is continuous and that β = f(α). For any k, [β|k] is open, so f−1([β|k]) is also open; and since α
is in f−1([β|k]), α must be in some interval (necessarily of the form [α|j]) in f−1([β|k]). In other
words, the fact that f(α) begins with β|k follows from the fact that α begins with α|j. Thus
an arbitrary finite amount of information about f(α) follows from a finite amount of information
about α.

Conversely, if f has this finitary property, it follows immediately that the inverse image of an
interval containing β includes an interval containing α. Since the intervals are a basis for the Baire
topology, f must be continuous.

10 Luzin’s examples

As my contribution to the seminar, Addison set me the problem of proving that each set in a
particularly simple series of sets is exactly as complex as its obvious definition. The first set S1

is that of all sequences in which 0 occurs at least once. This is easily seen to be open; could I
prove that it is not closed? The next is the set P2 of sequences in which 0 occurs infinitely often.
It is a Gδ; prove it’s not a Fσ. The third, S3, is the set of sequences in which some number (not
necessarily 0) occurs infinitely often (a Gδσ), and the fourth, P4, is that of all sequences in which
infinitely many numbers occur infinitely often.

The examples are from the famous 1930 book [9] by the Russian mathematician Nikolai Luzin,
one of the founders of descriptive set theory (I have used modern terminology). Luzin and his
colleagues had found topological proofs of the ‘properness’ of these sets. Addison wanted to know
if I could do better (than a founder of descriptive set theory!).

The first set was relatively easy to deal with. Since any initial segment of any arbitrary sequence
has an extension in the set (with a 0 in it), it follows that any such arbitrary sequence is a limit
point of the set—the set is dense. This means it cannot be closed—the only closed dense set is
the entire space. Thus the set of sequences with at least one 0 is a ‘proper’ or ‘true’ open set.

11 The difference hierarchy

With the second set—that of all sequences with infinitely many 0’s—things already get much more
complicated. Here we need an important result of Hausdorff [5], namely if a set is both Gδ and Fσ,
then it must be a difference of a number of open sets. Hausdorff’s difference hierarchy orders
these sets (in modern notation, the ∆0

2 sets) into a hierarchy of ω1 levels. At the third level, for
example, are those sets that are of the form (G0 − (G1 −G2)) for open sets G0, G1, and G2.

5



Hausdorff showed that one can identify the level a set appears in the difference hierarchy by
taking what he calls adjoins and residues. This involves seeing how far back and forth one can
take limits between the set and its complement. For example, the first adjoin of a set A is the set
of limit points of A in −A; the first residue is the set of limit points of the first adjoin that are
members of A; and the second adjoin is the set of limit points of the first residue that lie in −A.
The point at which the residues and adjoins become empty determines the set’s position in the
difference hierarchy.

The set P2, however, is dense and codense, so the adjoin/residue process can never terminate.
It therefore cannot be a ∆0

2 set, and so must be a proper or true Gδ.

12 Many-one reducibility

The proofs for S3 and P4 were much more complex, so I started looking for another approach.
Addison always impressed on me the importance of analogies, and he pointed me to a paper by
Hartley Rogers [13] in which Rogers considers sets of natural numbers that were strikingly similar
to those in Luzin’s book. Rogers assumed a fixed system for indexing re sets, and considered the
following sets of natural numbers: (1) the set of all indices of nonempty sets; (2) the set of indices
of infinite sets; (3) the set S3 of indices of sets that contain the index of an infinite set; and the
set of indices of sets that contain infinitely many indices of infinite sets.

Rogers proved analogous results about these sets, but not using topology; instead, he used
reducibility by recursive function (called “many-one reducibility”). A set K of natural numbers
is (many-one) reducible to a set L of natural numbers iff there is a recursive function f such
that for any n, n is in K iff f(n) is in L. In other words, the function f allows us to ‘reduce’
the question of n’s membership in K to the membership of another number (f(n)) in L. Since
recursive functions are computable, this means that the computability complexity of K is no
greater than that of L. Another way to put it is that K is the inverse image of L under a recursive
function (namely f).

For example, it is not hard to see that set S3 can be defined by an ∃∀∃ formula—in modern
notation, it is Σ0

3. Rogers showed that the set in question is Σ0
3-complete: any other Σ0

3 set is
the inverse image of Roger’s third set under a recursive function. It follows that if this set were
also Π0

3, then every Σ0
3 would also be Π0

3, and the arithmetic hierarchy would collapse.

13 Continuous reducibility

It took no great insight to see that an analogy to many-one reducibility by recursive function might
do the trick. Furthermore, given the algorithmic description of the Baire topology discussed above,
it was obvious to me that the analogous notion must be reducibility by continuous function: A ≤ B
iff there is a continuous function f such that for any α, α ∈ A iff f(α) ∈ B (or, more concisely,
A = f−1(B)). However, if I had not learned to think in terms of infinite games, I probably would
not have taken it any farther.

To see where games come in, suppose I claim that a set A is reducible to a set B, and you
doubt me. I produce a machine that, I claim, computes the reducing function incrementally. You
are still skeptical and decide to call my bluff. You start to enumerate the values α0, α1, α2, . . . ,
of some sequence and demand that I turn on my machine and start enumerating the values β0,
β1, β2, . . . , of the corresponding sequence β. What follows, to put it melodramatically, is an epic
contest between a human and a machine. You will try to discredit the machine, by choosing an
α that the machine fails to reduce correctly. You can do this by enumerating an α in A that
causes the machine to produce a β that is not in B; or by enumerating an α in −A that causes
the machine to enumerate a β in B.

Obviously, in the course of the enumerations my machine has access to your values of α, because
they are its input. Conversely, I lose nothing if I allow you, my machine’s opponent, to see the
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values of β as they are produced—because I believe my machine will cope with any α no matter
what its origin.

14 The game G(A,B)

In that case the real nature of the struggle between you and my machine becomes apparent: it is
an infinite two-player game of perfect information. More precisely, given any subsets A and B of
the Baire space, the rules of the game G(A,B) are as follows:

Players I (you) and II (my machine) play alternately, I moving first. On each move I plays
a single natural number. On each move II plays a natural number, or passes (plays nothing).
Let α be the sequence of all I’s moves (necessarily infinite) and β be the sequence of all II’s
moves. Player II wins if β is infinite and either β in B and α in A, or else β in −B and α in −A.
Otherwise I wins.

And now the moral of the story is apparent: if A is reducible to B by a continuous function,
then there is a machine as described above; and this machine can be used to win the game G(A,B).
Arguably, the converse is true; if II has a winning strategy, we can build a machine that imple-
ments the strategy, and that machine must compute a continuous function that reduces A to B.

To formalize this result, we have to formalize the game. The melodramatic account just given
is of course not formal mathematics, but neither is the set of rules just given; for example, it refers
to the sequence of all of I’s moves, presumably collected at the ‘end’ of an endless game.

In fact, formalizing a game amounts to formalizing what constitutes a strategy for Player I,
what constitutes a strategy for Player II, and what is the result of playing a given strategy for I
against a given strategy for II. (Addison calls this result the clash of the two strategies.) A
winning strategy for one player is one that defeats all strategies for the opponent. Fortunately,
this is fairly easy for G(A,B)—one way is to transform it to an equivalent Gale–Stewart game by
having the players take turns choosing the components of a single sequence.

When we do this (I will omit the details) we find that a strategy for Player II is specified by
(and we can take it to be) a monotonic function on finite sequences whose result is never longer
than its argument. To play using such a function, II ensures that after each of his moves, the
sequence of moves that he made up to that point is the result of applying the function to the
‘history’ of I’s moves. Since the function is monotonic, II never has to retract moves (which of
course he is not allowed to do).

Now suppose that II has a winning strategy σ for G(A,B). Given any element α of the Baire
space, let σ∗(α) be the union (limit) of the sequence σ(〈〉), σ(〈α0〉), σ(〈α0, α1〉), σ(〈α0, α1, α2〉), . . . .
The limit exists because σ is monotonic, and is infinite because σ is a winning strategy. It is then
easy to show that σ∗ is continuous and reduces A to B.

Conversely, suppose that there is a continuous function f that reduces A to B. For any finite
sequence s of length k, let σ(s) be the longest sequence of length at most k that is an initial
segment of f(α) whenever s is an initial segment of α. (One can think of t as the output obtained
when the machine that computes is given s and allowed to run until (i) more input is needed; or
(ii) k output values are produced.)

What we just proved (informally) is the following game characterization of ≤; for any subsets
A and B of the Baire space: A ≤ B iff Player II has a winning strategy for G(A,B).

(It is possible to give a concise formal definition of G(A,B) and a short proof of this theorem;
the informal approach above was used for expository purposes. In particular, the formalism does
not need machines, although I find them a useful heuristic guide.) Then σ is a winning strategy
for II for G(A,B).

15 Completeness of Luzin’s sets

Once the game was perfected, I was able to make short work of Luzin’s examples. In each case
it was relatively straightforward to show that the set in question was complete for its ‘natural’
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complexity class, and thus a ‘proper’ member of that class.
Consider first the set S1 of all sequences in which 0 occurs at least once. To show that it is

complete for the open sets, let A be an arbitrary open set; here is the winning strategy for G(A,S1).
Player II simply plays 1’s until the interval corresponding to I’s moves is included in A. In other
words, until I has committed himself to A because all infinite extensions of I’s current (finite)
sequence of moves are in A. When (if) I decisively ‘enters’ A in this sense, II switches to
playing 0’s.

If at some point I enters A in this sense, II’s final sequence will have 0’s past a certain point
and be in S1. And since I entered A, his sequence must be in A, and so II wins. Conversely, if
I’s final sequence is in A, I must enter A at some point, because A is open. So if I never enters A,
his final sequence will be in −A; and if I never enters A, II will never play a 0, and thus II’s
final sequence will be in −S1. Player II wins in this case as well.

Next, we show that P2 (the set of sequences with infinitely many 0’s) is complete for Gδ sets
(Π0

2 sets). Let A be an arbitrary Gδ set, the intersection of open sets G0, G1, G2, . . . . Without loss
of generality we can assume that each Gi+1 is a subset of Gi. Here is II’s strategy for G(A,P2).

Player II plays 1’s by default, as above, but takes into account every time I ‘enters’ one of
the Gi, in the sense described above. (To avoid pathological cases, assume II pays no attention
to Gi before the ith move.) Every time I enters at least one new Gi, II plays a 0.

If I’s sequence ends up in A, it must be in all the Gi’s, and II will act on infinitely many entries
so that his sequence has infinitely many 0’s and ends up in P2. On the other hand, if I’s sequence
is not in A I can enter only finitely many Gi’s, and II will play only finitely many 0’s. Either
way II wins.

It should be clear now how to proceed with the others; in particular G(A,S3) is just countably
many copies of G(A,P2) played in parallel. Furthermore, it is not hard to continue the Luzin
examples through at least the finite levels of the Borel hierarchy. Naturally I was happy at having
bested the father of descriptive set theory; but it was all thanks to infinite games, which were
unknown in Luzin’s day.

16 The ∆0
2 degrees

I was so pleased at having done an end run around highly technical topological arguments that I
had not really thought ahead. Addison urged me to investigate the structure of the degrees. In
particular, I should find out if it was just an accident that Luzin’s examples of proper sets were
in fact complete for their classes.

In the case of S1, the complete open set, the question reduced to the analog of Post’s problem.
Turing’s original proof yielded a set that was re but not recursive, and complete for the re sets:
membership in any re set can be decided algorithmically by a machine that has access to an oracle
for the halting problem. Post’s problem was to decide whether or not all nonrecursive re sets have
the same property (and are therefore Turing equivalent to the halting problem).

The reducibility involved here, Turing reducibility, is much coarser than many-one reducibility.
If a set K is Turing reducible to a set L, that means in deciding whether or not n is in K we can
ask any membership questions we want about L, and do whatever we want with the answers. In
many-one reducibility we can ask about only f(n), and must simply repeat this answer.

Nevertheless, Muchnik and Friedberg (using the priority method) proved that there are many
different Turing degrees of re sets; depressingly many; for example, every finite distributive lattice
can be embedded in the re degrees. It was only logical to expect that game arguments (very similar
to priority arguments) would show that the class of open sets is similarly distressingly complex.

In fact, nothing of the kind emerged. Recall the strategy for G(A,S1) with A open; it relied
on the fact that the sequence 〈1, 1, 1, . . .〉 is not in A, but that every finite initial segment has an
extension that is in A. If we refer to discussion of the Baire topology given above, we see that
〈1, 1, 1, . . .〉 is a limit point of S1. Our strategy for G(A,S1) is based on the fact that S1 has a
limit point that is not in S1; that is, on the fact that S1 is not closed.
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In other words, any set that is not closed is complete for the open sets; so that in particular,
any ‘proper’ open set is complete and of the same degree as S1.

Encouraged by this unexpectedly pleasant result, I began looking at the degrees just beyond
those of the degree of the true open sets and the degree of the true closed sets. In terms of the
game, what counts is the number of times a player can ‘switch’ between entering a set and entering
its complement. For example, suppose that, like S1, there is a sequence β in −B but that every β|k
can be extended to a sequence δk in B. But suppose each δk has the property that any initial
segment can in turn be extended to something back in −B. Then in the game G(A,B) Player II
can ‘feint’ towards −B, then if necessary ‘feint’ towards B, and finally if necessary enter −B (the
last time is not a feint). Player II can win the game if A is either open or closed, because open
or closed sets allow only one feint.

A sequence with the property described above is easily seen to be an element of −B that is
a limit point of elements of B each of which is a limit point of elements of −B. In other words,
an element of the second adjoin of B (in Hausdorff’s terminology). A set has such a point iff its
complement is not a difference of two open sets. Furthermore, an easy game strategy shows that
such a set is complete for those that are differences of open sets.

Continuing in this way, I was able to show that the degree of a ∆0
2 set is determined by how

many back and forth feints are possible, and this in turn is entirely determined once one knows
which of the residues and adjoins are nonempty. The structure of the ∆0

2 degrees coincides exactly
with that of the Hausdorff hierarchy.

The contrast to the situation in recursive function theory is striking; the degrees are almost
linearly ordered (the exception being incomparable dual degrees). In fact they are almost (in the
same sense) well-ordered, the order type being Ω (= ω1), the first uncountable ordinal. Further-
more, the nonselfdual pairs of degrees alternate with selfdual degrees. At the very bottom we have
the degree of the empty set and its dual. Right above we have the degree of a true clopen set,
which is selfdual. This degree has two incomparable successors, the degrees of a true closed set
and the degree of a true open set. There is a selfdual degree above them (not discussed), then
another dual pair, namely the degree of a proper difference of open sets and its dual. Above them,
another selfdual degree, then the degree of a proper ternary difference of open sets and its dual.
This is the pattern through the ∆0

2 sets, with selfdual degrees at (countable) limit ordinals.

17 The determinacy of G(A,B)

Once the ∆0
2 sets were mapped out, I faced the problem of solving the ‘Post’ problem for the Gδ sets.

Is there a topological criterion for Gδ-completeness? As it turns out, yes—a set is Gδ-complete if
it is meager on a perfect set (these are classical topological notions). Using this, it is possible to
show that any proper Gδ is complete. But then, like Luzin before me, I faced extending this result
to the Fσδ sets, to the Gδσδ sets, and so on.

Fortunately, games allowed me to make another end run. It just involved examining a little
more closely the relationship between the players in G(A,B).

We saw that if Player II has a winning strategy, then the complexity of A is comparable to
that of B: it is either of the same complexity, or strictly less. But what if Player I is the one with
a winning strategy?

The game is not symmetric; the rules are looser for Player II than for Player I, because II is
allowed to pass. As a result, a strategy for I cannot be specified by a simple monotonic function on
finite sequences. We can avoid this minor complication by considering a ‘fairer’ game GL(A,B)
in which Player II cannot pass. Then winning strategies for both players are determined by
monotonic finite sequence functions (strategies for I are length preserving, strategies for II must
increase the length by exactly 1).

Now suppose again that I has a winning strategy for G(A,B). Since GL(A,B) is harder for II,
it follows that I must also have a winning strategy for GL(A,B). This strategy corresponds to a
monotonic function τ for which it is not the case that β ∈ B ⇔ τ∗(β) ∈ A. Simple logic allows us
to conclude that β ∈ B ⇔ τ∗(β) ∈ −A. In other words, τ is a winning strategy for G(B,−A).
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Putting this all together, we see that if G(A,B) is determinate (one of the players has a winning
strategy), then either A ≤ B or B ≤ −A. And if all such games are determinate, then ≤ is almost
a linear order—given any A and B, A is comparable with either B or its complement.

It is not hard to see that this result—called the Semi Linear Ordering principle (SLO)—solves
the ‘Post’ problem in its most general form. Suppose that B is an initial class—a collection of
sets closed downwards under continuous preimage (so that B in B and A ≤ B implies A in B).
It follows directly that any proper element of B—any set in B whose complement is not also
in B—is B-complete. In particular, proper Fσδ sets are Fσδ-complete and proper Gδσδ sets are
Gδσδ-complete. Once again I was spared intricate topological proofs.

Actually, I have simplified the narrative; soon after discovering the game (in late 1967, while
Addison’s seminar was still in progress) I realized that its determinateness had the dramatic
consequences just described. In fact it took several days for me to convince myself that what is
now known as “Wadge’s Lemma” was correct. Initially I expected the degrees of sets of reals to
be just as complicated as those of sets of natural numbers.

The picture that was emerging seemed too good to be true. But it was true—assuming, of
course, that the appropriate G(A,B) games are determinate.

18 The Axiom of Determinacy

How could a game not be determinate? There are no ties, so must not someone win? In fact, the
determinacy of infinite games does not follow from a priori reasoning. It is conceivable that given
any strategy for II, no matter how good, there is always a strategy for I that beats it; and that
in turn, given any strategy for I, no matter how sophisticated, there is always a strategy for II

that outplays it. A priori reasoning guarantees only that at least one player has a collection S of
strategies with the following property: given any strategy τ for the opponent, there is a strategy
σ in S that defeats τ . There is no reason to think that this player can combine all the strategies
in S into a single master strategy that uniformly defeats all comers.

This problem was recognized long ago, and Zermelo [19] first proved that all finite games are
determined. On the other hand, it is fairly easy, using the axiom of choice, to show that there
must be a (Gale–Stewart) game that is not determined. This is hardly a satisfactory state of
affairs.

One approach is to take the failure of determinacy to be yet one more implausible consequence
of the Axiom of Choice (along with, for example, the Banach–Tarski paradox or the existence of
nonmeasurable sets). In 1962 Mycielski and Steinhaus suggested [12] we drop (or weaken) AC and
replace it with the Axiom of Determinacy (AD): every infinite (Gale–Stewart) game is determined.
AD certainly has the intuitive plausibility required of an axiom; perhaps its consequences are more
palatable. We have one very pleasant consequence at hand: AD implies that ≤ is (almost) a linear
order.

The study of determinacy began in earnest in 1953 when Gale and Stewart formalized infinite
games and showed that those with an open winning condition are determinate. By 1964, Morton
Davis had shown [4] that all Gδσ games are determinate. However, at the time I was working
on my dissertation, no-one knew how far determinacy held (without assuming extra axioms). I
would not have been surprised had it fizzled out at the third or fourth level of the Borel hierarchy.
In 1968, just as I was beginning my research, encouraging news arrived: Martin showed [10]
that the existence of a measurable cardinal implied that all analytic (and hence all Borel) sets
are determined. I therefore decided to assume Borel determinateness and embark on a detailed
analysis of the degrees of Borel sets. My choice was vindicated in 1975, three years after finishing
the research, when Martin [11] proved Borel determinacy. Once again, too good to be true, but
true nevertheless.
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19 Degree arithmetic

The structure of the ∆0
2 sets suggested (correctly, as it turned out) that the degrees are semi-

wellordered. That means that in principle, at least, we can define operations on the degrees that
correspond to ordinal operations like successor, limit, sum, and product. Do these operations have
game characterizations? I was able to show that many of them do—in fact enough of them to
allow me to find the exact order type of the degrees of the Borel sets.

The simplest operator acts as a (countable) least upper bound. Given B0, B1, B2, . . . , we
define B0 tB1 tB2 t · · · to be

{iβ}i∈ω,β∈Bi
We can think of the game G(A,B0 t B1 t B2 t · · · ) as follows: Player I plays as usual, but
Player II’s first move i is not part of his sequence. Instead, it is used to single out Bi, so that
after this first move the game is like G(A,Bi), with II’s first move a pass. It was not hard to
verify that t induces a least upper bound operation on degrees.

This operation had in fact been studied by one of my predecessors, John Barnes [3]. He and
Addison called it the Kalmar union. Barnes showed that the clopen sets are generated by closing
{∅, ωω} out under the Kalmar union, forming in the process a hierarchy with Ω levels.

Probably the most surprising result is that there is a simple binary addition operation on sets
that induces an addition operation on degrees, one that corresponds to ordinal addition. Given
two subsets B and C of the Baire space, let B + C be the set

{γ + 1}γ∈C ∪ {(s+ 1)0β}s∈Sq,β∈B

(where γ + 1 and s + 1 are the sequences formed by adding 1 to each component of γ and s
respectively) . In other words, an element of B+C is either an element of C with 1 added to each
component, or a finite sequence of nonzero numbers followed by a 0 followed by an element of B.

Addition of sets induces a corresponding operation on degrees, which does indeed act like
addition, provided the first argument is a lub degree: a least upper bound of strictly simpler
degrees. If b is such a degree, we can show that for any degree d strictly greater than b, d = b+ c
for some degree c (assuming determinateness, unless we restrict the result to Borel degrees). In
particular (as we shall soon see), the ordinal associated with d is the sum of the ordinals associated
with b and c.

In the game definition of addition 0 is used as a coding device to indicate a switch from C
to B. Given any A, we can describe the game G(A,B + C) as follows: it is like G(A,C) except
that Player II has the option, at any point, of taking all his moves back, at which point the rules
switch to those of G(A,B). Player II does not have to exercise this option, and can do it at most
once. Player I is not allowed to take his own moves back.

In particular, G(A,B+B) is like G(A,B) except that II has the option of taking all his moves
back once. Similarly, B + B + B is B with two take-back coupons, B + B + B + B offers three,
and so on. The most powerful operator I found is ]—set B] can be thought of as B+B+B+ · · · .
With this set, II can take all his moves back as often as he wants. He can even do so infinitely
often, although in that case his sequence is considered as lying outside B+B+B+ · · · . I was able
to show that this operation corresponded to multiplying (on the left) by Ω (not by ω, basically
because the Baire space is not compact). In other words, for suitable degrees b, if degree a is less
than both b] and its dual, then a is less than b · µ for some countable ordinal µ.

If we begin with the two minimal degrees, namely ∅ and its dual, we can, using the degree
operations just described, generate an initial segment of the degrees of length ΩΩ. In this initial
segment, every dual pair is followed by a single selfdual degree and vice versa. At limit ordinals of
cofinality ω we find a single selfdual degee, while at limit ordinals of cofinality Ω we have a dual
pair.
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20 (α, β)-homeomorphisms

I have characterized the operations as “powerful” but in fact they are very weak. The inital
segment of order type ΩΩ just described takes us through the ∆0

3 sets. Conceivably we could go
further with more powerful operators, but it was never clear to me what these operators could be.

A few years earlier (in the 1950s, most likely) Kuratowski faced a similar problem extending
Hausdorff’s result that the difference hierarchy over the open sets exhausts the ∆0

2 sets. He
wanted to extend the result to all levels of the Borel hierarchy—to show that for any positive µ,
the difference hierarchy over the Σ0

µ sets exhausts the ∆0
µ+1 sets. Hausdorff’s original result used

adjoins and residues which, as we have seen, are closely related to game characterizations. However
it is not at all clear that there are notions analogous to those of residue and adjoin at higher levels
of the Borel hierarchy.

Instead, Kuratowski developed [8] a very general technique for ‘lifting’ results from lower
to higher levels of the Baire hierarchy: (α, β)-homeomorphisms. He used in particular (µ, 0)-
homeomorphisms, which are continuous in one direction but limits of limits of limits of . . . of
continuous functions in the other. More precisely, a function is class 0 iff it is continuous; class 1
if it is the (pointwise) limit of an ω-sequence of continuous functions; class 2 iff it is the limit of
an ω-sequence of class-1 functions; and in general, of class µ iff it is the limit of an ω-sequence of
functions each of which is of class ν for some ν < µ.

These homeomorphisms are a kind of point set microscope that blows up the complexity of a
set. My plan was to measure the effect of this kind of magnification operation by discovering the
corresponding effect on degrees. In other words, suppose R consists of all sets whose degrees are
among the first κ degrees. When we enlarge R under the microscope, the result is (hopefully) all
sets of degree less than λ for some ordinal λ possibly much larger than κ. If we can determine how
λ depends on κ, we can lift our picture of the degrees of the ∆0

3 sets to give us a corresponding
picture of the degrees of the Borel sets.

21 The expansion operations

Kuratowski’s basic result was that every Σ0
1+µ open set is (µ, 0)-homeomorphic to a Σ0

1 set on a

closed set. More precisely, given any Σ0
1+µ set H, there is a Σ0

1 set G, a closed set E, and a one-one
class-µ map f from ωω onto E such that f−1 is continuous and H = f−1(G). (Unfortunately we
cannot always take E to be ωω.) Let us adopt the following notation from my dissertation: given
any class H of subsets of ωω, the µth expansion Hµ of H is the collection of all sets that are, as
above, (µ, 0)-homeomorphic to an element of H modulo a closed set. Kuratowski’s basic result,
then, is that Gµ is Σ0

1+µ.
Kuratowski was able, with the help of (µ, 0)-homeomorphisms, to extend the Hausdorff differ-

ence hierarchy result to all levels of the Borel hierarchy. In fact he proved a stronger result, namely
that the µth expansion of a particular level of the difference hierarchy over Σ0

1 is the corresponding
level of the difference hierarchy over Σ0

1+µ.

We can express this more concisely by letting ∂ν denote the νth set difference operation, and
by extending the classical notation so that G∂ν is the set of all ν-ary differences of open sets. Then
Kuratowski’s result is that

(G∂ν )µ = (Gµ)∂ν

This result is plausible but by no means obviously true. To see the problem, consider the
simplest case: showing that (G∂2)1 is (G1)∂2 . This amounts to showing that any difference of
Σ0

2 sets is (µ, 0)-homeomorphic to the difference of two Σ0
1 sets (modulo a closed set). Let H0

and H1 be the Σ0
2 sets. We know that H0 is (µ, 0)-homeomorphic to an some open set G0, and

H1 is (µ, 0)-homeomorphic to some open set G1. It does not, however, follow that H1 − H0 is
(µ, 0)-homeomorphic to G1 − G0. The problem is that the homeomorphism reducing H0 to G0

is not necessarily the same as the one reducing H1 to G1. To make the argument work, we
need to be able to reduce H0 and H1 to G0 and G1 simultaneously (uniformly) using a single
(µ, 0)-homeomorphism.

12



This is in fact possible, and follows from a result of Kuratowski much stronger than the one cited
above; namely, that any ω-sequence of Σ0

1+µ sets can be uniformly reduced to some ω-sequence of

Σ0
1 sets by a (single) (µ, 0)-homeomorphism (as usual, modulo some closed set).

22 The ordinal jump functions

Our basic strategy is to measure the power of the expansion operators in terms of ordinal functions.
The selfdual Borel degrees are well ordered, and so can be enumerated by a sequence. Let Ξ be
the domain of this sequence. Of course this sequence omits the nonselfdual pairs, but since they
alternate with selfdual degrees, their omission does not (at least at limit ordinals) affect the order
type. Thus Ξ cleary deserves to be called the “order type” of the Borel degrees, and by 1971 or
so my main objective was to define or at least characterize Ξ.

Let rλ (λ ∈ Ξ) be the λth selfdual Borel degree. For technical reasons (to simplify the state-
ments of the results) we begin the enumeration at λ = 1, so that r1 is the collection of all clopen
sets that are neither empty nor coempty. It follows easily from the results on degree arithmetic
that rκ+λ = rκ + rλ for any positive κ and λ in Ξ.

Next, we define a corresponding Ξ-sequence of initial classes and study the result of expanding
these classes. For any λ in Ξ, Rλ is the collection of Borel sets whose degrees are strictly less
than r1+λ.

Thus R0 is {0, ωω}, R1 is the class of sets that are open or closed; and R2 consists of sets that
are the difference of two open sets, or whose complement is. It follows from what was said earlier
that RΩ is Fσ ∪ Gδ, RΩ2 consists of sets that are the difference of two Gδ, or whose complements
are; and that RΩΩ is Fσδ ∪ Gδσ.

The plan is to show that the R sequence is closed under expansion; to show that for each µ in
Ω there is an ordinal ‘jump’ function θµ with domain Ξ such that for any λ in Ξ,

(Rλ)µ = Rθµ(λ)

This is rather difficult, mainly because the vital properties of the expansion operation (as just
described) do not (obviously) extend from the Σ0

1+η classes to arbitrary collections of subsets of

the Baire space. For example, if H is Σ0
1+η for some η, it follows from what we have said that

Hν+µ = (Hµ)ν

This equation would allow us to prove that in general

θν+µ(λ) = θν(θµ(λ))

Unfortunately, there was (and as far as I know, still is) no reason to think that the second last
equation holds for arbitrary subsets H of P(ωω), even if we add the assumption that H is an initial
class (closed under continuous preimage). It is not hard to see that the inclusion

Hν+µ ⊆ (Hµ)ν

is true—it follows directly from the fact that the composition of a class µ function with a class ν
function is class ν + µ. However, the opposite inclusion,

(Hµ)ν ⊆ Hν+µ

is far from obvious. It suggests that a function of class ν + µ can always be factored as the
composition of two functions of class µ and ν respectively.
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23 Boolean set operations

Fortunately, there is a large collection of classes H for which the cited property (and others) do
hold—those that can be defined as the range of values of a Boolean set operation applied to an
arbitrary ω-sequence of open sets.

A Boolean set operation is an operation on subsets of the Baire space that is, roughly speaking,
purely set-theoretical; it makes no use of the underlying topology or other structure. Countable
union and intersection are Boolean, as are the difference operations ∂µ. On the other hand, the
closure and interior operations are not.

Our result about expanding differences of open sets can be understood as follows: the 1-
expansion operation commutes with the binary difference operation ∂2 on open sets.

Our result immediately extends to µ-expansion for any µ. It should be clear that, in the place
of binary difference, we could put any other Boolean (purely set-theoretic) operation of finite or
countable arity. For example, we could prove that a set is a countable union of 8-ary differences
of Σ0

2 sets iff it can be 1-reduced to a countable union of 8-ary differences of open sets.
This notion, of a generalized “set-theoretic operation”, was first formalized by Kantorovich

and Liveson in 1932 [6]. (They called these operations “analytical”, but that term is overused and
we prefer “Boolean” as more appropriate.)

We say that an I-ary set operation Γ over the Baire space (a map from IP(ωω) to P(ωω))
is Boolean iff, roughly speaking, membership of any α in Γ(H) is determined once we know, for
each i, whether or not α is in Hi. More precisely, Γ is Boolean iff there is a subset K of P(I) such
that for any α,

α ∈ Γ(H)⇔ {i|α ∈ Hi}i∈I ∈ K
We can think of K as being the ‘truth table’ of Γ.

For example, complementation is a 1-ary Boolean operation, difference is a 2-ary operation,
and countable union is an ω-ary Boolean operation. If I is finite, the I-ary Boolean operations are
exactly those that can be constructed using union, intersection and complementation. The first
Boolean operation to be studied (other than finite ones and countable union and intersection) was
Suslin’s operation A [15]; in our notation,

A(F ) =
⋃
α∈ωω

⋂
k∈ω

Fα|k

for any F ∈Sq (ωω). (In our terminology, operation A is Sq-ary.)
Kuratowski’s uniform reduction theorem allows us to conclude, then, that expansion commutes

with any countable Boolean set operation over the open sets. To express this principle as an
equation, suppose that Γ is an I-ary Boolean set operation and H a collection of subsets of the
Baire space; we define HΓ to be the collection of all sets produced by applying Γ to some I-ary
family of H sets. More precisely,

HΓ = {Γ(H)}H∈IH
Then Kuratowski’s uniform reduction result allows us to prove that

(GΓ)µ = (Gµ)Γ

(Notice that even Kuratowski’s uniform reduction theorem is a commutativity result; it says that
expansions commute with countable product.)

24 ωG-Boolean classes

The ωG-Boolean classes are those that are defined or generated by a Boolean set operation in
the way that the class of Gδ sets is defined/generated by the countable-union operation. Their
importance lies in the fact that they possess the properties we need.

A class is ωG-Boolean iff it is the range of an ω-ary Boolean set operation applied to sequences
of open sets; in other words, iff it is of the form GΓ for some ω-ary Γ. For example, the class of
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Π0
2 sets is the range of the countable-intersection operation δ applied to ω-sequences of open sets.

In our new notation, the class Π0
2 is Gδ, which (happily) coincides with the classical notation.

Suslin proved that any analytic set can be produced by applying the operation A to an Sq-
family of closed sets; in our notation, that the class of Σ1

1 sets is FA.
If H is ωG-Boolean, our additive expansion result then follows directly from the fact that it

holds for the open sets, and that expansions commute with Boolean operations and countable
product: if H = GΓ, then

Hν+µ = (GΓ)ν+µ = (Gν+µ)Γ =
(
(Gµ)ν

)
Γ

=
(
(Gµ)Γ

)ν
=
(
(GΓ)µ

)ν
= (Hµ)ν

Incidentally, our notational shortcuts obscure the fact we are using Kuratowski’s uniform
reduction result. For example, spelling out the omitted steps, we have

(GΓ)µ =
(
{Γ(G)}G∈ωG

)µ
= {Γ(H)}H∈(ωG)µ = {Γ(H)}H∈ω(Gµ) = (Gµ)Γ

and the second last step uses uniform reduction.
The ωG-Boolean classes have many other pleasant (and easily verified) properties. They are

all nonselfdual initial classes with complete elements. They are closed under countable product
and expansion, and furthermore, if H is ωG-Boolean, then so is HΓ. (Since the class F of closed
sets is ωG-Boolean, it follows that the class of analytic sets, which is FA, is also ωG-Boolean.)

The collection of ωG-Boolean classes is also very large; both Σ0
1+µ and Π0

1+µ are ωG-Boolean

for any countable µ, as are Σ1
1 and Π1

1 and all the levels of the corresponding difference hierarchy.
In fact, it is hard to think of any nonselfdual initial class of Borel sets that is not ωG-Boolean; for
good reason, because, as we shall soon see, there are none.

25 Separated and partitioned unions

Recall that our strategy is to show that in general (Rκ)
µ

is of the form Rλ, and to calculate λ as
a function of κ and µ. To carry out these calculations, we need to know that Rκ is well behaved
in a strong sense, and to prove that Rλ is therefore well behaved as well. The notion of “well
behaved” (called “regular” in the dissertation) includes the requirement that Rκ be a union of
ωG-Boolean classes, that the degrees of sets in Rκ are semi-wellordered, and that the initial class
of any nonselfdual set in Rκ be ωG-Boolean.

This last requirement is very strong, because it implies that, in particular, for any nonselfdual
degree a of a set in Rκ, the initial class In(a) is of the form GΓ for some ω-ary Boolean operation Γ.
In other words, it implies that every such nonselfdual degree is in a sense defined by some Boolean
set operation.

We prove this by induction, and to do this we show that degrees that are definable in this
way are closed under degree operations and expansion. Closure under expansion follows from
our commutativity results, but proving closure under degree operations involves finding classical,
non-game characterizations of the initial classes of arithmetic combinations of degrees.

Fortunately, the classical descriptive set theorists had already identified the required notions—
namely, separated and partitioned unions. In general, the union of a sequence of sets, or even just
two sets, can be much more complex than any of the sets involved—there is no way to predict
this. The problem, it seems, is that the two sets may be very close together, which complicates
determining membership in their union. However, if they are far enough apart, the problem is
manageable. And we can limit the ‘distance’ between them by requiring that there exist a simple
set that includes one and whose complement includes the other. We can extend this notion to
countable unions by requiring a partition of the space into simple sets, with each union set included
in its own partition.

The simplest case is that in which the separating sets are clopen; a ∆0
1 partitioned union of

sets from a class C is a set of the form

C0 ∪ C1 ∪ C2 ∪ · · ·
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where each Ci is in C, and there is a sequence D0, D1, D2, . . . of disjoint clopen sets such that
each Ci is a subset of the corresponding Di, and the union of the D sequence is ωω.

In our notation, the collection of all sets of this form is Pt0(C) (in general Ptµ(C) is defined
similarly, with the sets forming the partition required only to be ∆0

1+µ). In a sense, we have
already met the operation Pt0; it is the Kalmar closure of C. In other words, Pt0(C) is (given
simple constraints on C) the least class containing C that is closed under Kalmar union. The
Kalmar union, as we have already seen, is closely connected to the degree least upper bound
operation, so we already have a link between the classical and game-based notions.

If we want to go beyond the lub operations, we need two operators that take us just beyond Pt0.
In general, a Σ0

1+µ-separated union of sets in C is a set of the form

C0 ∪ C1 ∪ C2 ∪ · · ·

where each Ci is in C, and there is a sequence G0, G1, G2, . . . of disjoint Σ0
1+µ sets with each

Ci a subset of the corresponding Gi. In our notation, this class is Sp+
µ (C). We also define a dual

operator, Sp−µ , defined like Sp+
µ except that the complement of the union of the separating sets is

added to the union of the Ai’s. It is easy to see that

Sp−µ (C) = Sp+
µ (C−)−

There is a simple and direct connection between the operators Pt0, Pt1, Sp+
0 and Sp+

1 on the
one hand, and the lub, addition, ], and ordinal multiplication operators on the other hand.

Suppose first that b is a selfdual degree, the lub of the nonselfdual degrees a0, a1, a2, . . ., and
let C be ∪i∈ωIn(ai). As we already indicated, In(b) is the Kalmar closure of C; which, in turn,
is Pt0(C). Using similar (but more complex) techniques, we can show that the In(b+ 1) is Sp+

0 (C),
that In(b]) is Sp+

1 (C), and that Pt1(C) is ∪µ∈ΩIn(b ·µ). These proofs make use of game arguments
and a vital lemma that to the effect that Sp+

1 (C)∩ Sp−1 (C) is Pt1(C), which is in turn the result of
closing C out under Sp+

0 and Sp−0 .
We can express this concisely by defining Sp0(C) to be Sp+

0 (C) ∪ Sp−0 (C), and letting Spµ0 (C)
denote the µth stage in closing C out under Sp0. Then⋃

µ∈Ω

In(b · µ) = Sp+
1 (C) ∩ Sp−1 (C) = Pt1(C) =

⋃
µ∈Ω

Spµ0 (C)

26 Determining θ1

We are finally in a position to calculate the ordinal jump functions, starting with θ1. As with every-
thing else, we do it by induction. Since (R0)1 = {∅, ωω}1 = {∅, ωω} = R0, we see that θ1(0) = 0.

Now suppose that θ1(κ) = λ. What is θ1(κ+1)? By the definition of θ1, we know (Rκ)1 = Rλ.
We need to calculate (Rκ+1)1. The class Rκ+1 is the collection of all sets of degree less than rκ+1

(to simplify things, we assume κ is infinite). Since rκ+1 is clearly the lub of rκ + 1 and rκ + 1−,
Rκ+1 must be the union of the initial classes of these two degrees, and this in turn (as we have
already seen) is Sp0(In(rκ)), and since In(rκ) is Pt0(Rκ), we see that

Rκ+1 = Sp0(Rκ)

(This is true even when κ is finite.)
Taking the 1-expansion of both sides,

(Rκ+1)1 =
(
Sp0(Rκ)

)1
= Sp1

(
(Rκ)1

)
= Sp1(Rλ) = Sp+

1 (Rλ) ∪ Sp−1 (Rλ) = In(r]λ) ∪ In(r]λ
−

)

However, r]λ and its dual lie (by previous results) just below rλ·Ω. Putting it all together,

(Rκ+1)1 = Sp1

(
(Rκ)1

)
= Sp1(Rλ) = Rλ·Ω
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and this in turn implies that θ1(κ + 1) = θ(κ) · Ω. Once we verify that θ1 is continuous (which
we do) the conclusion is that, for positive κ,

θ1(κ) = Ωκ

It should be clear that we are omitting many important details. In particular, as part of
our induction we have to show that the nonselfdual degrees of sets in (Rκ+1)1 are ωG-Boolean.
This follows from our ‘classical’ characterizations of the initial classes of the results of the degree
operations, but not directly.

27 The arithmetic degrees

Once I determined θ1, I could calculate θn for finite n using the additive property θν+µ(κ) =

θν(θµ(κ)). For example, θ2(κ) = θ1(θ1(κ)) = Ω(θ1(κ)) = ΩΩκ , θ3(κ) = θ2(θ1(κ)) = ΩΩΩκ

, and in
general

θn(κ) = ΩΩΩ·
··
κ

there being n Ω’s in the ladder of exponents.
Now that we know θn for every finite n, we have a nearly complete picture of the arithmetic

degrees—the degrees of sets appearing at some finite level of the Baire hierarchy.
As we have already seen, R0 is {∅, ωω}, R1 is Fσ ∪ Gδ, and R2 is the class of sets that are

differences of open sets, or duals of such differences. Let us define A± to be A ∪ A−. Then the
first components of the R sequence are as follows

R0 = 0±

R1 = G±

R2 = (G∂2
)±

R3 = (G∂3
)±

and in general for any countable µ, Rµ is the union of both sides of level µ of the difference
hierarchy over the open sets.

If we take the 1-expansion of both sides of these equations, we see that RΩ is (Fσ)± and in
general RΩµ is the union of both sides of the µth level of the difference hierarchy over the Fσ sets.
Continuing up the Borel hierarchy, for any finite n, (Σ0

1+n)± is

R(ΩΩΩ·
··

Ω

)

where there are n Ω’s in the ladder of exponents; and the the union of both sides of the κth level
of the difference hierarchy over Σ0

1+n is

R(ΩΩΩ·
··

Ωκ

)

where again there are n Ω’s in the ladder of exponents. (Note that for infinite λ, the order type
of the collection of nonselfdual degrees of sets in Rλ is λ itself.)

Throwing together all sets at finite levels of the Borel hierarchy gives us an ordinal that could
be written

ΩΩΩ·
··

To define this and subsequent ordinals more precisely, we must use the sequence of so-called
“epsilon numbers”. The epsilon numbers are the fixed points of exponentiation by ω. The first, ε0,
is the limit of the sequence ω, ωω, ωω

ω

, . . .. There are uncountably many countable fixed points of
exponentiation-by-ω so that Ω is the Ωth such fixed point; in other words, Ω = εΩ. The collection
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of degrees of nonselfdual sets at finite levels of the Borel hierarchy therefore has order type εΩ+1,
and

∆0
(ω) =

⋃
n∈ω

∆0
1+n = RεΩ+1

28 Luzin’s problem

There are, however, many sets in ∆0
ω that are not in ∆0

(ω) (not in ∆0
1+n for any n). At this

point I was stumped, because the classical descriptive set theorists never found a hierarchy for
the ∆0

ω sets—the difference hierarchy over finite level sets collapses. Luzin himself noticed this
gap and declared the problem worth studying; although as far as I could tell, no one had done so
(successfully) before me.

Fortunately my study of the degree operations had allowed me to make a good guess, using
partitioned and separated unions.

It is not hard to check that the ∆0
ω sets are closed under ∆0

1+n partitioned unions for all n.

Does closing under these unions exhaust the ∆0
ω sets? I thought so. It would make a great story

if I could say I discovered an elegant game proof of this, but that is not what happened. Instead,
I looked very carefully at the classical results concerning (α, β)-homeomorphisms and discovered
that the result for the ∆0

ω sets could be obtained by ‘lifting’ the result that the clopen sets are
generated by closing under Kalmar union.

For any class K, define Sp(ω)(K) to be

Sp0(K) ∪ Sp1(K) ∪ Sp2(K) ∪ · · ·

and let A be the class ∆0
(ω) (also called the class of arithmetic sets). My conjecture, which I

verified, was that the class of ∆0
ω sets is the union of the Ω-chain

Sp(ω)(A) ⊂ Sp(ω)

(
Sp(ω)(A)

)
⊂ Sp3

(ω)(A) ⊂ · · · ⊂ Spµ(ω)(A) ⊂ · · ·

To calculate the ordinal to which this class corresponds, we need to calculate the power of Sp(ω)

in terms of ordinals. To simplify the notation, let υ be εΩ+1, so that, as we just saw, A = Rυ.
Our original result, proved using degrees, is that Sp0 increases the R index by one; thus

Sp0(A) = Rυ+1

Now take the n expansion of both sides (n finite); on the left we have

Sp0(A)n = Spn(An) = Spn(A)

because the arithmetic sets are clearly closed under n-expansion. On the other side, we have

(Rυ+1)n = Rθn(υ+1) = R(ΩΩ·
··

Ωυ+1

)

with n Ω’s in the ladder of exponents. Thus Sp(ω)(A) is Rυ′ where υ′ is the limit of the sequence

υ + 1,Ωυ+1,ΩΩυ+1

, . . .

and this is easily seen to be the next epsilon number (fixed point of exponentiation-by-Ω) after υ.
Since υ is εΩ+1, υ′ must be εΩ+2. What we have just described is only the first step in closing the
arithmetic sets out under Sp(ω); the second step corresponds to the ordinal εΩ+3, the third to the

ordinal εΩ+4, and in general the ∆0
ω sets are exhausted by the hierarchy

A = RεΩ+1 ⊂ RεΩ+2 ⊂ RεΩ+3 ⊂ · · · ⊂ RεΩ+µ ⊂ · · ·

The limit of the ordinal sequence

εΩ+1, εΩ+2, εΩ+3, . . . , εΩ+µ,, . . .

is εΩ+Ω. This last ordinal is therefore the order type of the (nonselfdual) degrees of ∆0
ω sets, and

Σ0
ω ∪Π0

ω = RεΩ+Ω
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29 Determining Ξ

Once Luzin’s problem was solved, I was quickly able to generalize it. First, I found a general rule
for θω:

θω(λ) = ε
(
Ω · (1 + λ)

)
for positive λ (θω(0) is of course 0).

To generalize this result to, say, θω2 , we need (in Veblen’s terminology [17]) the higher deriva-
tives of the epsilon series. The first derivative ε′ (= ε(1)) enumerates the fixed points of ε in the

same way that ε itself enumerates the fixed points of exponentiation-by-ω. The ordinal ε
(1)
0 is the

limit of the sequence
ε0, εε0 , εεε0 , . . .

and can be thought of as
εεε···

The function θω2 is given by
θω2(λ) = ε(1)

(
Ω · (1 + λ)

)
(for any positive λ).

I generalized this to arbitrary positive (countable) powers of ω:

θω1+µ(λ) = ε(µ)
(
Ω · (1 + λ)

)
(for any positive λ).

Since every countable ordinal is a finite sum of powers of ω, this last result, together with the
formula for θ1 and the additive rule, allow us to calculate θµ for any particular µ.

After that, determining the structure of the Borel sets required only tedious calculation. For
example, the order type of the collection of degrees of sets in level six of the difference hierarchy
over the class of Σ0

ωω+ω12+ω8+4 sets is (after some simplification)

ε(ω)
(
ε(11)

(
ε(7)(ΩΩΩ6

)
))

because the class in question is (
(Gω

ω+ω12+ω8+4
)
∂5

)±

Once we pass the arithmetic sets the ordinals get bigger even faster (if “big” and “fast” have
any meaning in this context . . . ). In general, to describe the order type of the ∆0

ω1+µ sets, we need
the µth derivative of the epsilon series. This suggests that Ξ is a fixed point of every countable
ordinal derivative of the epsilon series; in otherwords, Ξ is in ε(Ω), the Ωth derivative of ε, the
sequence of all ordinals that are fixed points of ε(µ) for all countable µ.

At this stage the countable ordinals are all out of the running, so that Ω is ε
(Ω)
0 . The next

ordinal in the series is ε
(Ω)
1 ; it is the least ordinal greater, for every countable µ, than the order

type ε
(µ)
(Ω+1) of the ∆0

(ω1+µ) sets. This, finally, is Ξ.

If we assume, just for the moment, analytic determinacy, we can summarize this result with
the equation

Σ1
1 ∪Π1

1 = R
ε
(Ω)
1

30 The Borel degrees

Once the induction takes us through the Borel hierarchy and exhausts the degrees of Borel sets, a
very orderly picture emerges (the final pieces of which fell into place in the summer of 1972, when
I solved Luzin’s problem). (Of course, assuming Borel determinateness.)

To begin with, the degrees are semiwellordered with selfdual degrees at successor and cofinality
ω limit ordinals, dual pairs elsewhere.
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Furthermore, every nonselfdual degree ωG-Boolean. In other words (returning to the basic
definitions), if a Borel set A is incomparable with −A, then {B | B ≤ A}B∈P(ωω) is of the
form {Γ(G)}G∈ωG . The surprising aspect to this result is that the single set A is somehow as-
sociated with a set operation Γ that in turn generates the whole class of sets that are no more
complex than A.

As for the selfdual degrees, they are clearly all least upper bounds of countable collections of
nonselfdual degrees, so that even selfdual sets are associated with set operations.

This in turn implies that every initial class of Borel sets is a union of ωG-Boolean classes. One
surprising consequence is that the expansion Bµ of a class B of Borel sets can be defined directly
and simply as

Bµ =
{
f−1(B) | f of class µ

}
B∈B,f :ωω→ωω

.

We can also conclude that there are only two kinds of Rλ classes of Borel sets. If λ is a
successor ordinal, or a limit ordinal of cofinality greater than ω, Rλ is of the form In(a) ∪ In(a)−

for some nonselfdual degree a. And if λ is a limit ordinal of cofinality ω, Rλ is a union of Rκ sets
of the first kind, for countably many κ less than λ.

Even more remarkable is the fact that, on the Borel sets at least, there is a definition of ≤
that makes no reference to games or even continuous functions. The idea, natural enough, is that
we can measure the complexity of a Borel set by looking at how powerful a Boolean set operation
must be in order to generate the set in question, from an omega sequence of open sets. More
precisely, we say that A � B iff A is in every ωG-Boolean class containing B; that is, iff

B ∈ GΓ ⇒ A ∈ GΓ

for every ω-ary Boolean set operation Γ. Then it follows from the big induction argument that
A ≤ B iff A � B, for all Borel sets A and B.

This definition would have made perfect sense to the descriptive set theorists of Luzin’s gen-
eration. Imagine their surprise had they learned that (on the Borel sets) � is well founded, and
that for any Borel sets A and B, either A � B or B � −A!

Finally, the obvious question to ask is, does this simple picture generalize beyond the Borel
degrees (assuming enough determinateness)? We now know that it does, thanks to the work of
Martin, van Wesep, Steel and others, beginning in 1973 with Martin’s proof that AD implies ≤ is
well founded. Van Wesep and Steel even spotted an important phenomenon that I had missed (for
the Borel degrees): that in every dual pair exactly one of the initial classes has the first separation
property [14].

Of course, by now a great deal more has been discovered about ≤, but I will leave that story
for others to tell.
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[19] E. Zermelo. Über eine Anwendung der Mengenlehre auf die Theorie des Schachspiels. In
Proceedings of the Fifth International Congress of Mathematicians, volume 2, pages 501–504,
1913.

21


