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Abstract

The Baire space is the set ωω of functions from the set ω (= {0, 1, 2, . . .}) to
itself, together with the Baire (finite open) topology. For any subsets A and
B of ωω we say that A is reducible to B (in symbols A ≤ B) iff A = f−1(B)
for some total function f from ωω to ωω continuous in the Baire topology (i.e.,
recursive in some element of ωω). The degree dg(A) of a subset A of ωω is
{B ⊆ ωω : A ≤ B and B ≤ A}. The proofs of the following theorems use the
axioms of standard Zermelo-Fraenkel (ZF) set theory without the full axiom of
choice, but with the weaker axiom of dependent choice.

Theorem 1. The axiom of determinateness (AD; see, e.g., Mycielski [25])
implies that A ≤ B or B ≤ ωω −A for any subsets A and B of ωω.

We shall denote by SLO the assertion that A ≤ B or B ≤ ωω − A for all
subsets A and B of ωω (i.e., the assertion that ≤ is a semilinear ordering).
For any subsets A and B of ωω let dg∗(A) = dg(A) ∪ dg(ωω − A) and let
dg∗(A) ≤∗ dg∗(B) iff A ≤ B or A ≤ ωω − B. Then SLO implies that ≤∗ is a
total order. Theorem 1, like most of the results using AD, remains true when
both the hypothesis and conclusion are restricted to appropriate collections of
subsets of ωω. For example, the determinateness of all Borel, ∆1

2, or projective
sets implies that SLO holds when restricted to Borel, ∆1

2, or projective sets,
respectively.

Theorem 2. If A and B are Borel subsets of the Baire space, then A ≤ B
or B ≤ ωω −A.

Theorem 3. For any subsets A and B of ωω, if A is ∆0
2 then A ≤ B or B ≤

ωω −A.

Theorem 4. For any subsets A and B of ωω, if A is Π0
2 and B is analytic then

A ≤ B or A ≤ ωω −B.

Theorem 5. For any subset B of ωω, if A ≤ B for all Π0
2 sets A then B

contains a perfect subset.

Corollary 6. The axiom of choice and SLO are inconsistent.

Corollary 7. The axiom of constructibility implies the existence of a Π0
2 set A

and a coanalytic set B such that neither A ≤ B nor B ≤ ωω −A.
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Theorem 8. The restriction of ≤∗ to {dg∗(A) : A is Borel} is a wellorder of
type εΩ1 where Ω is the first uncountable ordinal and for any ordinals µ and η,
ε0µ is the µ-th “epsilon number”, i.e., the µ-th ordinal γ for which ωγ = γ, and
if η > 0, εηµ is the µ-th ordinal γ such that ενγ = γ for all ν less than η. (Note

that εΩ0 = Ω.)

The proof of Theorem 8 yields even more detailed information about the
structure of the degrees of Borel sets. For example:

Theorem 9. For any positive natural number n, the restriction of the set ≤∗
to {dg∗(A) : A is ∆0

n+1} is a wellorder of type Ω↑n, where Ω↑1 = Ω and
Ω↑(m+ 1) = ΩΩ↑m for any positive natural number m.

The proof of Theorem 8 makes use of the solution of an old problem of Luzin,
that of finding a construction principle for the class of ∆0

λ subsets of the Baire
space in the case that λ is a positive limit ordinal.

Theorem 10. For any positive countable ordinal λ, the class of ∆0
1+λ subsets

of the Baire space is the least class C such that (i) every ∆0
1+µ set is in C for

any µ less than λ; (ii) the complement of any set in C is also in C; and (iii) the
union of any ω-sequence 〈Cn〉n∈ω of sets in C is also in C provided there is
for some µ less than λ an ω-sequence 〈Dn〉n∈ω of disjoint ∆0

1+µ sets such that
Cn ⊆ Dn for each n.

This construction yields a hierarchy of Ω levels which, when λ is a successor
ordinal, coincides with the classical difference hierarchy.

Finally, the proof of Theorem 8 gives a characterization of ≤∗ in terms
of set operations, a characterization seemingly far removed from the original
definition. An ω-ary set operation G over ωω (i.e., a function from ωP(ωω)
to ωP(ωω)) is (generalized) Boolean (or analytical in the sense of Kantorovich
and Livenson [13, 14]) iff for any ω-sequences X and Y of subsets of ωω and
any α and β in ωω, the equality of {i ∈ I : α ∈ Xi} and {i ∈ I : β ∈ Yi}
implies that α ∈ G(X) iff β ∈ G(Y ). For such a G the class GΓ is {Γ(G) :
G an ω-sequence of open sets}.

Theorem 11. For any Borel sets A and B, A ≤ B iff B ∈ GΓ implies A ∈ GΓ

for every ω-ary Boolean set operation Γ over ωω.

Furthermore, to each nonselfdual degree of a Borel set we can associate an
ω-ary Boolean set operation.

Theorem 12. For any Borel set B, if B 6≤ ωω −B then {A ⊆ ωω : A ≤ B} is
equal to GΓ for some ω-ary Boolean set operation Γ over ωω.
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Introduction

This work is devoted to a natural measure of the relative complexity of subsets
of the Baire space, namely reducibility by continuous function.

Given two subsets A and B of the Baire space, A is said to be reducible to B
(in symbols A ≤ B) iff A = f−1(B) for some continuous function f from the
Baire space to itself.

If we understand “the complexity of A” to mean “the difficulty of deter-
mining membership in A”, we see that A ≤ B means that A is, in a certain
sense, no more complicated than B. Given any α, to answer the question “is α
in A?” we need only compute f(α) and answer the question “is f(α) in B?”.
The problem of determining membership in A can therefore be reduced to that
of determining membership in B—provided that the computation of f(α) in-
troduces no extra complexity. The reducing function f , however, is required to
be continuous; and continuous functions can for many reasons be considered as
‘simple’ or ‘natural’ and so ‘easy to compute’. In fact the continuous functions
are exactly those which are computed by a machine (say, a Turing machine)
equipped with an appropriate database consisting of a countable collection of
finite ‘facts’ about the function being computed.

Of course different continuous functions will be computed by different ma-
chines, and some of these machines may be more complicated than others, re-
quire more complicated data bases, or consume more resources (such as time)
when they are operating. For our purposes, however, we will not distinguish
between continuous functions on the basis of computational complexity. We are
interested in complexity modulo mechanical assistance.

For example, we consider the question “is α(5) an even number?” no more or
less complicated than the question “is α(5) a prime number?” or the question
“is α(n) a prime number for all n less than 1000?”. On the other hand, we
consider these questions much less difficult than “is α(n) even for some n?”
or the question “is α(n) even for infinitely many n?”. The first of these more
complicated questions cannot be answered negatively without examining all of
the infinitely many values of α. The second cannot be answered either way
without examining all these values. From our point of view they are therefore
essentially more complex than questions like the first three, which can all be
definitely answered on the basis of a finite amount of knowledge of α.

The relation ≤ is a natural analog of the many-one reducibility of recursive
function theory, the introduction of which was motivated by almost exactly
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the same considerations as those just discussed. The only difference is that in
recursive function theory the sets compared are sets of natural numbers, and
the reducing functions are recursive. In recursive function theory there are
several other important reducibilities on sets of natural numbers. These include
bounded truth-table reducibility, one-one reducibility, enumeration reducibility,
and of course Turing reducibility. All have been extensively studied (see, for
example, Rogers [29]).

The notion of reducibility, including many-one reducibility, plays an ex-
tremely important role in recursive function theory. One would expect the
same to be true in descriptive set theory; but that has not (at least till recently)
been the case. Of course, there are in the literature many instances in which
continuous preimage is used to derive a particular result. In Sikorski [32], for
example, this approach is used to construct for each countable ordinal µ a set
in the µ-th but no lower level of the Borel hierarchy. Luzin and Sierpiński [20]
used preimage to show that the collection of (codes for) well-orderings of ω is
not Borel; and there are a number of other examples. Yet nowhere (to our
knowledge) is the relation A = f−1(B) for some continuous f ever explicitly
defined and studied as a partial order, not even in exhaustive work such as Ku-
ratowski [19] or Sierpiński [31]. In the latter, Sierpiński discusses preimage in
general, continuous image and homeomorphic image, but not (explicitly) con-
tinuous preimage, which is perhaps the most natural. One possible explanation
is that the investigation of ≤ naturally involves infinite games, and it is only
recently that game methods have been fully understood and appreciated.

The relation ≤ will be useful in the study of definability and undefinabil-
ity to the extent that the degree of a set A measures the difficulty involved in
defining A. It follows almost immediately that ≤ at least preserves important
topological notions of ease of definability such as openness, Borelness, or pro-
jectiveness. By preserving these properties we mean that whenever B has one
of these properties and A ≤ B, then A has the property as well.

For example, suppose that B is Fσδ and that A ≤ B, i.e., A = f−1(B) for
some continuous function f . Then we must have B = ∩n ∪m −Gn,m for some
ω × ω-ary sequence G of open sets. Thus A = f−1(B) = f−1(∩n ∪m −Gn,m) =
∩n ∪m −f−1(Gn,m) and so A, too, is Fσδ.

In the same way it follows that if A ≤ B and B is Borel (or analytic, or ∆1
2)

then so is A. The basic facts just used are first, that open sets are (by the
definition of continuity) preserved under continuous preimage; and second, that
preimage commutes with arbitrary unions, with arbitrary intersections, and
with complementation.

From these considerations alone it follows that ≤ is useful in proving both
definability and undefinability. For example, to prove that a set A is Fσδ it is
sufficient to reduce A to some simple canonical Fσδ set S; and if we know that
this canonical set S is not Gδσ we can prove that A itself is not Gδσ by reducing
S to A.

We see, then, that A ≤ B implies that A is no harder to define than B; but
the more profound question is, do differences in the degrees of sets necessarily
reflect differences in their definability properties? Is it true for example, that all
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sets that are Fσδ but not Gδσ are of the same degree? Or does ≤ differentiate
among these sets? A complete answer to this question would seem to require a
systematic study of the structure of the degrees.

We will, in fact, undertake such a systematic study, and the basic tool in
this study of the degrees is a definition of ≤ in terms of infinite games of perfect
information (see, for example, Gale and Stewart [9]). The game definition is
a natural consequence of viewing continuous functions as those that are com-
putable by a machine.

If f is a function from ωω to itself, both the arguments and the values of f
are infinite objects. A machine that computes f cannot just read in all of α,
compute, then print out all of β (= f(α)). Instead, the machine must act as a
continuously operating device, reading values of α in one by one, printing values
of β out one by one, and performing computation in between. Now suppose that
the continuous function f reduces a subset A of the Baire space to a subset B
of the Baire space. A machine that computes f is a device that accepts the
values α(0), α(1), α(2), . . . of an arbitrary sequence α and produces the values
β(0), β(1), β(2), . . . of a sequence β (= f(α)) such that α ∈ A iff β ∈ B. The
program (algorithm) that the machine is using therefore constitutes a strategy
for transforming a potential element of A into a potential element of B—in such
a way as to preserve actual elementhood. It can be quite naturally thought of
as a winning strategy for one of the players in an infinite game, one in which
the preservation of elementhood is the winning condition.

Given two subsets A and B of the Baire space, consider the infinite game
G(A,B) in which two opposing players (I and II) take turns enumerating
term by term two ω-sequences of natural numbers α (= 〈α0, α1, . . .〉) and β
(= 〈β0, β1, . . .〉) respectively, Player II winning iff (α ∈ A) ⇔ (β ∈ B). It
should be evident by now, given the previous discussion, that A ≤ B whenever
Player II has a winning strategy for G(A,B). The function that reduces A to
B transforms α into the sequence β that Player II enumerates when he uses his
winning strategy against a player who enumerates α. The converse is also true,
provided we allow Player II the possibility of ‘passing’ on each move, i.e., of
skipping any finite number of moves between his playing of β(i) and β(i+1) for
any i. Then any such strategy determines a continuous function and any con-
tinuous function is determined by some such strategy (although the strategies
may not be effective).

This characterization of continuous functions in terms of strategies for an
infinite game is similar to the characterization of recursive functions in terms
of algorithms. In fact the only difference (in our opinion) between algorithms
and strategies is that the latter specify ongoing (nonterminating) activity. Al-
gorithms, on the other hand, are usually thought of as specifying some activity
that accepts some definite finite amount of input and produces some definite
finite result in a finite amount of time. In any case, this characterization pro-
vides us with a ‘boldfaced’ version of Church’s thesis that allows us to describe
continuous functions in simple anthropomorphic terms. It may well be that the
classical researchers did not pursue the study of ≤ simply because this infinite
game characterization was not available—widespread appreciation of the uses
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of infinite games is a recent phenomenon.
As a simple example, consider the problem of reducing the set{

α ∈ ωω : α(n) = 1 for some n
}

to the set {
β ∈ ωω : β(n) = 2 for some n

}
.

Player II’s strategy for G(A,B) is simply to add 1 to each of I’s moves; in other
words, when I plays α(i), II plays α(i) + 1 (this strategy involves no waiting),
so that in general β(i) is α(i) + 1. It should be obvious that β will be in B iff
α is in A.

The game approach leads almost immediately to the surprising result that ≤
is ‘almost’ a linear order. Given two sets A and B, we know that the existence of
a winning strategy for II for G(A,B) implies that A ≤ B. On the other hand,
if I has a winning strategy, it is not hard to see that it can be converted to a
winning strategy for II for G(B,−A) and this in turn implies that B ≤ −A.
Therefore, if the game G(A,B) is determinate, i.e., if either I or II has a
winning strategy, then A ≤ B or B ≤ −A. Hence if we assume the axiom of
determinateness (AD), which states that every countably infinite game of perfect
information is determinate (see, for example, Fenstad [7]), we may conclude that
≤ is a linear order—provided that the degree of a set is identified with that of
its complement. We call this assertion (that A ≤ B or B ≤ −A for all A and B)
the semilinear ordering principle (SLO).

The axiom of determinateness has been widely studied in recent years. Mar-
tin [24] showed that all Borel sets are determinate; this is enough to ensure that
the collection of all Borel sets is semilinearly ordered by ≤. On the other hand,
we will show that SLO (like full AD itself) contradicts the axiom of choice. In
fact, it is consistent with the axioms of ZFC that there is an analytic set A and
an Fσ set B such that neither A ≤ B nor B ≤ −A. It is possible, however,
that SLO is consistent with a restricted version of the axiom of choice that ap-
plies only to sets that are definable in some sense; restricted, perhaps, to the
projective sets.

One simple but important consequence of SLO is that (for example) all sets
that are Fσ but not Gδ are of the same degree; or that all sets analytic but not
coanalytic are of the same degree; or that all sets that are Σ1

3 but not Π1
3 are

of the same degree. Thus SLO settles the topological analog of Post’s problem
in its most general form, before we even begin a sytematic study of the degrees.

The major portion of this work is devoted to the proof of the fact that the
degrees of Borel sets are (semi)wellordered, and to the computation of the order
type. Shortly after this fact was established (assuming Borel determinateness)
Martin [23] showed that full AD implies the well-ordering of the collection of all
degrees. His proof, however, does not seem to yield any information regarding
order types.

Our proof of the wellordering of the Borel degrees yields more than the order
type; it shows that in a very precise sense the degree of a Borel set corresponds
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closely to the difficulty of defining it in terms of a very natural notion of ‘ease
of definability’.

To understand this notion consider the class of Gδ sets and the class of
analytic sets. The first is the collection of sets obtainable by applying the
countable intersection operation δ (i.e., δ(G) = ∩nGn) to arbitrary countable
sequences of open sets. Likewise, the second is the class of results of applying
the operation A (A(G) = ∪α∈ωω ∩k∈ωGα|k) to arbitrary Sqω-sequences of open
sets. Furthermore δ and A are both ‘set theoretic’ or ‘Boolean’ in the following
sense: to determine whether or not a point is in the result of applying δ or A to
a sequence of sets, it is enough to know to which of the sets in the sequence the
point belongs. Such an operation we term (generalized) Boolean. Boolean set
operations were studied extensively in Kantorovich and Livenson [13, 14]; they
called such operations “analytical”.

The operation A is, in a very natural sense, more powerful than δ: every
Gδ set can be obtained (from open sets) using A, but not every analytic set
can be obtained using δ. In general we may compare two ω-ary Boolean set
operations Γ0 and Γ1 by comparing the classes GΓ0

and GΓ1
formed by letting

the arguments of Γ0 and Γ1 respectively range over all ω-sequences of open sets.
This in turn allows us to measure how ‘hard’ it is to define a set A by

considering how powerful must be a Boolean set operation that can construct
A out of open sets. More precisely, let us say that a set A is “no harder to
define” using Boolean set operations than a set B (in symbols A ≤B B) iff
B ∈ GΓ implies A ∈ GΓ for every ω-ary Boolean set operation Γ. Thus A ≤B B
means that every such operation powerful enough to give B is powerful enough
to give A. We will show that ≤ and ≤B coincide on the Borel sets. Moreover
we will show that if B is Borel and B 6≤ −B then {A : A ≤ B} is equal to GΓ

for some ω-ary Boolean operation Γ. On the Borel sets (at least) ≤ admits a
definition seemingly far removed from continuous functions or infinite games.

The work in this dissertation grew out of a problem posed by Addison in his
Fall 1967 seminar in the theory of definability. The problem was that of finding
a simple proof that the set {α ∈ ωω : ∃n ∃∞m α(m) = n} is properly Σ0

3,
i.e., is not Π0

3 as well. (Proving that this set is Σ0
3 is trivial; as is usually

the case, it is proving undefinability which is difficult). This set, and others
like it, were given by Baire and later Keldych as ‘constructive’ examples of sets
properly at level n (n = 1, 2, 3, 4) of the Borel hierarchy. Borel and Keldych gave
topological proofs that the sets are found at the given levels, but these proofs
were rather complicated (especially that of Keldych, for n = 4) and did not
seem to generalize to higher levels. (Their work is described in Luzin [21]). The
author was charged by Addison with finding simple proofs of what appeared to
be simple undefinability results.

Addison supplied the author with a paper by Rogers [28] in which Rogers
proves (in the setting of recursive function theory) analogous results about sets
like

{x ∈ ω : Wy is infinite for some y in Wx}.
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Naturally, Rogers used many-one (or at least one-one) reducibility in his proofs.
In addition, I had learned from Addison (in the course of the same seminar)
of the ‘algorithmic’ interpretation of continuity. It was hardly surprising, then,
that I should try to solve the problem using continuous preimage and discover
the game characterization of that reducibility. The new games did in fact provide
simple undefinability proofs for the examples of Baire and Keldych—and for
obvious generalizations of these examples to higher levels.

Very soon after the game characterization was discovered, I realized that
AD implied the SLO principle. The SLO principle in turn settles the ana-
log of Post’s problem. It therefore occurred to Addison and myself that the
≤-degrees, unlike their recursion-theoretic analogs, might (assuming AD) have
a very regular structure. The discovery of the close connection between ≤ and
the Hausdorff difference hierarchy confirmed this opinion, and so I began the
systematic investigation of ≤.

This investigation proceeded without much difficulty and by 1971, when I left
Berkeley, the exact structure of the degrees of the arithmetic sets was known.
The structure of the degrees of all Borel sets was not determined until the
summer of 1972, when I was finally able to solve the problem (originally posed
by Luzin) of giving a construction principle for the class of ∆0

λ sets with λ a
positive limit ordinal. Once Luzin’s problem was solved it was possible to extend
the techniques used in analyzing the arithmetic sets. The main results (the
semiwellordering of the class of Borel sets, and the order type, all assuming Borel
determinateness) were announced in Wadge [40]. By the end of 1972 practically
all of the results presented in the dissertation had been obtained. Since then
my research interests have been almost exclusively in computer science. The
preparation of this dissertation has for that reason proceeded very slowly.

In the years that have followed several others have studied the “Wadge de-
grees”, and many important results have been obtained. The most important,
of course, is Martin’s result that AD implies that the collection of the degrees
of all sets are semiwellordered. Some of the other results are described in the
Conclusion; most use Martin’s method in their proof.

In preparing the dissertation I was faced with the problem (one that has
increased with time) of deciding whether or not to include these new results and
to make use of them. In the end I decided not to use them (apart from Borel
determinateness). Using these results would have simplified the presentation,
but not by very much. At the same time, many of the newer results use theorems
(especially concerning the degree operations) that are proved in full here for
the first time. Using these results could therefore introduce the possibility of
circular arguments. Rather than sort through the new theorems and determine
exactly their dependence on the present work, I decided instead not to use
them. Obviously, this decision does not mean that I consider the new work
uninteresting.

The dissertation is divided into the present Introduction, Chapters O, I, II,
III, IV and V, and a Conclusion.
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In Chapter O we present necessary background material concerning notation,
classical descriptive set theory, infinite games, and the algorithmic interpretation
of continuity. Readers whose research interests are already in descriptive set
theory will find this chapter very elementary and should be able to skip it. The
material was included to make at least some of the later parts of the dissertation
accessible to mathematicians (and computer scientists) with no grounding in
descriptive set theory. Also, this chapter presents an informal and intuitive
approach to games and continuity that is vital for understanding much of the
later work, especially the degree operations.

Chapter I contains the basic definitions and elementary results concerning ≤.
There are also several sections involving simple applications of ≤ to problems of
definability in descriptive set theory and logic. These applications are interesting
in their own right but also provide many good examples of the use of games in
proving reducibilities.

Chapter II is concerned with the semilinearordering principle, and its rela-
tions to other properties of sets and axioms of set theory.

Chapter III is concerned with the operations (such as addition) on degrees,
and the relationship between the degree operations and separated and parti-
tioned unions.

In Chapter IV we develop the topological results (concerning generalized
homeomorphisms and Boolean set transformations) necessary in the solution of
Luzin’s limit class problem (Section IV.E) and in the analysis of the Borel sets.

In Chapter V we employ the methods developed in the preceding chapters
to compute the order type of the collection of degrees of Borel sets, of the levels
of the Borel hierarchy, and of the difference subhierarchy.

Finally, in the Conclusion we briefly summarize the progress made by others
since 1973 in answering most of the questions left open in the dissertation.
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Chapter O

Background

In this chapter we present some simple but vital background of a technical and
motivational nature. Most of the material (or at least the technical part) will
be familiar to readers already well-versed in modern descriptive set theory.

In Section O.A we present a summary of our mathematical and notational
conventions. These are are almost entirely standard.

Section O.B is a short introduction to the Baire space, its topology, and
some closely related spaces.

In Section O.C we give a brief description of the important hierarchies (such
as the Borel hierarchy) of subsets of the Baire space.

Section O.D is an introduction to infinite games of perfect information. We
explain the concept of determinateness and the importance of the axiom of
determinateness (AD) and its weaker variants.

Finally, in Section O.E we give an informal presentation of the ‘algorithmic’
interpretation (due to Addison) of the topology of the Baire space. We explain,
for example, why the clopen sets are ‘recursive’ and why continuous functions
are ‘computable’.

O.A Notation

The various results (propositions and theorems) announced are to be understood
as theorems of Zermelo-Fraenkel set theory with the axiom of dependent choice.
In other words, the statements of the results should be understood as precise
specifications of formulas in the language of ZF that are logical consequences
of the axioms of ZF without the axiom of choice but with dependent choice.
Similarly, the proofs presented should be understood as informal outlines of
formal proofs strictly within the language of ZF using only the axioms indicated
and the rules of inference of first-order logic. The detail presented should be
enough so that in principle, at least, the purely formal versions of the statements
and proofs could be produced (after enormous effort) by any mathematically
competent reader with a knowledge of ZF. In practice some of the more obvious
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proofs may be described only briefly or even omitted, but definitions and results
will always be carefully formulated. All this is, of course, accepted practice in
mathematical logic.

In ZF the only objects are sets, all of which are built up (by forming sets of
sets, sets of sets of sets, etc.) from the empty set—in other words, from nothing.
All the other entities of mathematics—numbers, functions, sequences, relations
and so on—must therefore be represented as sets. The reader must understand
these representations because explicit use will be made of them. Fortunately
many of these representations have become accepted as part of the mainstream
of conventional mathematics.

The representation of the natural numbers is particularly simple. The num-
ber 0 is the empty set, the number 1 is the set {0} which has 0 as its only
element, the number 2 is the set {0, 1} having 0 and 1 as its only elements, and
in general the number n is the set {0, 1, 2, ..., n−1} of all smaller numbers. This
representation of numbers as sets is due to von Neumann.

One of the advantages of the von Neumann representation is that it allows us
to continue the process of constructing new numbers from old beyond the finite
stages. The result is an endless collection of finite and infinite numbers called
the ordinals, the finite ordinals being the natural numbers. The first infinite
ordinal is ω, the set {0, 1, 2, 3, . . .} of all natural numbers. Next after ω is the
ordinal ω + 1, the set {0, 1, 2, . . . , ω}. Continuing in this way we construct a
second infinite sequence ω + 2 (which is the set {0, 1, 2, . . . , ω, ω + 1}), ω + 3,
ω + 4, . . . , of ordinals. The collection of all ordinals formed in this way is the
ordinal ω+ ω, namely the set {0, 1, 2, ..., ω, ω+ 1, ω+ 2, . . .}. We then form the
ordinals ω + ω + 1, ω + ω + 2, . . . , then ω + ω + ω, and so on.

It is important to realize that the process never stops. No matter how many
ordinals we have constructed, there is always a new one, namely the set of all
those constructed so far. In particular, there are ordinals of arbitrarily high
cardinality. There is no set containing all ordinals, for then it itself would be
a new ordinal not included. The first uncountable ordinal is Ω, the set of all
countable ordinals.

The concepts of function and relation are, along with those of set and num-
ber, among the most important in mathematics. In ZF a relation R between
two sets A and B is represented by the set of all ordered pairs (a, b) of elements
a and b of A and B respectively such that a is related to b by R. (The ordered
pair (a, b) is the set {{a}, {a, b}}). A function f from A to B is represented
as the set of all ordered pairs (a, b) such that a = f(b). Functions in ZF are
therefore relations of a special type, namely those that are single valued: in
general a relation R is single valued iff (a, b) ∈ R and (a, b′) ∈ R implies b = b′.

The domain Dm(f) of a function f is the set of all left-hand components of
elements of f , i.e., {a ∈ ∪∪f : (a, b) ∈ f for some b}. (We are using conventional
mathematical “set builder” notation, which is justified within limits by the
comprehension and replacement axioms of ZF. In general ∪S is the union of all
the sets in S, i.e., the set of all x such that x ∈ y for some y in S.) Similarly,
the range Rg(f) of a function f is the set {b ∈ ∪ ∪ f : (a, b) ∈ f for some a}
of all right-hand components of elements of f . Notice that the empty set ∅ is
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a function (because it is a single-valued relation). It is the only function whose
domain and range are both empty.

Given two sets A and B, the set AB (read “B-pre-A”) is the set of all
functions from A to B. We are using prescript notation to avoid confusion
with ordinal exponentiation. Thus ωω is a countable ordinal (the limit of the
sequence ω, ω2, ω3, . . . ) whereas ωω is the set of all functions from ω to ω
(ωω is not an ordinal). The domain of any element of AB is A, and the range
of an element of AB is a subset of B. We might be tempted to refer to B itself
as the “codomain” of elements of AB but this concept makes no sense given the
ZF representation of functions. Anything in AB is in AC for any superset C
of B; there is no uniquely defined codomain.

Notice that A∅ (A nonempty) is ∅ but that ∅B is 1; recall that 1 is {0} and
∅ (= 0) is the only function (single-valued set of ordered pairs) from ∅ to B.

A function g is said to extend a function f iff the domain of f is a subset of
that of g and f and g agree on the smaller domain. In ZF, function g extends
function f iff f (as a set of ordered pairs) is a subset of g (as a set of ordered
pairs), i.e., if f ⊆ g. Two functions f and g are compatible iff they agree on
arguments that are in both domains. In ZF functions f and g are compatible
iff f ∪ g is a function.

Sequences in ZF are (by definition) simply functions whose domains are
ordinals. The length ln(s) of a sequence s is its domain. Thus the sequence
〈2, 4, 6, 8〉 is the function {(0, 2), (1, 4), (2, 6), (3, 8)} and its domain is {0, 1, 2, 3},
which is of course the number 4, the length of the sequence. In general a sequence
of length n (n an ordinal) is called an “n-sequence”. The above sequence is
therefore a 4-sequence.

The elements of the range of a sequence are called the components of the
sequence. Since sequences are just functions, the sequence indexing operation
(that selects a given component of a sequence) is just function application. For
example, component 10 of a sequence s is simply s(10). The functional notation
for indexing is not, however, always the most convenient. We therefore adopt
the convention that subscripting denotes application, i.e., that fx is the same
as f(x). This allows us to denote, e.g., component 10 of s by s10 and so combines
conventional mathematical notation with ZF’s treatment of sequences. At times,
however, the functional notation for indexing is more convenient (say, to avoid
multiple levels of subscripting) and we will use it as well.

If s is a sequence and n is an ordinal, the function s|n (s restricted to n) is
the initial segment of s of length n (or s itself if n is not less than the length
of s). There is no need for a special initial segment forming operator.

In writing expressions denoting sequences we will use a fairly conventional
sequence-builder notation that is like set builder notation except that angular
parentheses are used instead. Thus 〈2, 4, 6, 8〉 is, as we have already seen, a
sequence of length 4, and

〈i2〉i∈ω
is the ω-sequence of squares of natural numbers. The set {i2}i∈ω is the range of
this sequence. This second form of sequence-builder notation is just a variation
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of λ-notation; the sequence above is also the value of the λ-expression

λi ∈ ω i2

Our sequence- and set- builder notation is slightly unconventional (in fact,
old fashioned) in that the expression that specifies the bound variable and its
range (in the above, the expression “i ∈ ω”) appears as a subscript outside the
set or sequence brackets, rather than inside, as in the more usual form {i2 : i ∈
ω}. We prefer our notation because it makes it much clearer that a variable is
being bound. In the usual notation there is some ambiguity about exactly which
variables are being bound; the expression “i ∈ ω” looks like a predicate, which
it is not. When writing set-builder expressions corresponding to comprehension,
however, we will use the standard notation (e.g., “{i ∈ ω : i > 0}”) because
there is no doubt about the bindings.

In denoting sets and sequences we will sometimes use the direct or explicit
form (i.e., the form involving no bound variable) together with ‘triple dots’ to
denote an infinite sequence. The sequence of squares, for example, could be
expressed as 〈0, 1, 4, 9, 16, . . .〉 with the understanding that the first few values
given (in this case five) are enough to make the pattern obvious. The triple dot
notation can also be used for finite sequences, so that a sequence s of length n
can be expressed as 〈s0, s1, s2, . . . , sn−1〉.

The ‘triple dot’ forms are obviously somewhat informal and less precise than
the others, but are usually unambiguous, conform to standard mathematical
practice, and are often much clearer. There is no requirement, however, to use
angle brackets, commas, and triple dots to name a sequence; we can refer to it
by its name alone. We can write

the sequence 〈s0, s1, s2, . . . , sn−1〉

or

the sequence 〈si〉i∈n

but we can also write simply

the sequence s.

Sometimes it is useful to consider a generalization of the notion of sequence
in which the indexing set is not required to be an ordinal. These generalized
sequences are called families and can be thought of as ‘labelled’ sets (in the
same way that sequences can be thought of as ‘ordered’ sets). It should be
apparent, however that a family is simply a function, the domain of which
is the indexing set. Sequences were defined in the first place as functions in
which the domain was required to be an ordinal; if we drop this requirement,
we return to the original concept. Nevertheless, we will on occasion use the
term “family” in conjunction with the angle bracket and subscripting notation.
Sometimes functions are in fact better thought of as labelled sets rather than
as transformations.
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Zermelo Fraenkel set theory is a typeless theory in that there is no clas-
sification of sets built into the syntax as there is in, say, Gödel–Bernays set
theory. In practice, however, it is often useful to introduce some notational con-
ventions that help the reader bear in mind the nature of the particular objects
denoted. This is especially true in descriptive set theory, where a wide variety
of mathematical entities are used.

The simplest objects are the natural numbers, which are the basic “type 0”
objects (to use Kleene’s terminology). We will generally use the variables “i”,
“j”, “k”, “n” and “m” for natural numbers.

Finite sequences of natural numbers are slightly more complicated than nat-
ural numbers, but since they are still finite objects they are classified as type 0.
We will generally use the variables “s”, “t”, “u”, “v”, and “w” to denote ele-
ments of Sq (the set of all finite sequences of natural numbers).

At the next level of complexity (type 1, in Kleene’s terminology) we have
the number theoretic functions, i.e., functions from ω to ω (elements of ωω).
In general we will use the Greek letters “α”, “β”, “γ” and “δ” for elements of
the Baire space. Since the objects are sequences, we will also use subscripting
and angle brackets in expressions denoting elements of ω. We will occasionally
want to refer to subsets of ω (i.e., elements of P(ω)) but have not adopted any
particular convention for naming them.

At level two, we find the sets of number theoretic functions and the second
order number theoretic functions, i.e., functions whose arguments and results
are ordinary (first order) number theoretic functions. Objects of the first kind,
i.e., subsets of the Baire space, will be denoted by uppercase Roman letters
such as “A”, “B”, and “C”. The letters “E” and “F” will be reserved for
closed subsets (or, more generally Π0

µ subsets), and “G” will be reserved for

open subsets (or more generally, Σ0
µ subsets).

Objects of the second kind, i.e., functions from the Baire space to itself, will
be denoted by the letters “f”, “g” and “h”.

The same conventions will be used for spaces (such as ω2) similar to the
Baire space.

This work is mainly concerned with classification of subsets of the Baire
space. A collection of subsets of the Baire space is a set of type-two objects
and is therefore of type three. Sets of this type will usually be referred to as
classes and will be denoted by upper case roman script letters such as “A”, “B”
and “C”. Amongst these the symbols “G” and “F” are reserved for the class of
open subsets and the class of closed subsets respectively of the Baire space.

We will be especially interested in classes that (speaking informally) consist
of subsets of the Baire space of the same degree of complexity. These classes are
called degrees and will be denoted by the lower-case letters “a”, “b”, “c”, “d”
and “e”. The script letters will be used to denote classes that are not degrees
but instead are closed downwards in the sense that every set that is simpler
than an element of the class is also in the class.

The study of degrees involves the study of a number of operations on degrees
(such as degree addition). Since these operations are applied to type three
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objects, they themselves are of type four. They will be denoted, however, by
fairly ordinary symbols such as “+” and “]”. There are a number of other
miscellaneous sets and operations too varied to be assigned special typefaces or
sections of the alphabet. These will be denoted by special names consisting of
two roman letters, the first of which may be uppercase (e.g., “jn” or “Sp”).

The only remaining class of special objects is the ordinals (which include
representatives of all types). They will be denoted by the greek letters “µ”,
“ν”, “η”, “κ”, “ζ”, “υ”, “λ” and “ω”. The first three will usually denote
countable ordinals. The letter “ω” always denotes the set {0, 1, 2, . . .} of all
natural numbers, and “Ω” will always denote the set of countable ordinals.

In applying the conventions just discussed we will usually treat sequences
or families of objects of a certain type as being of the same type, even if this is
not strictly speaking the case. For example, the script letter “C” might denote
either a single subclass of P(ωω) or an ω-sequence of such subclasses. This
convention is helpful in keeping the symbolism under control.

The general principle followed in this work is that the definitions and results
should make sense on their own, and that the other material is essentially ex-
pository and could be omitted. In particular, every definition or result includes
a preamble stating the exact nature of the objects denoted by all variables used
(e.g. “for any subset C of ωω and any countable ordinal µ”). An understanding
of the notational conventions adopted (i.e., which symbols will be associated
with which kinds of objects) is therefore useful for reading the definitions and
results but is by no means necessary.

O.B The Baire and related spaces

Descriptive set theory began as the study of properties and classifications of
subsets of the space R of real numbers. It was soon realized, however, that the
use of R lead to minor but annoying difficulties. One problem with the topo-
logical space R is that it is not homeomorphic to any of its powers, although as
far as descriptive set theory is concerned, these spaces have essentially the same
properties. Another not unrelated problem with R is that of representation:
the standard decimal representation of real numbers is badly behaved in that
numbers very close to each other (such as 1.000 . . . 00 and 0.999 . . . 9) can have
completely different expansions.

It was soon realized that these and other difficulties could be avoided sim-
ply by omitting the rational numbers, i.e., by working in the space consisting
of the set of irrational numbers (say in the interval (0, 1)) together with the
topology induced by that of R. This space (sometimes called the Baire space)
is homeomorphic to each of its finite and countable powers. Furthermore ev-
ery irrational number (in the interval (0, 1)) can be represented uniquely as a
continued fraction of the form

1

1 + α0 + 1
1+α1+ 1

1+α2+ 1
...
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for some infinite sequence α (= 〈α0, α1, α2, . . .〉) of natural numbers, and this
representation is well behaved in that numbers that are very close together will
have in common a large initial segment of their respective representations.

The whole approach is further simplified if we drop the ‘coding’ and work di-
rectly with infinite sequences of natural numbers rather than with the irrationals
they represent. Therefore, in common with almost all modern descriptive set
theorists, we consider the Baire space to be the set ωω of infinite sequences of
natural numbers together with the product topology induced when ω is given
the discrete topology.

The elements of the Baire space can thus be thought of as paths through a
tree the nodes of which are elements of the set Sq of finite sequences of natural
numbers. The path determined by an α in ωω is the set {α|k}k∈ω of initial
segments of α.

For any finite sequence s the interval (of Baire) determined by s (in sym-
bols [s]) is the set of all infinite sequences that have s as an initial segment;
in terms of the tree, [s] corresponds to the set of all infinite paths that pass
through s. The set {[s]}s∈Sq is a basis for the Baire topology on ωω. Thus
a subset A of ωω is open iff every element α of A is in [s] for some s such
that [s] ⊆ A. In other words, a set A is open iff for any α in A the fact that
α is a member of A can be ‘deduced’ from some finite amount of knowledge
about α, i.e., from α|k for some k. For example, the set of all sequences with
some occurrence of 0 is open, whereas the set of increasing sequences is not.

The Baire topology is also that induced by the metric d defined by

d(α, β) = 2−n

where n is the least k such that α(k) 6= β(k) (if no such k exists, d(α, β) is 0). It
is complete under this metric. The Baire space is not compact; the open cover
{[〈n〉]}n∈ω has no finite subcover.

The Baire space is, as we have indicated, homeomorphic to the set of ir-
rational numbers in the interval (0, 1), considered as a subspace of R. The
correspondence

α↔ 1

1 + α0 + 1
1+α1+ 1

1+α2+ 1
...

is a homeomorphism.
The Baire space and its topology arise quite naturally in various disguises in

areas of mathematics other than descriptive set theory. We may, for example,
think of a sequence α as representing a formal power series

α0 + α1x+ α2x
2 + α3x

3 + · · ·

with natural number (or, by another coding, rational) coefficients. Then the
formal arithmetic operations correspond to continuous operations on ωω. For
another example, let θ0, θ1, θ2, . . . , be an enumeration of the sentences of some
first order language, so that we can regard an element α of ωω as representing
the collection {θαn}n∈ω of formulas. Then the completeness theorem of first
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order logic states that the set of elements of ωω representing inconsistent sets
of formulas is open. Of course these observations are quite simple, but it often
happens that very simple topological results can yield nontrivial results in other
areas.

The elements of ωω can therefore be thought of as codings for countably
infinite mathematical objects. However, it may be that some objects like this
are not best represented by sequences. For example, a relation or directed graph
on ω is a subset of ω×ω, i.e., an element of ω×ω2. The natural (i.e., the product)
topology on this space is that obtained by defining an interval to be a set of the
form

{π ∈ ω×ω2 : r ⊂ π}

for some function r in n×n2 for some n. Then in this topology the set, say, of
graphs containing a cycle is open, and the set of linear orders is closed. More
generally, an n-ary relation on ω is (essentially) an element of ω×ω×···×ω2, and
an n-ary operation is an element of ω×ω×···×ωω. Thus given any finite first
order similarity type we can form, by taking products, a space whose elements
are structures of this type with universe ω. For example, an element of

ω×ωω × ω2× ω

is a structure with a binary operation, a unary operation and a distinguished
element. In a sense, however, these spaces are really only conveniences because
they are all homeomorphic to one of

ω, ω2, ω × ω2, ωω

and each in turn is homeomorphic to a closed subset of the Baire space. The
Baire space is thus in a sense universal, and this fact constitutes one more reason
for restricting one’s attention to it; however, in some contexts these other spaces
are very convenient as a means to avoid codings.

O.C The classical hierarchies over ωω

In this section we present a very brief introduction to the classical hierarchies
of subclasses of P(ωω).

Descriptive set theory can be understood as the study of the complexity
of subsets of the Baire space. Historically, work in the field has almost always
been formulated in terms of classifications of subfamilies of P(ωω): typically, one
might introduce a new subclass of P(ωω) (such as the Borel sets) and then prove
some property (such as measurability) of all sets ‘simple’ enough to be members
of the class in question. Usually, descriptive set theorists are concerned not
just with individual classes, but with whole indexed families of classes. These
families are usually well ordered by inclusion, and so form hierarchies (in the
sense of Addison [4]).

It is when the classification approach takes the form of the study of hier-
archies that it most clearly seen to be the study of complexity. For given any
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family of subsets of ωω we can define a notion of complexity as follows: a subset
A of ωω is no more complex than a subset B of ωω iff A is a member of every class
in the family that contains B. Conversely, given a notion of relative complexity,
we can consider the family of all subclasses of P(ωω) that are ‘initial’ or ‘closed
downwards’ with respect to this notion, i.e., all subclasses that contain all sets
no more complex than any of their members. This relationship between clas-
sification and complexity is made precise in one of our most important results
(namely Theorem V.F.10).

The various hierarchies studied by descriptive set theorists are almost always
defined inductively, by taking some class of base sets and a collection of set
operations and by defining the various levels of the hierarchy to correspond to
the various stages in closing the base class out under the operations. The idea is
that the base sets are the simplest, and that in general the complexity of a set is
proportional to the number of applications of the given set operations required
to obtain the set from base sets. Thus after the base sets themselves the next
simplest are those that are the result of one of the set operations applied to base
sets; and after them, are those sets that are the result of operations applied to
sets from the first two levels; and so on.

The Borel hierarchy was probably the first hierarchy over ωω (originally,
over the set of reals) to be studied by the classical descriptive set theorists. It
is generated by closing out the class G under the operations of countable union
and complementation (relative to ωω).

For example, at level 3 of this hierarchy is the class G3 of all sets obtainable
from open sets using only three applications of countable union and comple-
mentation. The elements of G3 are those of the form⋃

i

−
⋃
j

−
⋃
k

−Gi,j,k

with G an ω×ω×ω-ary family of open sets. Simplifying, we see that G3 consists
of those sets of the form ⋃

i

⋂
j

⋃
k

Fi,j,k

with F an ω×ω×ω-ary family of closed sets. In classical notation, G3 is the class
Fσδσ of unions of intersections of unions of closed sets. In modern notation, it
is the class of Σ0

4 sets. The modern notation acknowledges the fact that these
sets are those of the form

{α ∈ ωω : ∃i ∈ ω ∀j ∈ ω ∃k ∈ ω ∀l ∈ ω α ∈ Di,j,k,l}

for some 4ω-ary family D of clopen sets. In other words, the Σ0
4 sets are those

definable using four blocks of alternating number quantifiers, the first (outer-
most) block being existential. The class of complements of elements of G3 is
(in our notation) F3. In classical notation F3 is Gσδσ and in modern notation
the set of Π0

4 sets (for reasons that should be evident). It is rather unfortunate
that three different notations should exist for the same hierarchy but it is un-
avoidable. The classical notation will not be used in theorems but will be used

16



in informal explanations (at lower levels it is the most suggestive). The modern
Σ–Π notation will be used in stating results because it is the standard. The
third notation, however, has proved to be the most convenient, and will also be
used in explanations and results. The trouble with the modern notation is that
the numbers assigned at finite levels are too great by one.

The closing out of the open sets under countable union and complementation
requires, of course, Ω many steps. For example, the class

⋃
n Gn (whose members

are called the arithmetic sets) is easily seen not to be closed under countable
union; if each An appears at the n-th level but not sooner, we can hardly expect⋃
nAn to be in Gm for any particular m. In general Gµ is the class of countable

unions of elements of {−G}G∈Gυ,υ∈µ. The class of Borel sets is
⋃
µ∈Ω Gµ and is

easily seen to be closed under the two operations in question.
The Σ–Π notation also extends to give names to the infinite levels but

the classical notation does not. To make matters even more complicated, the
discrepancy between the numbering of the modern notation and our notation
disappears at the infinite levels: in our notation, Gω (the collection of countable
unions of arithmetic sets) is the class of Σ0

ω sets. The following table may help
clear up the confusion.

Modern notation Classical notation Our notation

Σ0
1, Π0

1 G, F G, F
Σ0

4, Π0
4 Gδσδ, Fσδσ G3, F3

Σ0
ω, Π0

ω none Gω, Fω

It is also very helpful to bear in mind the fact that Gµ is the class of Σ0
1+µ

sets, for all µ (finite or infinite) in Ω. We will often be required to use expressions
like “Σ0

1+µ” in stating our results in modern notation.

Σ0
1+µΠ0

1+µ

∆0
1+µ

Σ0
1+µ+1Π0

1+µ+1

∆0
1+µ+1

Figure O.1

The modern notation also gives a name to the class of sets that are both
Σ0

1+µ and Π0
1+µ; these are the ∆0

1+µ sets. (The class of clopen sets is therefore

the class of ∆0
1 sets). The letter “∆” was chosen because these classes occupy

a triangular (or at least pointed) area in the Venn diagram of the Σ0
1+µ and

Π0
1+µ sets.

A simple cardinality argument shows that not all subsets of ωω are Borel
(there are 2c such subsets and only c are Borel, c being the power of the con-
tinuum). Most non-Borel sets are of course very complex. There is, however,
a class of sets that are ‘only just’ non-Borel. These are the analytic sets, first
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discovered by Suslin.
The analytic sets (or, in modern notation, the Σ1

1 sets) are those that are
projections of closed subsets of the plane; in other words, those of the form{

α ∈ ωω : (α, β) ∈ C for some β
}

for some Borel subset C of ωω× ωω. It is not hard to see that the analytic sets
are exactly those that are the image of a Borel set under a continuous function,
i.e., those of the form f∗(B) for some Borel set B and some continuous function
f from ωω to ωω. Finally, this class consists of exactly those definable by a
simple existential function quantifier; in other words those of the form{

α ∈ ωω : ∃β ∀n R(α, β, n)
}

for some clopen relation R on ωω × ωω × ω. The modern notation is based on
this last characterization.

Π1
1

(Coanalytic)
Σ1

1

(Analytic)

∆1
1

(Borel)

Figure O.2

The analytic sets are only just more complicated than the Borel sets in the
following sense: a set A is Borel iff both A and −A are analytic. The class of
Borel sets therefore occupies the familiar triangular area in the Venn diagram
of the analytic and coanalytic sets. (In modern notation, the Borel sets are the
∆1

1 sets.)
The collection of analytic and coanalytic sets by no means exhausts P(ωω);

together they form only the first level of the projective hierarchy, the hierarchy
formed by closing the Borel sets out under the operations of complementation,
countable union and projection. For example, at the third level ot this hierarchy
(i.e., two levels above the analytic sets) we find the class of Σ1

3 sets and its dual,
the class of Π1

3 sets. The Σ1
3 sets are those that are projections of complements

of projections of complements of analytic sets. In the older notion, these are
the PCPCA sets; the modern notation acknowledges the fact that this class is
the collection of all sets of the form{

α ∈ ωω : ∃β ∀γ ∃δ ∀n R(α, β, γ, δ, n)
}
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for some clopen subset of ωω × ωω × ωω × ωω × ω. In other words, the class of
sets definable using three alternating function quantifiers the first of which is
existential. By using countable unions at countable limit ordinals we form the
projective hierarchy, with Ω levels. The range of this hierarchy is the class of
projective sets.

The class of all projective sets is very large (if still less than P(ωω)) and
its first few levels contain almost all sets used in ordinary analysis. After only
the first one or two levels there appear sets that fail to possess the various
‘nice’ properties enjoyed by all Borel sets. For example, it is consistent with the
axioms of set theory that there exists a ∆1

2 set that is not measurable, and an
uncountable Π1

1 set that has no perfect subset. Nevertheless, the projective sets
are still simple enough to possess properties not possessed by arbitrary subsets
of ωω. It is thought possible, for example, that it is consistent with ZFC that
all projective sets are determinate (determinateness will be discussed in OD).

The projective hierarchy is, in a sense, the largest and coarsest hierarchy
studied by the classical descriptive set theorists. There are, of course, sets that
are not projective (assuming even weak forms of AC). We could, for example,
study what might be called the higher order hierarchies in which we consider
definitions involving higher order quantifiers (the classes of Σk

µ sets for k > 1)
but these sets are so complex that there are very few general properties shared
by them all. Instead, we will follow the classical approach and turn our attention
now towards the finer hierarchies that subdivide the Borel hierarchy and give a
more precise measure of the complexity of Borel sets.

The first of these subhierarchies was discovered by Hausdorff at the turn of
the twentieth century, and yields a classification of the class of ∆0

2 sets, i.e., the
class of sets that are both Σ0

2 (Fσ) and Π0
2 (Gδ).

We have already seen that any set that is either Σ0
1 or Π0

1 is already both
Σ0

2 and Π0
2, i.e., that

G0 ∪ F0 ⊆ G1 ∩ F1

It is only natural to ask whether or not there are any ∆0
2 sets that are (in

classical terminology) neither open nor closed, i.e., whether or not there are any
sets in the diamond shaped area in the diagram. In fact it is easy to construct
such a set: simply take the intersection of two appropriate sets one of which is
open and the other of which is closed. The intersection of an open set and a
closed set will be ∆0

2 because both the class of Σ0
2 sets and the class of Π0

2 sets
are closed under intersection; in general, however, such an intersection will be
neither open nor closed.

A set that is the intersection of an open set and a closed set is obviously the
difference of two closed sets; the class of all such sets (together with its dual)
constitutes level 1 of Hausdorff’s difference hierarchy over the closed sets. For
any n in ω, the class of n-ary differences of closed sets is the class of all sets of
the form

(F0 − F1) ∪ (F2 − F3) ∪ · · · ∪ (Fn−1 − Fn)

if n is odd, or of the form

(F0 − F1) ∪ (F2 − F3) ∪ · · · ∪ Fn
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if n is even. The sets that are of this form (i.e., that appear in the finite levels
of Hausdorff’s hierarchy) are exactly the sets that are Boolean combinations of
open (and closed) sets.

The finite levels of the hierarchy do not, however, exhaust the class of ∆0
2

sets, because (as can be shown) there are ∆0
2 sets that cannot be obtained from

open and closed sets using only finite unions and intersections. It is necessary
to extend the hierarchy through all countable ordinal levels by considering dif-
ferences of sequences of closed sets of length greater than ω. In so doing it
is convenient to consider only sequences F that are antichains (i.e., Fυ ⊇ Fη
if υ ≤ η). For example, if F is a sequence of this type of length ω + 3, its
difference is

(F0 − F1) ∪ (F2 − F3) ∪ · · · ∪ (Fω − Fω+1) ∪ (Fω+2 − Fω+3).

(The class of all such sets is, in our notation, Dfω+3(F)). Hausdorff proved that
the Ω levels of this difference hierarchy exhaust the class of ∆0

2 sets.
Hausdorff’s result is slightly unsatisfying, however, in the sense that it yields

a hierarchy but no construction principle: the levels of the difference hierarchy
are not (or do not appear to be) simply the stages in closing the class of open
and closed sets out under some ω-ary operations. Nevertheless there is in fact an
operation that yields the Hausdorff hierarchy, namely the operation of separated
union discovered by Addison. In general a set B is said to be a Σ0

1-separated
union of sets in a class A iff B is the union

⋃
i∈ω Ai of some sequence A of sets

in A for which there exists a sequence G of disjoint open sets (the separating
sets) such that Ai ⊆ Gi for all i. The existence of the sequence G insures that
the components of A are, in a sense, far enough apart to prevent their union
becoming too complex.

It will be shown (in Section IV.E) that the class of ∆0
2 sets is that gen-

erated by closing the clopen sets out under the operation of Σ0
1-separated

union. This construction principle can be lifted (using Kuratowski’s (α, β)-
homeomorphisms) to yield a construction principle for the class of ∆0

1+µ sets.
In Chapter IV we present this generalization in a form that gives a hierarchy
for the class of ∆0

λ sets with λ an infinite limit ordinal (thereby solving a long
standing open problem posed by Luzin). The generalization involves separated
unions in which the separating sets themselves are taken from correspondingly
higher levels of the Borel hierarchy.

The last classical hierarchy that we describe covers the one case omitted by
the previous results: the class F∩G of ∆0

1 (clopen) sets. This was discovered by
Barnes [5] although Kalmar [12] proved essentially the same result in a different
setting.

The Barnes–Kalmar result is very simple: the class of ∆0
1 sets is the result

of closing {∅, ωω} out under the join operation. The join (or Kalmar union) of
an ω-sequence A of sets is{

〈n, α0, α1, α2, . . .〉
}
n∈ω,α∈An

This operation is described more fully in Section III.C.
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The proof that the Kalmar hierarchy exhausts the class of ∆0
1 sets is sur-

prisingly simple. Suppose that A is a ∆0
1 set but not in the Kalmar hierarchy.

Since A is the join of the details 〈A(〈n〉)〉n∈ω, these cannot all be Kalmar sets
(i.e., appear in the Kalmar hierarchy).

(The detail C(s) of a set C with respect to a finite sequence s is {γ ∈ ωω :
sγ ∈ C}). Therefore there must be an m ∈ ω such that A(〈m〉) is not Kalmar.
In the same way, since A(〈m〉) is the Kalmar union of 〈A(〈m,n〉)〉n∈ω, there must
be an m′ such that A(〈m,m′〉) is not Kalmar. Similarly, there must be an m′′

such that A(〈m,m′,m′′〉) is not Kalmar. In this way we can use DC to construct
an infinite sequence α (= 〈m,m′,m′′, . . .〉) such that A(α|n) is not Kalmar for
any n. This is, of course, impossible, because A is clopen and so A(α|n) = ∅ or
A(α|n) = ωω for large enough n.

The Kalmar hierarchy has some claim to represent the last word in com-
plexity of clopen sets. The hierarchy is not bilateral, so that there are no
small diamond shaped areas in the Venn diagram of the hierarchy to fill in with
subhierarchies. We cannot, on these grounds alone, rule out the existence of
subhierarchies of the Kalmar hierarchy; but it is hard to see how one might
distinguish for example between sets in{

{α ∈ ωω : α(0) ∈M}
}
M⊆ω

on the basis of ‘complexity’. In later chapters we will provide further evidence
for considering the levels of the Kalmar hierarchy as representing the finest
possible classification of the clopen sets.

The join operation can also be used to give a hierarchy and construction
principle for the class of sets A such that both A and −A are differences of open
sets. It can be shown that this class is the result of closing the class G ∪ F
of open or closed sets out under the operation of Kalmar union. This yields
a hierarchy with Ω + Ω levels, with the first Ω levels the Kalmar hierarchy of
clopen sets and the second Ω levels exhausting the diamond-shaped class(

Df2(G) ∩Df2(G)−
)
− (G ∪ F)

The analogous result holds at all levels of the difference hierarchy. In general,
the class Dfµ(F) ∩Dfµ(F)− is the closure of⋃

υ<µ

(
Dfυ(G) ∩Dfυ(G)−

)
under the Kalmar union operation (µ a countable ordinal). This yields a hi-
erarchy over the class of ∆0

2 sets with Ω2 levels. As before, this hierarchy can
reasonably be considered the finest one possible.

The main goal of this work can be thought of as determining the nature (in
particular, the order type) of the ‘finest possible’ hierarchy over the entire class
of Borel sets. In later chapters the Kalmar subhierarchies will be considered
as a single unit, so that the hierarchy over the ∆0

2 sets will have order type Ω,
not Ω2. We will show, for example, that the order type of the ‘finest’ hierarchy
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over the class of ∆0
3 sets is ΩΩ (not Ω3). As another example, we will show that

the ‘finest’ hierarchy over the class of ∆0
ω sets has order type εΩ+Ω (εΩ+Ω being

the Ω + Ω-th epsilon number).

O.D Infinite games

In this section we present some useful background material about infinite games
and the axiom of determinateness.

An infinite game is a game in which a particular ‘round’ need not terminate,
so that the outcome of the contest can be determined only by examining the
entire history of the contest.

Z0Z0Z
0M0j0
J0Z0Z
0Z0M0
Z0Z0Z

Figure O.3

Simple but interesting examples of infinite games can be constructed by
extending the standard chessboard infinitely in one or more directions, and by
suitably modifying the rules. Consider, for example, the position shown in the
diagram (the board extends infinitely upwards and to the right). White’s goal
is to checkmate Black’s King, and Black’s goal is to avoid checkmate. This
game is genuinely infinite because it is possible for Black to win, but he cannot
achieve certain victory after any finite number of moves, i.e., we cannot in
general conclude that Black has won without examining the entire record of the
game.

This game nevertheless has a finite aspect in that one of the players (White)
cannot win without terminating the game: we might call such a game “half-
finite”. But it is easy to devise games that are not even half-finite. We could,
for example, retain the above board but change the rules so that White’s goal is
instead to get arbitrarily far away from the Black King, i.e., to play so that no
matter how large an integer n is there will be a point in the game after which
White’s king will never be less than n moves away from the Black king. Then
clearly neither player can ever win in any finite number of moves, and it will
always be necessary to look at the entire history of the game to determine the
winner.
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It is not difficult to give a precise definition of the notion of infinite game,
provided we restrict ourselves to games in which (i) there are only two players,
I and II, who move alternately, I moving first; (ii) each player on each move
has only countably many choices for his next play; and (iii) there are no infinite
stages in the game (i.e., all ‘rounds’ are of length ω). Then the history of a
particular round of such a game can be coded up as a pair (α, β) of elements
of ωω, with α the plays of I and β the plays of II. The game itself is completely
specified by the subset W of ωω×ωω consisting of all histories of codes of rounds
in which II is the winner. We therefore assume for the sake of simplicity that
each player on each move plays a natural number, and define the game to be
the set W itself.

Definition O.D.1. An (infinite) game is a subset of ωω × ωω.

We can now formalize the notion of a strategy. It is clear that a strategy
for II in one of these games is essentially a function from Sq to ω that takes as
its argument the finite sequence 〈α(0), α(1), . . . , α(n)〉 (for each n) of I’s first
n moves and gives as its result Player II’s n-th move β(n). For our purposes,
however, it is more convenient to have a strategy for II yield the entire history
〈β(0), β(1), . . . , β(n)〉 of II’s moves up to that point. Strategies for Player I are
defined similarly.

Definition O.D.2.

1. A strategy for II is a monotonic (subsequence-order preserving) function
τ from Sq to Sq such that

ln(τ(s)) = ln(s)

for every s in Sq;

2. a strategy for I is a monotonic function σ from Sq to Sq such that

ln(σ(s)) = ln(s) + 1

for every s in Sq.

It should be noted that this definition implies that the games we are studying
are games of perfect information, i.e., games in which each player has complete
knowledge of his opponent’s moves up to that point.

Now if τ is a strategy for II, we let τ̃ denote the corresponding function
from ωω to ωω that takes as its argument the entire history of Player I’s moves
and gives as its result the entire history of II’s moves. Thus τ is a winning
strategy for II for the game W iff (α, τ̃(α)) is in W for every α; and the notion
of a winning strategy for I is similarly defined.

Definition O.D.3. For any monotonic function τ from Sq to Sq and any α ∈ ωω

τ̃(α) =
⋃
k∈ω

τ(α | k).
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Note that if τ is a strategy (either for I or for II) then τ̃(α) will be in ωω
for every α.

Definition O.D.4. For any game W

1. a winning strategy for II for W is a strategy τ for II such that (α, τ̃(α)) ∈
W for every α in ωω;

2. a winning strategy for I for W is a strategy σ for I such that (σ̃(β), β) ∈
−W for every β in ωω.

The study of infinite games almost always concerns, in some way or another,
the question of determinateness: a game is determinate iff one of the players has
a winning strategy (i.e., if the game determines a winner). Since every finite
game is determinate, and since also draws are not possible in infinite games (as
we have defined them) it might seem plausible to conclude that every infinite
game is determinate. This conclusion is, however, not justified.

Admittedly, it cannot be the case that both Player I and II have winning
strategies for a game W . Given two strategies σ and τ for I and II respectively,
we can play them off against each other and form a unique element (α, β) of
ω×ω (called by Addison the clash of σ and τ) such that α = σ̃(β) and β = τ̃(α).
Then if both σ and τ were winning strategies the clash (α, β) (which is equal to
both (α, τ̃(α)) and (σ̃(β), β)) would have to be in both W and −W , impossible.
Thus given two strategies for I and II respectively, one of them must be superior
to the other.

This argument does not, however, imply that every game is determinate. It
may be that given any strategy for Player I, Player II has a strategy that is
superior, but that given any strategy for Player II, Player I has a strategy that
is superior.

In fact it is possible, using the unrestricted axiom of choice, to construct (by
diagonalizing over strategies) a game that is not determinate.

Despite these considerations descriptive set theorists, since at least the late
1950’s, devoted a great deal of attention to the Axiom of Determinateness (AD),
which asserts that every infinite game (i.e., subset of ωω × ωω) is determinate.
One of the reasons for this interest is that AD is natural and plausible (unlike
most large cardinal axioms) and yet, though this is not obvious, it settles a
great many questions (such as the continuum hypothesis) that are known to
be independent of the axioms of ZF or ZFC. For example, AD implies that
every set of real numbers is measurable, has the property of Baire, and is either
countable or contains a perfect subset (see Mycielski [25]).

The main problem with AD is the fact, mentioned above, that it is incon-
sistent with AC. This state of affairs can be taken as informal evidence for the
‘falseness’ of AD and for the incorrectness of our intuitions concerning infinite
games; but it can just as easily be taken as (yet more) evidence for the falseness
or unreasonableness of the unrestricted axiom of choice. At any rate, a great
deal of effort has been expended on trying to resolve this contradiction, either
by replacing AC by one of its weaker forms (usually the axiom of Dependent
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Choice (DC)), or by weakening AD so that it asserts the determinateness of
some restricted collection of games, usually a collection (such as the collection
of projective subsets of ωω × ωω) whose elements are in some sense definable
or constructable. Naturally, if AD is weakened its consequences may also be
weakened. For example, from the assumption that all projective games are
determinate we may only be able to conclude that all projective sets are mea-
surable.

One of the most important results concerning determinateness is the theo-
rem of D.A. Martin [24] that every Borel set is determinate (assuming ZF+DC).
Most of the results in this dissertation require Borel Determinateness (BD), and
in fact were originally proved assuming BD, before Martin’s proof. Martin’s re-
sult goes a long way towards establishing the credibility of AD, but nevertheless
it still cannot be said that the status of the axiom has been finalized: it is
still unknown whether or not it is consistent with ZF+DC to assume that ev-
ery analytic set is determinate (though Martin [22] has shown that analytic
determinateness follows from the existence of a measurable cardinal).

Although we will make heavy use of some results about determinateness
(mainly BD), this dissertation is not primarily concerned with AD per se and
therefore we will not give more details about AD itself and its relation to higher
cardinal axioms, the projective sets and so on. However, to illustrate some of
the ideas discussed we conclude this section by presenting a proof that all open
games are determinate. This result was first obtained by Gale and Stewart [9];
it can be regarded as the first small step on the way to establishing BD.

Theorem O.D.5. Every open game is determinate.

Proof. (Outline.) Let W be an open subset of ωω × ωω; we must show that
W is determinate. We do this by proving a stronger result, namely that every
position for I in W is either a win for I or a win for II. The required result
follows easily then from the fact that the position (∅, ∅) is a win for one of the
players.

We show that all positions for I (i.e., all ordered pairs (s, t) of finite sequences
of the same length) are determinate by (i) giving an inductive definition of a
class of positions all of which are winning positions for II; then (ii) showing
that all the remaining positions are winning for I.

The base step in the inductive definition is to take all those positions from
which II has ‘already’ won; that is, the class P0 of all (s, t) (s and t having the
same length) such that [s]× [t] ⊆W . In other words, P0 is the class of positions
for which II is guaranteed to win no matter how he plays in the rest of the
game. Obviously, all elements of P0 are winning positions for II in W .

The next stage in the induction is to take the class P1 of all positions from
which II can enter P0 in one move; i.e., the set{

(s, t) : ∀i ∈ ω ∃j ∈ ω (si, tj) ∈ P0

}
.

Clearly, all elements of P1 are winning positions for II in W .
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We then proceed to define P2 as all positions from which II can force entry
to P1 in one move, P3 as all those from which entry to P2 can be forced in one
move, and so on.

The reader will not be surprised to learn that the construction must be
carried on through Ω levels, i.e., we must define Pµ for every countable ordinal µ.
The class Pω, for example, is the set of all positions from which II can force
entry into some Pn (n ∈ ω) in one move. In general, Pµ is the set

{(s, t) : ∀i ∈ ω ∃j ∈ ω ∃υ ∈ µ (si, tj) ∈ Pυ}

of all positions from which II can force entry into some Pυ (υ ∈ µ) in one move.
We take PΩ (=

⋃
µ∈Ω Pµ) as the desired class of winning positions for II. A

simple induction shows that they are indeed winning positions.
Now let (s, t) be an element of −PΩ. It is not hard to see that Player I

can avoid entering PΩ, at least on the next move. Suppose otherwise; then for
any move i of Player I, there is a move j of Player II such that the resulting
position (si, tj) is in Pυj for some υj . But this in turn implies that (s, t) itself is
in PΩ, because it must be in Pµ where µ =

⋃
j υj . This is of course impossible.

Thus if Player I is outside PΩ he can play from move to move to stay
outside PΩ and can do so indefinitely. It is not hard to see that this constitutes
a winning strategy for him. If (α, β) is a final position resulting from the use
of such a strategy, then because W is open we cannot have (α, β) ∈ W unless
[α | k]× [β | k] ⊆ W for some (in fact all but finitely many) k. In other words,
(α, β) ∈ W iff (α | k, β | k) ∈ P0 for some k. This means that II cannot win
unless he actually ‘enters’ W at some finite stage; open games are ‘half-finite’
in the sense of our earlier discussion. Thus any strategy that avoids P0 (and
therefore any that avoids PΩ) also avoids W and is a winning strategy for I.

The proof given here is due to Blackwell, though it has appeared in disguised
versions in various contexts. The proof gives a good example of the use of
ordinals in game arguments, a technique we will make good use of in later
chapters. We can think of the ordinals in the proof as measuring the amount
of time it takes II to win from a position in PΩ. If a position is in P0, II has
already won, no matter how either player might play in the future. If a position
is in P1, it means that II can (if he plays correctly) win in one move. In the
same way, if a position is in (say) P25, it means that II (if he plays correctly)
can win in at most 25 moves.

This interpretation can also be extended to infinite ordinals. If a position
is in Pω it means that after one move II will be able to ‘call’ the game, i.e.,
predict how many more moves he will require to win. If a position is in Pω+3, it
means that after 4 moves II will be able to call the game. And if a position is
in Pω+ω+6 it means that after 7 moves II will be able to say how many moves
it will take before he will be able to call the game.

The proof given is therefore based on the principle that if II can win the
open game W , the time it will take (in general) can be measured by some
countable ordinal.
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This proof in fact shows that II has a winning strategy for an open game
W iff he has a winning strategy for an auxiliary game W ′ that is the same as
W except that (i) on the n-th move II also plays a countable ordinal µn; (ii) if
µn > 0 then µn > µn+1; and (iii) II must enter P0 before µn becomes 0.

Auxiliary games of this type are very important in many game arguments.
The auxiliary ordinal can be considered as a type of clock that imposes a time
limit on II.

O.E The algorithmic description
of the Baire topology

We mentioned that elements of ωω can be thought of as codes for countably
infinite objects in the same way that elements of ω can be thought of as codes
for finite objects; and that descriptive set theory can be thought of as the study
of the complexity of sets of infinite objects, in the same way that recursive
function theory can be thought of as the study of the complexity of sets of
finite objects. Just the same, it might seem unlikely that there would be much
connection between, on the one hand, the continuous notions of topology, and on
the other the discrete notions of recursive function theory. But in fact the Baire
topology and its derived notions can be regarded as natural generalizations of
the basic concepts of recursive function theory on ω; in this section we present
a very informal view (due to Addison) of the analogy.

We begin by trying to discover which subsets of ωω deserve to be called
recursive (or decidable). We know that a subset a of ω is recursive iff there
exists a Turing machine that tests for membership in a, i.e., a Turing machine
M which, when started on a tape with (a given representation of) a natural
number n, eventually halts and prints (say) a “1” if n is in a, otherwise a “0”.
The fact that a Turing machine tape is infinite and can therefore have an infinite
sequence of numbers written on it allows us to carry this definition over directly:
we will call a subset A of ωω recursive iff there is Turing machine M such that,
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for any α in ωω if M is started on a tape with α (written on it extending
infinitely to the right, with blank squares extending infinitely to the left), then
M eventually halts, printing on the last step a “1” if α is in A, otherwise a “0”.

For example, the set{
α ∈ ωω : α(2) = 3 and α(5) = 0

}
is clearly recursive: the machine checks the second and fifth values of α, then
gives its answer. The sets {α : α(2) ≤ α(3)} and {α : α(α(0)) = 5} are also
recursive, but not the set {α ∈ ωω : ∀n α(n) < α(n+ 1)}, because there are an
infinite number of comparisons to be checked.

Now suppose that A is a recursive subset of ωω such that the Turing machine
M tests for membership in A, and that M , having been started with a tape with
α written on it, has just halted, and has announced, by writing a “1”, that α is
in A. A Turing machine computation is finite; therefore M can have examined
only a finite number of values of α, say α(0), α(1), . . . , α(k − 1), and on the
basis of those values alone concluded that α was in A. This means that any
α′ that agrees with α for those arguments (i.e., any α′ in [α|k]) must also be
in A, because M ’s computations, when started on a tape with α′ on it, will be
identical. In other words, α ∈ A implies that [α|k] ⊆ A for some k—so that A
must be open. Similarly, if α ∈ −A the machine M will halt and print a “1”
after examining only some k values of α, and thus [α|k] ⊆ −A. Therefore the
complement of A is also open, i.e., A is also closed.

The fact that Turing machine computations are finite therefore implies that
every recursive set is both closed and open, i.e., is clopen. It is not true, however,
that every clopen set is recursive—for example, if a is a nonrecursive subset of ω,
the set {α : α(0) ∈ a} is clopen but not recursive, because a decision procedure
for the latter would yield a decision procedure for a itself. Nevertheless, the set
defined above is in a sense ‘decidable’: to determine whether or not α is in the
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set, you simply ‘examine’ α(0), whereas to determine whether or not α is (say)
increasing, one must look at an infinite number of values of α.

We can make precise this more general notion of decidability by allowing our
Turing machines to have access to a countably infinite data base, in the form of
an extra tape with an element of ωω. For any subset A of ωω and any element
δ of ωω, we say that A is recursive in δ iff there is a two-tape Turing machine
that decides membership in A (as above), provided it always starts with δ on
its extra tape. For example, the set {α ∈ ωω : α(0) ∈ a} is recursive in the
characteristic function of a, i.e., in δ where for each n, δ(n) is 0 if n is in a,
otherwise 1.

Computations on the augmented Turing machines are still finite, and so any
set recursive in some δ will still be clopen. On the other hand, if A is clopen,
let 〈sn〉n∈ω be some recursive enumeration of Sq, and let δ be a code for A, as
follows:

δ(n) =

 0, if [sn] ⊆ −A;
1, if [sn] ⊆ A;
2, otherwise.

Then it is easy to see that A is recursive in δ. To determine whether or not α
is in A, the machine examines larger and larger initial segments of α until it
finds one that δ codes as a 0 or a 1. The fact that A is open ensures that the
computation will always terminate, and we see therefore that the clopen sets
are exactly those that are recursive in some element of ωω.

It follows, for example, that the set {α : ∀n α(n) < α(n + 1)} of increasing
α cannot be recursive in any δ because it is not open. To use Addison’s ter-
minology, deciding membership in a set like {α : α(0) ∈ a} requires mere rote
“knowledge” (of a), but deciding whether or not an element of ωω is increasing
requires genuine “wisdom”.

We now consider which subsets of ωω deserve to be called recursively enu-
merable (re). According to the usual definition, a set of natural numbers is re
iff there exists a Turing machine that enumerates the set. This definition does
not seem to carry over to subsets of ωω because it is not clear how a Turing
machine can “enumerate” a possibly uncountably infinite set. There is, how-
ever, an alternate definition of the class of re subsets of ω: a subset a of ω is re
iff there exists a Turing machine that accepts exactly the elements of a, i.e., iff
there is a machine such that, when started with a natural number n written on
its tape, eventually prints a “1” and halts iff n is in a.

This alternate definition carries over easily, and so we say that a subset A
of ωω is re iff there is a Turing machine M such that for any α in ωω if M is
started with α written on its tape, then M eventually halts and writes a “1” iff
α is in A. As before, if A is re and α is in A, then it will accept α after having
examined only some finite initial segment α(0), α(1), . . . , α(k − 1) of α, and
so every element of [α|k] will also be accepted. Thus for any α, if α in A then
[α|k] ⊆ A for some k, and so A is open.

The fact that Turing machine computations are finite therefore implies that
every re set is open. It is easy to see that the converse is not true; if a is not re,
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neither is {α ∈ ωω : α(0) ∈ a} (even though it is recursive in some δ). Therefore,
for any subset A of ωω and element δ of ωω, we say that A is recursively enu-
merable (re) in δ iff A is the set accepted (as above) by some two-tape Turing
machine that is always started with the data base δ on its second tape. Every
set re in some δ is clearly still open; and conversely, if A is open and δ is some
code for the set {s ∈ Sq : [s] ⊆ A}, then it is not hard to see that A is re in δ.
Thus the class of subsets of ωω that are re in some element of ωω is exactly the
class of open subsets of ωω.

Finally, we consider which functions from ωω to ωω deserve to be called
recursive. According to the usual definition, a function f from ω to ω is recursive
iff there is a Turing machine that computes f , i.e., when started with a natural
number n written on its tape, it eventually prints f(n) on the tape and halts.
This definition cannot be carried over directly because although a machine to
‘compute’ a function f from ωω to ωω can be presented with an argument α in
ωω it cannot print out the entire result β (= f(α)) before halting. The machine,
however, cannot examine all of α at once, it can only examine α value by value.
It is therefore reasonable to require only that the machine print out the values
of β in the same way, one by one.

M

α4

α3

α2

α1

α0

β0

β1

...

...

Figure O.6

We therefore define a function f from ωω to ωω to be recursive iff there exists
a Turing machine M such that when started with a tape with α written on it,
computes for a while, then prints f(α)(0) (in some special format, say, to distin-
guish it from intermediate results), computes for a while, then prints f(α)(1),
then later f(α)(2), and so on, forever, without halting.

The machine that computes f may also be thought of as a continuously
operating process or factory, with values of α being fed one by one in one end,
and values of β (= f(α)) being produced one by one out the other end. Note,
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however, that the values of β may be turned out at a different rate (perhaps
slower) than the rate at which values of α are being fed in, and the factory may
require storage because computing each value of β may require access to any of
the values of α already fed in.

The machine M that computes a recursive function f from ωω to ωω op-
erates without halting, but nevertheless any finite number of output values
will be produced after only a finite number of steps. Therefore, for any in-
put α, if M computes the first m values of f(α), yielding the finite sequence s
(= 〈s0, s1, . . . , sm−1〉), it can have examined only a finite number α(0), α(1),
. . ., α(k − 1) of values of α before printing out the first m values of f(α), and
so any α′ that agrees with α on its first k values (i.e., any α′ in [α|k]) will
also have s as the first m values of f(α′). The set of α for which f(α) be-
gins with s is f−1([s]); we have therefore shown that α in f−1([s]) implies that
[α|k] ⊆ f−1([s]) for some k, i.e., we have shown that f−1([s]) is open. Since the
inverse image of every interval is open, the inverse image of every open set is
open and so f is continuous.

We have therefore shown that every recursive function is continuous. The
converse is of course, not true, but if we define the notion of “recursive” by
allowing, as before, machines with data bases it is easy to see first, that every
function recursive in some δ is continuous, and second, if f is continuous, then f
is recursive in a δ that codes the set {(s, t) : [s] ⊆ f−1([t])}. Thus the continuous
functions are exactly those that are recursive in some element of ωω.

So we have a well defined analogy between topological notions and com-
putability notions, in which clopen sets correspond to recursive sets, open sets
correspond to re sets, and continuous functions correspond to recursive func-
tions. This analogy can in fact be carried much further, so that for example,
the Borel sets correspond to hyperarithmetic sets, the analytic sets correspond
to the Σ1

1 sets and Baire measurable functions correspond to hyperarithmetic
functions.

The significance of the ordinal indices of the levels of the Kalmar hierarchy
can also be explained in terms of Turing machines. The Kalmar indices can be
understood as bounds on the number of values that the machine that decides
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membership in A has to read in before halting. We equip our Turing machines
with an extra counter register capable of holding a countable ordinal. The
contents of the register must be decreased every time another component of α
is read in, and the machine must halt when the ordinal stored becomes 0 (if not
before). It can be shown that a set A is in level µ of the Kalmar hierarchy iff
there is a Turing machine M with a counter that is able to decide membership
in A provided its counter initially contains µ.

32



Chapter I

Fundamentals

In this chapter we present the fundamental definitions and results concerning ≤,
and give a number of elementary applications of ≤ in the theory of definability.

Section I.A presents the definition of ≤ itself, and of related notions such as
that of degree and initial class.

Section I.B deals with the characterization of ≤ in terms of infinite games.
We describe the basic game G(A,B), show that A ≤ B iff Player II has a
winning strategy for G(A,B), and discuss alternate but equivalent variations
of G(A,B).

In Section I.C we use our game characterization to investigate the structure
of the collection of degrees of ∆0

2 sets. We show that the hierarchy induced by
≤ corresponds to the classical Hausdorff difference hierarchy.

In Section I.D we show that ≤ can be used to measure the ‘power’ of various
quantifiers and quantifier strings. We give game proofs of results of Kreisel,
Schoenfield and Wang relating the ordinary number quantifiers and the quanti-
fiers ∃∞ (“there exist infinitely many”) and ∀∞ (“for all but a finite number”).

In Section I.E we investigate a generalization of ≤ to a relation between pairs
of disjoint pairs of sets. The fact that (A,A′) ≤ (B,B′) means that A and A′

are in a sense no harder to separate than are B and B′.
Finally, in Section I.F we show that ≤ can (following an idea of Kuratowski)

be used to derive (in)separability and (un)definability results in logic. Of special
interest is a game proof of the inseparability of a given pair of ♦0

3 sets that uses
a priority argument.

I.A Reducibility by continuous functions

In this section we define our reducibility and certain related notions such as
those of degree and initial class.

Definition I.A.1. For any topological spaces X and Y and any subsets A and
B of X and Y respectively:

A/X ≤ B/Y
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iff A = f−1(B) for some continuous total function f from X to Y.

Thus A/X ≤ B/Y means that the problem of determining membership in
A can be ‘reduced’ to that of determining membership in B in the following
sense: for any point x in X , x ∈ A iff f(x) ∈ B, so that a method for deter-
mining membership in B yields one for A—provided we assume that continuous
functions are in some sense easy to evaluate. This relation is the topological
analog of the many-one reducibility of ordinary recursive function theory (see,
for example, Rogers [29, p.80]).

The following equivalences, though easy to prove, are often useful.

Proposition I.A.2. For any spaces X and Y, any subsets A and B of X and
Y respectively and any function f from X to Y:

• The following are equivalent

1. A = f−1(B)

2. f∗(A) ⊆ B and f∗(−A) ⊆ −B
3. (∀x ∈ X ) x ∈ A⇔ f(x) ∈ B

Proof. Straightforward.

X Y

A B

f

Figure I.1

In this work the spaces X and Y will almost always be the Baire space, and
in such cases reference to them will be omitted, so that we will write “A ≤ B”
instead of “A/ωω ≤ B/ωω”.

It is easily verified that ≤ (on the Baire space) is a quasiorder, because the
class of continuous functions contains the identity function and is closed under
composition. The relation ≤ therefore determines an equivalence relation, and
we call the equivalence classes degrees.

Definition I.A.3. For any subsets A and B of ωω:

1. A ≡ B iff A ≤ B and B ≤ A;
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2. dg(A) = {B ⊆ ωω : B ≡ A}.

Closely related to the notion of degree is that of initial class.

Definition I.A.4. For any subclass A of P(ωω):

• A is an initial class iff

A ≤ B and B ∈ A implies that A ∈ A

for any subsets A and B of ωω.

The initial classes are therefore those that are closed downwards under ≤.
A very simple example is the class G of open subsets of the Baire space: if B is
open and A ≤ B, then A = f−1(B) for some continuous function f ; therefore
A is also open, because the continuous functions are precisely those for which
f−1(B) is open whenever B is. Other examples of initial classes are the class of
Σ0

1+µ sets for any µ in Ω; the class of Borel sets; the class of ∆0
2 sets; and the

class of projective sets. The proof that these classes are initial is not difficult
(it will be given in Chapter IV). The two basic facts used are (i) G is an initial
class and (ii) inverse image commutes with Boolean operations such as union
and complementation.

We will often have need of the following result, which says (speaking infor-
mally) that a subset of a closed subset E of the Baire space can be extended to
the whole space without increasing its degree.

Proposition I.A.5. For any closed subset E of ωω and any subset A of ωω:

• there is a subset A′ of ωω such that

A ∩ E = A′ ∩ E

and
A′ ≤ (A ∩ E)/E.

Proof. Let h be the identity function from E to itself. Since E is closed and
h is continuous, h can be extended to a continuous function h′ from ωω to E.
Then it is easily verified that we can take A′ to be h′−1(A).

In certain places we will find it useful to consider reductions by functions
that are more than just continuous. A function f on a metric space with metric
d is Lipschitz iff d(f(x), f(y)) ≤ d(x, y), for any x and y in the space, and is
a contraction iff for some nonnegative r less than 1 we have d(f(x), f(y)) ≤
r · d(x, y) for all x and y.

Definition I.A.6. For any subsets A and B of ωω:

1. A ≤L B iff A = f−1(B) for some Lipschitz function f from ωω to ωω;

2. A ≤c B iff A = f−1(B) for some contraction function f from ωω to ωω.

We can define ≡L, dgL and the notion of an L-initial class as we did for ≤.
This could also be done for ≤c but is not really natural because A ≤c A fails
for some A, so that dgc(A) might be empty.
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I.B Infinite games and ≤
In this section we show that there exists a close connection between our re-
ducibility and certain kinds of infinite games; in particular, our main result
yields a natural characterization of ≤ in terms of such games.

We begin with an informal, anthropomorphic explanation of the connection
between games and ≤. Let us suppose that a dispute has arisen between two
individuals (whom we shall call “I” and “II”) as to whether a certain subset A
of the Baire space is reducible to a certain subset B of the Baire space.

Individual II claims that this is so, i.e., that there exists a continuous func-
tion f such that α ∈ A iff f(α) ∈ B for any α. We saw in Section O.E that
continuous functions on ωω can be regarded as capable of being computed by
a ‘black box’ that outputs values of f(α) as values of α are fed in. Individual
I therefore demands that II produce a black box that computes the function
f so that I can test it out on some sample values of α to see if f really does
reduce A to B.

Individual II accepts I’s challenge, brings out a small object resembling
a pocket calculator, and explains that he will punch in any values of α that I

chooses, and read out values of f(α) as they become available and are displayed.
So I begins enumerating a sequence α0, α1, α2, . . . , of natural numbers and

in due course II begins reading out the sequence β0, β1, β2, . . . , of responses
of his device.

Now I’s goal is to discredit II’s black box, i.e., to construct a sequence α so
that (α ∈ A ⇔ β ∈ B) is false. In constructing this α there is no reason why
I cannot take into account values of β that are available, i.e., in deciding the
value of αn I may want to look at the values β0, β1, β2, . . . , βk−1 that the box
produced after having α0, α1, . . . , αn−1 fed in. For example, I may start by
‘enumerating’ an element of A, all the time trying to guess whether or not the
sequence β being produced is going to end up in B. As long as it seems that β
is headed for −B, I will continue with this strategy and in the end be successful
in refuting II and his black box. On the other hand, if after a certain stage
it seems clear that β is going to end up in B, I will want to change course by
enumerating further values of α in such a way that α is now headed for −A. Of
course β might later start heading for −B, in which case I would once again
want to change his plans, and then β might change direction again, and so on.

In general, then, what I is trying to do is to guess, from the values of
β available, whether or not β will end up in B, and at the same time make
it difficult for II’s black box to predict whether or not α will end up in A.
Similarly, if II’s device is to be successful, it must be able to make guesses
about I’s intentions, and to disguise its own.

Thus we see that the reducibility of A to B is to be settled by a trial by
combat, but with a human pitted against a machine. Now let us suppose that
(as often happens when humans compete with machines) the machine begins
to get the upper hand; and (as often happens) the human suspects foul play.
Individual I accuses II of cheating, and claims that the little black box is a red
herring and that individual II is himself deciding on the values of β.
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But much to I’s surprise, II freely admits it!—because it doesn’t make any
difference. As long as II does not contradict himself from game to game by
producing different values of (initial segments of) β corresponding to the same
(initial segments of) α, there will exist a black box that responds exactly as II
does anyway.

So II discards his little box, and the trial by combat becomes a straightfor-
ward contest of wills between I and II, a struggle, an infinite game with two
players, I and II.

The first step in making mathematical sense of this somewhat melodramatic
narrative is to formulate the following more precise (but still informal) descrip-
tion of the game G(A,B).

I

α0

α1

α2

α3

...

II

β0

β1

β2

...

...

Figure I.2

The rules of the game G(A,B) are these:

1. there are two players, I and II, who play alternately, I playing first;

2. Player I on each move plays (i.e., chooses or selects) a natural number,
and announces his choice to II;

3. Player II on each move either plays a natural number, or else passes, and
in both cases informs I of his choice;

4. Player II is not allowed to pass infinitely many times in a row;

5. Player II wins iff (α ∈ A⇔ β ∈ B) where α and β are infinite sequences
of natural numbers consisting of the plays of I and II respectively.

We have been arguing that A ≤ B iff Player II has a winning strategy
for G(A,B). Before we can state this as a theorem, we must give a completely
formal definition of the game G(A,B).

The complication, of course, is that II is allowed to pass. If instead II was
required to reply to each of I’s moves, the game G(A,B) would be exactly of
the type described in Section O.A. A final position (α, β) is a win for II iff
either α ∈ A and β ∈ B, or if α ∈ −A and β ∈ −B. In other words, G(A,B)
would simply be the game (A×B) ∪ (−A×−B).
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Unfortunately, II is in fact allowed to play intermittently, and as a result
this simple minded definition of G(A,B) is not adequate. For the time being,
however, we will retain the simple definition and formalize instead the notion
of a intermittent strategy for II, one that does not require II to respond to
every move. To simplify the task, we will loosen the rules of the game even
further, and allow II the option of playing more than one number on those
turns when he decides not to pass. Then an intermittent strategy for II can
also be formalized as monotonic functions from Sq to Sq that gives II’s position
as a function of I’s. In other words, if

〈β0, β1, . . . , βk−1〉 = τ(〈α0, α1, . . . , αn−1〉)

then 〈β0, β1, . . . , βk−1〉 will be the (concatenation of) II’s responses after I has
played α0, α1, . . . , αn−1. However, since II can either pass or play more than
one number, k need not be equal to n. Therefore, any monotonic function from
Sq to Sq represents an intermittent strategy as long as it does not require II to
pass infinitely many times in a row.

Definition I.B.1. An intermittent strategy for II is a monotonic function τ
from Sq to Sq such that τ̃(α) is in ωω for any α in ωω.

It is easy to see that an intermittent strategy τ for II is a winning (intermit-
tent) strategy for our game G(A,B) iff α ∈ A⇔ τ̃(α) ∈ B for any α in ωω; we
must show that the existence of such a strategy is equivalent to the reducibil-
ity of A to B. This is a consequence of the following simple but important
result, that says that the continuous functions are exactly those defined by an
intermittent strategy.

Proposition I.B.2. For any function f from ωω to ωω:

• f is continuous iff f = τ̃ for some intermittent strategy τ for II.

Proof. For any s in Sq, let

Vs =
{
t ∈ Sq : f∗([s]) ⊆ [t] and ln(t) ≤ ln(s)

}
.

Since ∅ ∈ Vs, Vs is non-empty. Different elements of Vs are compatible, and all
are of length less than of s; therefore Vs has a longest (i.e., ⊆-maximal) element.
We define τ(s) to be that element.

To see that τ is monotonic, suppose that s and s′ are in Sq and s ⊆ s′. Then
[s′] ⊆ [s] and ln(s) ≤ ln(s′) and so Vs ⊆ Vs′ . Therefore the longest element τ(s′)
of Vs′ is an extension of the longest element τ(s) of Vs.

Now let α be any element of ωω and let β = f(α); we must show that
τ̃(α) = β, and this amounts to showing that for any n, β|n ⊆ τ(α|k) for large
enough k. For any n, the fact that f is continuous implies that f−1([β|n])
is open. Also α ∈ f−1([β|n]) because f(α) = β and β ∈ [β|n]. Therefore,
[α|k] ⊆ f−1([β|n]) for large enough k. If we take k large enough also to be
greater than n, we have β|n ∈ Vα|k and so β|n ⊆ τ(α|k).
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Now suppose that f = τ̃ for some intermittent strategy τ . We must show
that f is continuous; therefore, let G be an open set and let α ∈ f−1(G). Since
f(α) ∈ G, we must have f(α) ∈ [t] for some t in Sq such that [t] ⊆ G. This
means that t ⊂ f(α), and since f = τ̃ , it follows that t ⊂ τ(α|k) for some
(large enough) k. Let α′ be in [α|k]; then t ⊂ τ(α|k) = τ(α′|k) ⊂ f(α′) and
so f(α′) ∈ G. This means that [α|k] ⊆ f−1(G), and since α was arbitrary,
f−1(G) must be open. Thus f is continuous.

There is a somewhat simpler proof of the result, one that makes use of the
algorithmic characterization of continuity. If f is continuous, let M be the
machine that computes f , as described in Section O.B. Then to compute τ(s)
for some sequence s of length k, start M with input any α such that α|k = s,
and stop it when it attempts to read other than the first k values of α, or after
k steps, whichever comes first. Then τ(s) are those values of β produced before
M is halted. Of course, the proof is only informal because our version of Turing
computability was not precisely defined.

Theorem I.B.3. For any subsets A and B of ωω:

• A ≤ B iff there exists an intermittent strategy τ for II such that

α ∈ A⇔ τ̃(α) ∈ B

for any α in ωω.

Proof. The theorem follows immediately from the preceding result.

This theorem alone justifies game proofs of reducibility, for we can interpret
phrases such as “in G(A,B) II waits until . . . ” or “II plays 0’s until I plays a 1”
as informal definitions of a generalized strategy τ . (In these proofs the strategies
described will almost always involve II playing more than one number per turn.)
Nevertheless, it would be more satisfying if we could somehow define G(A,B)
as a standard no-waiting, one-number-per-play infinite game as described in
Section O.D. For one thing, it would allow us to consider whether or not
G(A,B) is determinate.

The basic idea in formalizingG(A,B) (and one that we will use again later) is
to use a coding to simulate the novel rules of the game as we have described. We
require II to play on each move, but interpret a 0 as meaning ‘pass’, interpret
a 1 as meaning play a 0, 2 as meaning play a 1, and so on. Then G(A,B) is
the subset of ωω × ωω consisting of all pairs of the form 〈α, β′〉 in which β′ is a
code for an element β of ωω such that α ∈ A⇔ β ∈ B.

Definition I.B.4. For any subset B of ωω:

Bs =
{

(β0 + 1)0n0(β1 + 1)0n1(β2 + 1)0n2 · · ·
}
b∈B,n∈ωω.

(Bs is called the stretch of B).
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For example, if
〈3, 5, 0, 2, 1, . . .〉

is in B, then
〈4, 0, 0, 6, 1, 0, 0, 0, 3, 0, 2, 0, 0, 0, . . .〉

is in Bs. This latter is therefore one of the codes for the former.

Definition I.B.5. For any subsets A and B of ωω:

G(A,B) =

{
〈α, β′〉 ∈ ωω × ωω :
(α ∈ A and β′ ∈ Bs) or (α ∈ −A and β′ ∈ (−B)s)

}
.

Theorem I.B.6. For any subsets A and B of ωω:

• A ≤ B iff there exists a winning strategy for II for G(A,B).

Proof. Suppose first that τ ′ is a winning strategy for II for G(A,B). Then
define the generalized strategy τ to be the decoded output of τ ′, i.e., if

τ ′(s) = (t0 + 1)0n0(t1 + 1)0n1 · · · (tk−1 + 1)0nk−1

then τ(s) = t0t1 · · · tk−1. It is easily verified that τ is monotonic, that τ̃(α) ∈ ωω
for any α in ωω, and that α ∈ A ⇔ τ̃(α) ∈ B for any α, and so A ≤ B by
Theorem I.B.3.

Conversely, if A ≤ B then A = τ̃−1(B) for some generalized strategy τ
for II. We define a strategy τ ′ for G(A,B) in two steps: first, we define an
intermittent strategy τ ′′ that is like τ , only ‘slowed down’ so that no more than
one number is played per move; then τ ′ is the coded form of τ ′′.

We define τ ′′ by induction on the length of its argument: τ ′′(0) = 0 and for
any s in Sq and n ∈ ω, τ ′′(sn) is τ(sn) restricted to the length of τ ′′(s) plus
one. It is easily verified that τ̃ ′′ = τ̃ and that ln(τ ′′(sn)) < ln(τ ′′(s)) + 1 for
any s and n.

Now we define τ ′, again by induction on the length of its argument: τ ′(0) = 0
and for any s and n, τ ′(sn) = τ ′(s)(m + 1) if τ ′′(sn) = τ ′′(s)m for some m,
otherwise τ ′(sn) = τ ′(s)0. It is easily verified that for any s, ln(τ ′(s)) = ln(s)
and if τ ′′(s) = t0, t1, . . . , tk−1 for some t0, t1, . . . , tk−1, then

τ ′(s) = (t0 + 1)0i0(t1 + 1)0i1 · · · (tk−1 + 1)0ik−1

for some natural numbers i0, i1, . . . , ik−1. Therefore τ̃ ′(α) is, for any α, a
‘stretch’ of τ ′′(α), which is, in turn, equal to τ̃(α). Thus τ ′ is easily seen to be
a winning strategy for II for G(A,B).

There are several variations of the game G(A,B) formed by altering the man-
ner in which the players specify the infinite sequences α and β. One possibility
(already discussed) is to allow II to play (possibly empty) finite sequences, not
just single natural numbers or passes. Another possibility is to allow I to play
nonempty finite sequences as well. A third possibility is to drop the requirement
that the values of α and β be given in order ; on each move, Player I plays a pair
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〈i,m〉 of natural numbers, which is taken to mean that α(i) = m. Player II

does likewise, and is also allowed to pass. The players are not allowed to con-
tradict themselves by giving two different values for the same α(i) or β(i), nor
are they allowed to omit α(i) or β(i) by never playing an ordered pair whose
first component is i. Yet another possibility is to require I to supply values of
α to II on demand : on every move Player II, in addition to his usual activities
plays a number i, and the natural number that I plays on his next move is
interpreted as the value of α(i).

All these variations can be formalized using the coding idea (the last one
requires some care) and all can be shown to be equivalent to G(A,B). For
example, let γ be an element of ωSq that represents some standard enumeration
of Sq. Then for any subsets A and B of ωω, let

G′(A,B) =



〈α, β〉 ∈ ωω × ωω :
γ(α(i)) 6= ∅ for each i and
α′ ∈ A⇔ β′ ∈ B where

α′ = ̂γ(α(0)) ̂γ(α(1)) ̂γ(α(2)) · · · and

β′ = ̂γ(β(0)) ̂γ(β(1)) ̂γ(β(2)) · · ·


.

Then G′(A,B) is the game in which both players are allowed to play finite
sequences, and it can be shown that I has a winning strategy for G′(A,B) iff I

has a winning strategy for G(A,B), and II has a winning strategy for G′(A,B)
iff II has a winning strategy for G(A,B).

These variations on G(A,B) allow us to extend the game characterization
of ≤ to include reductions from or to spaces other than the Baire space. For
example, suppose that A′ is a subset of ω×ω2 and that B′ is a subset of ω2×ωω
and that we wish to show that A′/ω×ω2 ≤ B′/ω2× ωω. We would like to do this
by providing a winning strategy for a game G′(A′/ω×ω2, B′/ω2× ωω) defined
by analogy with G(A,B) (in the case that A,B ⊆ ωω). The only problem is
that we do not necessarily know what it means to “enumerate” an element of,
say, ω×ω2.

One solution would be to select some arbitrary enumeration of ω × ω, and
then define an enumeration of an element ρ of ω×ω2 to be the sequence of values
of ρ(i, j) as the pairs 〈i, j〉 are enumerated in order. But then we have to define

such canonical orderings for the spaces ω3

2, ω4

2, etc., not to mention cross
products of such spaces.

As far more satisfactory solution is to define the G′ games by analogy with
a variant of the G(A,B) game that is not defined in terms of enumeration. For
our purposes we will use the version in which II gives his ‘atomic’ pieces of
information in the order of his choice, and in which I gives his pieces of infor-
mation in the order requested by II. For example, in G′(A′/ω×ω2, B′/ω2× ωω),
Players I and II construct elements α and 〈β0, β1〉 of ω×ω2 and ω2 × ωω re-
spectively. Player II on each moves gives, for some i, the value of either β0(i)
or β1(i) (specifying which) and also plays a pair 〈n,m〉 of natural numbers.
Player I on his first move gives the values of α(0, 0) and thereafter gives the
value of α(n,m) for the pair 〈n,m〉 specified by II on his last move.
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It is not hard to show that Theorem I.B.6 extends to this more general
situation.

We can also define games that correspond to the reducibilities ≤L and ≤c
discussed in the previous section. Unlike some of the variations just treated,
however, these games are much easier to formalize. The game GL(A,B) is
like G(A,B) except that Player II is not allowed to pass; and Gc(A,B) is like
GL(A,B) except that Player II is required in addition to play first.

Definition I.B.7. For any subsets A and B of ωω:

GL(A,B) = (A×B) ∪ (−A×−B)

and
Gc(A,B) = (ωA×B) ∪ (ω(−A)×−B)

where
ωA =

{
〈n, α(0), α(1), α(2), . . .〉

}
n∈ω,α∈A.

Theorem I.B.8. For any subsets A and B of ωω:

A ≤L B ⇔ Player II has a winning strategy for GL(A,B)

and
A ≤c B ⇔ Player II has a winning strategy for Gc(A,B).

Proof. It is easily established that a function f is a Lipschitz map iff f = τ̃ for
some monotonic function τ from Sq to Sq that does not decrease length, i.e.,
such that ln(τ(s)) ≥ ln(s) for all s. It is also easy to see that f is a contraction
map iff it is τ̃ for some τ that actually increases length. The theorem follows
easily from these characterizations.

In the sections and chapters that follow we will avoid coded strategies and
instead formalize our arguments in terms of intermittent strategies (using The-
orem I.B.3 to justify anthropomorphic descriptions). For the sake of brevity we
will refer to intermittent strategies as simply “strategies”.

I.C The degrees of the ∆0
2 sets

In this section we begin the systematic study of the degrees by using our game
characterization of ≤ to help us to discover the structure of the class of degrees
of ∆0

2 sets. Our main result is that a ∆0
2 set A is reducible to a ∆0

2 set B
iff B has at least as many non-empty residues and adjoins (in the sense of
Hausdorff [10]) as does A, i.e., iff for any countable ordinal µ, if the µ-th residue
or adjoin of A is nonempty, then so is the µ-th residue or adjoin respectively
of B. Therefore, to determine the degree of a ∆0

2 set it is enough to know
which of its residues and adjoins are nonempty. The result also implies that the
hierarchy of nonselfdual initial classes of ∆0

2 sets coincides with the Hausdorff
difference hierarchy.
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We begin at the bottom, so to speak, by examining the simplest sets of all:
the empty set ∅ and its complement (relative to the Baire space), ωω. If f is any
function from ωω to ωω then f−1(∅) and f−1(ωω) are ∅ and ωω, respectively;
thus the class {∅} and its dual {ωω} are initial classes. As we have seen, the
set {∅} is the ordinal 1, and we will take advantage of this fact and refer to the
initial classes {∅} and {ωω} as 1 and 1− respectively.

One way to measure the size or complexity of an initial class, and to de-
termine its relationship to other initial classes, is to characterize those subsets
of the Baire space that are complete (≤-maximal) for the class in question.
Therefore, we try to discover what property a subset B of the Baire space must
possess in order that Player II will always have a winning strategy for G(A,B)
for any A in 1.

Since A ∈ 1 (i.e., A is empty), Player II in G(A,B) knows that no matter
what Player I does Player I’s final sequence must end up in −A. Player II can
therefore win the game iff there is an element of −B that he can enumerate,
i.e., iff −B 6= ∅. Since this will be the case if −B 6∈ 1, we have the following
two (equivalent) necessary and sufficient conditions for a subset B of ωω to be
1-complete:

1. −B 6= ∅;

2. −B 6∈ 1.

From these two characterizations of 1-completeness, it is fairly easy to deduce
(without further recourse to game considerations) that 1 and 1− are incompara-
ble dual minimal degrees, and that they are the only minimal degrees. We have
therefore already learned at least one important fact about ≤, namely that it is
not a total order.

We now examine the class G of open sets, and its dual, the class F of closed
sets. That G (and therefore also F) are initial classes follows from the fact
that the continuous functions are exactly those which preserve openness under
preimage: if a set B is in G and A ≤ B, then A must also be in G because
A = f−1(B) for some continuous function f .

In order to characterize those subsets of the Baire space that are G-complete,
we now try to discover what property a subset B of ωω must possess in order
that Player II will have a winning strategy for G(A,B) for any open set A.

In general, it will be possible for Player I to enumerate an element of −A;
therefore, as before, there must be some element β of ωω that is in −B. The
existence of such a β does not guarantee victory for Player II because in general
I will also be able to enumerate elements of A. However, we know from Sec-
tion I.B that I’s final sequence α will be in A iff [α|k] ⊆ A for some k, i.e., iff at
some finite point in the game I’s position s is such that [s] ⊆ A. In other words,
if Player I wants his final sequence to end up in A, I must actually ‘enter’ A
at some finite stage in the game, and at that point I must irrevocably commit
himself to enumerating an element of A.

The following strategy for II therefore suggests itself: Player II enumer-
ates β until such time as I actually ‘enters’ A, i.e., until I’s position s is such
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that [s] ⊆ A; when (and if) this happens, Player II stops enumerating β, and
starts enumerating some element of B.

Gβ

Figure I.3

For this strategy to work, however, it is not enough that in addition to the
element β of −B there also exists some element of B that II can also enumerate.
Player II in G(A,B) cannot take his moves back; at the moment that Player I
enters A, Player II’s position will be some finite initial segment β|k of β, and
if II wants henceforth to enumerate an element of B, it must be an extension
of β|k. Since Player I could enter A at any stage in the game, it would seem
to be necessary that every finite initial segment of β have an extension in B.
At any rate, if there is such a β in −B, then Player II will have a winning
strategy (as described above) for G(A,B) for any open set A, and so B will be
G-complete.

B

Bc −B

Figure I.4

Now what does it mean (in topological terms) to say that every finite initial
segment of some β in ωω has an extension in B? In Section I.B, we saw that it
means simply that β is a limit point of B. And to say that there is such a β in
−B is to assert that the set Bc−B is nonempty (this set is called by Hausdorff
the first adjoin of B). But finally, to say that a set B has a limit point that is
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not in B is simply to say that B is not closed, i.e., that −B is not open. We have
therefore shown that every set whose complement is not open is G-complete.

That this condition is also necessary is not hard to see; if there was a G-
complete set whose complement was open, it would imply that the complement
of every open set is also open, i.e., that every open set is clopen, and this is
clearly not the case. Therefore, we have the following two (equivalent) necessary
and sufficient conditions for a subset B of ωω to be G-complete.

1. Bc −B 6= ∅;

2. −B 6∈ G.

1 1−

G − F F − G

?

Figure I.5

From these conditions it follows easily that the class G −F of open sets that
are not closed, and the class F −G of closed sets that are not open, form a pair
of incomparable dual degrees. This pair lies above 1 and 1−, i.e., each degree
in the latter pair is reducible to each degree in the former pair.

We have now discovered four degrees (two dual pairs), but we cannot claim
to have analyzed even the degree structure of the open or closed sets, because
there is still a mystery region consisting of clopen sets that are neither empty
nor co-empty. To clear up the mystery, we consider what properties a set B
must possess in order to be clopen complete (the class of clopen sets is clearly
an initial class).

Therefore, let A be a clopen set. We saw in Section I.B that the clopen sets
are decidable in that for any α in ωω there is a k such that either [α|k] ⊆ A
or [α|k] ⊆ −A. This means that in G(A,B), if Player II waits long enough,
Player I’s position s will eventually be such that [s] ⊆ A or [s] ⊆ −A. In other
words, II will eventually know at some finite stage in the game whether or not
I’s final sequence will end up in A or −A. This knowledge will not automatically
guarantee II a win: he must be able to exploit the knowledge by being able
to enumerate either an element of B, or an element of −B, whichever is called
for. Since II can pass while he is waiting to discover the destination of I’s final
sequence, it is enough that both B and −B are nonempty. Furthermore, since
we must have both ωω ≤ B and ∅ ≤ B, the condition that both B and −B
be nonempty is also necessary. Thus we have the following two (equivalent)
necessary and sufficient conditions for a set B to be F ∩ G complete:
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1. B 6= ∅ and −B 6= ∅;

2. B 6∈ 1 and −B 6∈ 1.

Thus any set in the mystery region is clopen complete. Since every set
in this region is clopen, it follows that the class F ∩ G − 1 ∪ 1− is a degree,
situated between the dual pairs discovered earlier. It follows easily, from our
characterization of G-completeness, that every degree is either one of these five,
or lies above all of them. These are therefore the first five degrees.

1

G

G(2)

Fσ
Fσ ∩ Gδ

Figure I.6

We still, however, have a long way to go if we wish to describe the degrees
of the ∆0

2 sets. After the open and closed sets, the simplest ∆0
2 sets are those

that are finite Boolean combinations of open and closed sets; and the simplest
of these are those that are the intersection of an open set and a closed set, and
those that are the union of an open set and a closed set. For reasons that will
soon become apparent, we call these classes G(2) and F(2) respectively (they are
duals), i.e.,

G(2) = {G ∩ F}G∈G,F∈F
and

F(2) = {G ∪ F}G∈G,F∈F .
That G(2) and F(2) are initial classes follows from the fact that G and F are

initial, and from the fact that preimage commutes with intersection and union.
For example, suppose that B ∈ G(2) and that A ≤ B. Then B = G∩F for some
G in G and F in F , and A = f−1(B) for some continuous function f . Then
A = f−1(G ∩ F ) = f−1(G) ∩ f−1(F ) and so A is the intersection of the open
set f−1(G) and the closed set f−1(F ).

In order to characterize those subsets of ωω that are G(2)-complete, we try,
as before, to discover a topological property that a set B must possess in order
that Player II in G(A,B) will have a winning strategy for every A in G(2).

Now, if A is in G(2), it must be the intersection G ∩ F of some open set G
and some closed set F . Setting G′ = −F , we see that A is the difference of the
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G

G′

Figure I.7

two open sets G and G′ (and we can assume G′ ⊆ G). Thus Player I’s final
sequence α will be in A iff α ∈ G and α 6∈ G′; i.e., iff [α|k] ⊆ G for some k but
not [α|k′] ⊆ G′ for any k′.

Informally speaking, if I wants his final sequence to end up in A, he must
actually enter A (by entering the open set G) at some point in the game; but
now, after entering, it is still possible that at some later point in the game (or
at the same time) he may leave A (by entering the open set G′).

B

β

...

Figure I.8

This would suggest the following strategy for Player II: enumerate some
element β of −B until (if ever) Player I enters A; then switch to enumerating
an element of B until (if ever) Player I leaves A. For this to be possible it is
necessary not only that β be the limit of a sequence of points in B, but also
that each of these in turn be the limit of a sequence of points in −B. This is
the equivalent to the condition that every finite initial segment of β have an
extension in B every finite initial segment of which has an extension in −B.

The set of limit points in −B of the set of points in B that are limit points of
−B is the set −B ∩ (B ∩ (−B)c)c (called by Hausdorff the first residue of −B),
and the above argument showed that if this set is nonempty, then B is G(2)-
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complete. But suppose it is empty; then B ∩ −Bc must be closed, and since
−B = (−B)c − (B ∩ (−B)c)c, it follows that −B is the difference of two closed
sets and therefore the difference of two open sets. Conversely, if −B is the
difference of two open sets, it is easily checked that the first residue of −B
is empty. We see therefore (the argument is due to Hausdorff) that the first
residue of −B is empty iff −B is in G(2).

We will assume that there are sets in G(2) whose complements are not also
in G(2). Therefore, a G(2) complete set cannot also be in F(2). We then have the
following two (equivalent) necessary and sufficient conditions for a subset B of
ωω to be G(2)-complete.

1. −B ∩ (B ∩ −Bc)c 6= ∅;

2. −B 6∈ G(2).

From these conditions it follows easily that G(2) − F(2) and F(2) − G(2) are
incomparable dual degrees, lying above the five degrees already discovered.

?

Figure I.9

Furthermore, it is not hard to show that G(2) ∩ F(2) − G ∪ F is a single
degree. One uses the fact that a set A is in G(2) ∩F(2) iff for any α in ωω there
is a k such that A(α|k) is either open or closed. This means that in G(A,B),
if Player II waits long enough, he will eventually be playing against either an
open set or a closed set, and so if B is both F and G-complete, II can win.
This yields the following two (equivalent) conditions for a subset B of ωω to be
G(2) ∩ F(2)-complete:

1. Bc −B 6= ∅ and −Bc ∩B 6= ∅;

2. B 6∈ G and −B 6∈ G

and we can easily conclude that (G(2)∩F(2))− (G∪F) is a single selfdual degree
lying between the pair G(2)−F(2) and F(2)−G(2) and the pair G−F and F −G.

We have therefore discovered the first eight degrees, but moreover a pattern
is beginning to emerge. We saw that if A ∈ 1, the Player I in G(A,B) can never
get into A; that if A ∈ G, Player I can enter A, but thereafter cannot leave A;
and that if A ∈ G(2) Player I can enter A, and later leave A, but thereafter
it is not possible for him to reenter. And correspondingly, Player II can win
G(A,B) provided (respectively) there is an element of −B, there is an element
of −B that is the limit of a sequence of points in B, and there is an element
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of −B that is the limit of a sequence of points in B each in turn the limit a
sequence of points in −B. This would suggest that the next step is to find an
initial class G(3) such that if A ∈ G(3), then I in G(A,B) may enter A, then
leave A, and then reenter, but thereafter not be able to leave A again.

G

G′

G′′

Figure I.10

B

Bc

(Bc −B)c

Figure I.11

It is not hard to see that the class G(3) we are looking for is the class of 3-ary
differences of open sets, i.e.

G(3) =
{
G− (G′ −G′′)

}
G,G′,G′′∈G .

If A = G − (G′ − G′′) and G, G′ and G′′ are open, then in G(A,B), Player I

entering G causes him to enter A, entering G′, causes him to leave A, and
entering G′′ causes him to reenter A (we may assume that G′′ ⊆ G′ ⊆ G).
Furthermore it is again not hard to see that a subset B of ωω is G(3)-complete
iff there is an element of −B that is the limit of a sequence of points in B each
the limit of a sequence of points in −B each the limit of a sequence of points
in B. The collection of all such points is the set −B∩ (B∩ (−B∩Bc)c)c (called
by Hausdorff the second adjoin of −B) and it is easily verified that this set is
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empty iff −B is in G(3). Assuming that G(3) 6= F(3), we have the following two
(equivalent) conditions for a set B to be G(3)-complete:

1. B ∩ (−B ∩ (B ∩ −B)) 6= ∅;

2. −B 6∈ G(3).

From this we can conclude that G(3) − F(3) and F(3) − G(3) are incomparable
dual degrees, that this pair lies above the eight degrees already encountered,
that G(3) ∩ F(3) − G(2) ∪ F(2) is a single selfdual degree, and so on.

It should be clear now how to proceed, at least for the finite levels of the
hierarchy being constructed: for each natural number n, let G(n) be the collection
of n-ary differences of open sets; show that if A ∈ G(n) then Player I in G(A,B)
can, starting in −A, switch back and forth between −A and A at most n times
and conclude that B is G(n)-complete iff there is an element of −B that is the
limit of a sequence of points in B . . . with the limits alternating between B
and −B. Furthermore, simple calculations show that this set (which is, in the
terminology of Hausdorff, either a residue of B, or an adjoin of −B, according
to whether n is even or odd respectively) is empty iff −B is in G(n). Assuming
that G(n) 6= F(n), we conclude that B is G(n)-complete iff the above residue or
adjoin is empty, and therefore iff −B ∈ G(n). (Putnam [27] uses a similar ‘back
and forth’ intuition in the setting of ordinary recursive function theory).

The finite levels of the difference hierarchy do not, however, exhaust the
collection of ∆0

2 sets, but the argument generalizes without difficulty to the
infinite levels of the hierarchy. If µ is a countable ordinal, the fact that a set
A is in G(µ) means, informally speaking, that Player I in G(A,B) can, starting
from −A, switch back and forth between −A and A at most ‘µ times’ (in the
sense of Section O.D); the fact that Rsµ(B) or Rsµ(−B) (as the case may be)
is nonempty guarantees that II, starting from −B, will be able to switch from
B to −B, as necessary, at least µ times.

For each µ, then, the classes G(µ)−F(µ) and F(µ)−G(µ) of all true differences
and codifferences respectively of open sets form a dual pair of degrees. In
addition, if µ is positive, then just below this pair lies a selfdual degree

G(µ) ∩ F(µ) −
⋃
ν<µ

F(ν) ∪ G(ν)

of sets A such that both A and −A are µ-ary differences of open sets but are
not ν-ary differences or codifferences for any ν less than µ.

The first step in making this precise is to define the notion of a “µ-ary
difference of open sets”. In descriptive set theory it is more usual (and also
slightly simpler) to define instead the notion of a “µ-ary difference of closed
sets”.

Definition I.C.1. For any countable ordinal µ:

• µ is even iff µ = ω ·ν+2n for some ordinal ν and some natural number n.
A countable ordinal that is not even is said to be odd.
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It is easily verified that µ is even iff µ+ 1 is odd and vice versa.

Definition I.C.2. For any countable ordinal µ and any µ + 1-sequence A of
subsets of ωω:

∂µ(A) =
⋃
{Aν −Aν+1 : ν is even}ν∈µ.

A0

A1

A2

Figure I.12

For example, if A is a 4-sequence of sets then

∂3(A) = (A0 −A1) ∪ (A2 −A3)

and if A is ω + 2 + 1-ary then

∂ω+2(A) = (A0 −A1) ∪ (A2 −A3) ∪ (A4 −A5) ∪ · · · ∪ (Aω −Aω+1).

Definition I.C.3. For any countable ordinal µ and any subclass A of P(ωω):

Dfµ(A) =
{
∂µ(A) : A is monotone nonincreasing and Aµ = ∅

}
A∈µ+1A.

For example, Df3(A) is the collection of sets of the form (A0−A1)∪(A2−A3)
with A0 ⊇ A1 ⊇ A2 ⊇ A3 = ∅; in other words, it is the collection of sets of the
form (A0 − (A1 − A2)) with A0 ⊇ A1 ⊇ A2. Similarly, Df4(A) and Df5(A) are
collections of sets of the form A0 − (A1 − (A2 − A3))) and A0 − (A1 − (A2 −
(A3 − A4)))), respectively, with A0 ⊇ A1 ⊇ A2 ⊇ A3 ⊇ A4. Note that Df1(A)
is A itself.

The class G(µ) is then the class Dfµ(F) if µ is even, or its dual if µ is odd.

Definition I.C.4. The sequence 〈G(µ)〉µ∈Ω is the unique Ω-sequence of sub-
classes of P(ωω) such that

G(2·µ) = Df2·µ(F)

and
G(2·µ+1) = Df2·µ+1(F)−

for any countable ordinal µ.
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The difference between the “Dfµ(F)” and “G(µ)” notation can be thought
of as the difference between an inner and an outer quantifier notation. The fact
that A ∈ Dfµ(F) means that Player I in G(A,B) can alternate at most µ times
between A and −A, but ending up in (not starting from) −A.

Next, we define the set of points in a set B that are limits of points in −B
each of which are limits of points in B and so on, with ‘µ’ alternations between
B and −B.

Definition I.C.5. The sequence 〈Rsµ〉µ∈Ω is the unique Ω-sequence of functions
from P(ωω) to itself such that

1. Rs0(B) = ∅

2. Rsµ(B) =
⋂
ν<µ Rsν(−B)c ∩B

for any subset B of ωω and any positive countable ordinal µ.

Thus Rsµ(B) is the collection of all elements β of B such that every finite
initial segment of β has, for every ν less than µ, an extension in Rsν(−B). It
follows easily from the definition that 〈Rsµ(B)〉µ∈Ω is a monotonic nonincreasing
sequence of subsets of B, that in general Rsµ+1(B) is B ∩ Rsµ(−B)c, and that
if µ is a limit ordinal, then Rsµ(B) is

⋂
ν<µ Rsν(B).

The set Rs2(B), for example, is therefore the set B∩(−B∩Bc)c, i.e., the set
of all elements of B that are limits of elements of −B each of which are limits
of elements of B. This set is what Hausdorff calls the “first residue”; but we
will use the term “residue of B” to refer to all the sets of the form Rsµ(B).

The following is a statement, in our notation, of Hausdorff’s result that the
ordinal stages at which the adjoins and residues of a set vanish (become ∅) yield
a bound on (in fact they determine) the level at which the set appears in the
difference hierarchy.

Theorem I.C.6 (Hausdorff). For any countable ordinal µ and any subset B
of ωω:

• if Rsµ(B) = ∅ then B ∈ G(µ).

Proof. (Outline). If µ is even (= 2 · η) it is easily established that

B =
⋃

2·ν∈η

(
Rs2·ν(B)c − Rs2·ν+1(−B)

)
∈ Dfµ(F) = G(µ),

while if µ is odd (= 2 · η + 1),

B = −
⋃

2·ν∈η

(
Rs2·ν(−B)c − Rs2·ν+1(B)c

)
∈ Dfµ(F)− = G(µ).

Now we show that the existence of an element of Rsµ(−B) gives II a winning
strategy in G(A,B) for any A in G(µ).
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Proposition I.C.7. For any subsets A and B of ωω and any countable ordi-
nal µ:

• if A ∈ G(µ) and Rsµ(−B) 6= ∅ then A ≤ B.

Proof. We proceed by induction on µ.
If µ = 0, A ∈ G(0) = Df0(F) = {∅} so that A = ∅. But Rs0(−B) = −B, i.e.,

−B 6= ∅, so that there is an element β of ωω in −B. Then in G(A,B) Player II
enumerates β.

Now suppose that µ > 0 and assume the result for all ordinals less than µ.
We assume first that µ is even, so that µ = 2 · η for some η.

Since A ∈ G(µ) and G(µ) = Dfµ(F), it follows that A =
⋃

2·ν∈η F2·ν − F2·ν+1

for some µ+ 1-sequence F of closed sets such that

F0 ⊇ F1 ⊇ · · · ⊇ Fµ = ∅.

Let β ∈ Rsµ(−B) and let G =
⋃

2·ν∈η −F2·ν+1. Then in G(A,B) Player II

enumerates β until (if ever) Player I ‘enters’ G, i.e., until I’s position s is such
that [s] ⊆ G. If this never happens, then I’s final sequence α will be in F2·ν+1

for every ν, and so α 6∈ A. Then II wins, because his final sequence will be β
and β 6∈ B.

On the other hand, suppose that I has just entered G, i.e., his position s is
now such that [s] ⊆ G. Then it must be the case that [s] ⊆ −F2·η′+1 for some η′

(which must be less than η). Setting µ′ = 2 · η′ + 1 and F ′ = 〈(Fν)(s)〉ν∈µ′ , we
see that

F ′0 ⊇ F ′1 ⊇ · · · ⊇ F ′µ′ 6= ∅.

and that A(s) =
⋃

2·ν∈η′ F
′
2·ν − F ′2·ν+1. Thus A ∈ Dfµ′(F) = G−(µ′) (because µ′

is odd); G−(µ′) is (G(µ′))
−.

At the same time, Player II’s position at this point in the game is of the
form β|k. It follows from the definition of Rs that β|k has an extension in Rsν(B)
for every ν less than µ, and so in particular has one in Rsµ′(B). This means that
Rsµ′(B)(β|k) 6= ∅. Now Rs was defined in terms of operations (complementation,
intersection, closure) that commute with detailing; therefore, Rsµ′(B)(β|k) =
Rsµ′(B(β|k)).

Setting A′ = −A(s) and B′ = −B(β|k), we see A′ ∈ G(µ′) and Rsµ′(−B′) 6= ∅.
By our induction hypothesis, and since µ′ < µ, it follows that A′ ≤ B′. This
in turn implies that A(s) ≤ B(β|k) and so Player II still has a winning position
in G(A,B).

Thus the strategy described is a winning one and A ≤ B.
The case that µ is odd (= 2 · η+ 1 for some η) is almost the same; since A ∈

G(µ) = Dfµ(F)−, it follows that−A is the µ-ary difference
⋃

2·ν∈η F2·ν−F2·ν+1 of
closed sets. We set G =

⋃
2·ν∈η −F2·ν and proceed much as before, i.e., Player II

in G(A,B) enumerates an element of Rsµ(−B) until (if ever) II enters G.

We can now derive our conditions for G(µ)-completeness.

Theorem I.C.8. For any subset B of ωω and any countable ordinal µ:
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• the following are equivalent:

1. Rsµ(−B) 6= ∅;
2. −B 6∈ G(µ);

3. B is G(µ)-complete.

Proof. We show that (1)⇒ (3)⇒ (2)⇒ (1).
Assume first that Rsµ(−B) 6= ∅, and that A ∈ G(µ). Then it follows imme-

diately from the previous result that A ≤ B. Since A was an arbitrary element
of G(µ), it follows that B is G(µ)-complete.

Now assume that B is G(µ)-complete. It is known that Dfµ(F) 6= Dfµ(F)−,

so that G(µ) 6= G−(µ), and therefore there is a set A in G(µ) that is not in G−(µ). But

suppose that −B ∈ G(µ); since A ≤ B, it follows that −A ≤ −B and since it is
easily seen that G(µ) is an initial class, it follows that −A ∈ G(µ), impossible.

Finally, if −B 6∈ G(µ) it follows immediately from Theorem I.C.6 that
Rsµ(−B) 6= ∅.

We are assuming here that the difference hierarchy is nondegenerate, i.e.,
that each Dfµ(F) has elements which are not in its dual. This is a classical
result (Sierpiński [30]) but also follows from results in Chapter III.

The preceding theorem implies that for each µ, the class G(µ) −G−(µ) and its

dual G−(µ) − G(µ) form a pair of dual degrees (call them qµ and q−µ ). It is easy

to see that q−µ ≤ qµ′ if µ ≤ µ′, and that qµ ≤ q−µ′ if µ < µ′. In order to have a

complete description of the degrees of ∆0
2 sets, we must take into account (as

we did at the lowest levels) the selfdual degrees lying between the dual pairs
just defined.

Proposition I.C.9. For any positive countable ordinal µ:

• the following are equivalent:

1. Rsν(−B) 6= ∅ and Rsν(B) 6= ∅ for any ν less than µ;

2. B 6∈ G(ν) and −B 6∈ G(ν) for any ν less than µ;

3. B is G(µ) ∩ G−(µ)-complete.

Proof. The equivalence of (1) and (2) follows immediately from the previous
result. Also, since G(µ) is not equal to G(ν) for any ν less than µ, it follows that
(3) implies (2). Therefore, we have only to show that (2) implies (3).

Suppose then that B is in neither G(ν) nor its dual for any ν less than µ.

By Theorem I.C.8, it follows that B is G(ν) ∪ G−(ν)-complete for each such ν.

Now let A be in G(µ) ∩ G−(µ). By the previous result, it follows that Rsµ(A) and

Rsµ(−A) are both empty. Let α be in ωω. Since Rsµ(A) =
⋂
ν<µ Rsν(−A)c ∩A

and Rsµ(−A) =
⋂
ν<µ Rsν(A)c∩−A, and since α is in either A or −A, it follows

that there must be some ν less than µ such that α 6∈ Rsν(−A)c or α 6∈ Rsν(A)c.
This in turn implies the existence of a k such that α|k either has no extension
in Rsν(−A), or has no extension in Rsν(A).
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This means that in G(A,B), if Player II waits long enough at the beginning
of the game (and passes while he waits), I’s position s will eventually be such
that for some ordinal ν less than µ, s has no extensions in Rsν(−A) or no
extension in Rsν(A). This in turn implies that either Rsν(−A(s)) or Rsν(A(s))

is empty. Thus (by Theorem I.C.6) we conclude that A(s) is in G(µ) ∪ G(µ)
−.

Since B is G(ν) ∪ G−(ν)-complete, we have A(s) ≤ B. Also, Player II has up to

now passed on all his moves, so that his position is still ∅. Since B(∅) = B,
A(s) ≤ B(∅) and II has a winning position.

Thus A ≤ B and B is G(µ) ∩ G−(µ)-complete.

r1+µ

q1+µ

r1+µ+1

Figure I.13

It follows immediately that the class (G(µ) ∩ G−(µ))−
⋃
ν<µ(G(ν) ∪ G−(ν)) (call

it rµ) is a selfdual degree (µ > 0). Furthermore, it is not hard to establish
that the degree of any ∆0

2 set is either qµ or q−µ for some µ (if it is selfdual),
otherwise it is rµ for some positive µ. The ordering of these degrees can be
described as follows: the selfdual degrees 〈r1+µ〉µ∈Ω form the central ‘spine’
(there is no r0). Above each r1+µ, but below r1+µ+1, lie the dual degrees q1+µ

and q1+µ− (which are of course incomparable). The degrees q0 and q−0 (i.e.,
{∅} and {ωω}) lie beneath r1. The pattern of a dual pair alternating with a
single selfdual degree therefore continues throughout the collection of degrees
of ∆0

2 sets. At limit ordinals the first degree to appear is a selfdual one. For
example, the least degree above all the finite degrees is rω; the first infinite dual
pair, qω and q−ω , lies immediately above rω. We could formulate this description
precisely, but we will leave that task until we have at our disposal the degree
operations developed in Chapter III.

Our final result formalizes the principle that the degree of a ∆0
2 set can be

determined by knowing which of its adjoins and residues are empty.

Definition I.C.10. For any subsets A and B of ωω:

A ≤r B

iff
Rsµ(A) 6= ∅ ⇒ Rsµ(B) 6= ∅

and
Rsµ(−A) 6= ∅ ⇒ Rsµ(−B) 6= ∅

for all µ in Ω.
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Thus A ≤r B means that B has at least as many nonempty residues as
does A.

Theorem I.C.11. For any ∆0
2 subsets A and B of ωω:

A ≤ B iff A ≤r B.

Proof. The result follows fairly easily from the description of the degrees just
given, and from results like Theorem I.C.6 characterizing the difference hierarchy
in terms of residues and adjoins.

I.D Quantifiers and ≤
In this section we show that our reducibility can be used to compare the ‘power’
of different quantifiers, and strings of quantifiers. The results themselves are
already well known; but the proofs provide good examples of the use of the game
characterization of ≤ described in the last section. Of particular interest is the
fact that a priority argument arises naturally in the proof of Theorem I.D.7,
even though the original proof of this result was not a priority argument at all.

We will be concerned only with strings formed from the two usual number
quantifiers ∀ and ∃ plus the two ‘counting’ quantifiers ∀∞ and ∃∞: if R is a
unary relation on ω, ∃∞n R(n) means that R holds for infinitely many natural
numbers, and ∀∞n R(n) means that R holds for all but a finite number of
natural numbers. These quantifiers can be used one after another in strings, e.g.,
the meaning of ∃∞i ∀j ∀∞k S(i, j, k) is clear (S being a ternary relation on ω).
The quantifiers ∃∞ and ∀∞ were studied in Kreisel, Schoenfield, Wang [16] and
most of the results of this section can be found there, in different notation.

What exactly do we mean by the “power” (or “expressiveness”) of one of
these quantifier strings? There are many possibilities, but we choose as our
measure the collection of subsets of the Baire space that can be defined using
the given quantifier string and a ∆0

1 predicate. (This is essentially the same
measure used by Kreisel et al.)

Definition I.D.1. For any n in ω and any string Q of quantifiers (i.e., elements
of {∃,∀,∃∞,∀∞}) of length n:

DQ =

{
A ⊆ ωω : A =

{
α ∈ ωω : Q0i0Q1i1 · · ·Qn−1in−1R(i, α)

for some ∆0
1 relation R on nω × ωω

}}
.

For example, D∀∃ is the collection of all subsets of the form{
α ∈ ωω : ∀n ∃m R(n,m,α)

}
;

in other words, the collection of Π0
2 subsets of ωω.

Definition I.D.2. For any strings Q and Q′ of quantifiers:

Q ≤q Q′ iff DQ ⊆ DQ′
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and
Q ≡q Q′ iff DQ = DQ′ .

For example, every Π0
2 set is Π0

3; thus D∀∃ ⊆ D∀∃∀ and so ∀∃ ≤q ∀∃∀. Using
pairing functions, it is easy to see that every set definable with an ∃∃ string
is definable with a single existential quantifier, so that ∃∃ ≡q ∃ (∃ ≤q ∃∃ is
obvious). In the same way any string of the form ∃∃ · · · ∃ is equivalent to ∃, and
any string of the form ∀∀ · · · ∀ is equivalent to ∀. Thus any string Q consisting
of ∃ and ∀ only is equivalent to a string of alternating ∃’s and ∀’s and DQ is
therefore, for some positive n, either the class of Π0

n sets or the class of Σ0
n sets.

It is much more difficult to determine the relationships between strings in
which ∃∞ and ∀∞ may occur. The simplest strings of this type are ∃∞ and
∀∞—what are the classes D∃∞ and D∀∞?

Clearly ∃∞n R(n, α) is equivalent to ∀m ∃n > m R(n, α) for any n, and
since the relation S on ω × ω × ωω defined by setting

S(n,m,α)⇔ n > m ∧R(n, α)

is ∆0
1 if R is ∆0

1, we have D∃∞ ⊆ D∀∃ and so ∃∞ ≤q ∀∃. Similarly, ∀∞ ≤q ∃∀
(in fact ∃∞ and ∀∞ are duals).

The obvious question now is whether or not ∀∃ ≤q ∃∞. This is in fact the
case, but the proof is slightly tricky. If A is an element of D∀∃ then

A =
{
α : ∀n ∃m S(n,m,α)

}
for some ∆0

1 relation S on ω × ω × ωω. Now the first approximation to the
solution is to note that ∀n ∃m S(n,m,α) is true iff there are infinitely many k
such that ∃m S(n,m,α) for each n less than k, i.e., iff

∃∞k ∀n < k ∃m S(n,m,α).

The universal quantifier doesn’t ‘count’ because it is bounded, but the existential
quantifier does—we have not reduced the expression to ∃∞ form.

The next approximation to the solution is to incorporate the ∃ quantifier
into the ∃∞ quantifier by making k not just a bound, but a (code for) the finite
number of values of m whose existence is asserted. To avoid codes, we use
a quantifier ranging over Sq, which clearly has the same power as a number
quantifier:

∃∞s ∈ Sq ∀n < ln(s) S(n, sn, α).

However, this formula is not equivalent to the previous ones because there may
be a value of n for which S(n,m,α) is true for infinitely many m. Then the
infinite number of values of s may have a bounded length, and so

∃∞s ∈ Sq ∀n ln(s) S(n, sn, α) ∧ ∀m < sn ¬S(n,m,α)

may be true even though ∀n ∃m S(n,m,α) is false.
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Our third, successful, attempt overcomes this difficulty by requiring that the
values of m provided by S are the least possible, i.e.,

∃∞s ∈ Sq ∀n < ln(s) S(n, sn, α) ∧ ∀m < sn ¬S(n,m,α).

It is not hard now to see that this last is true iff ∀n ∃m S(n,m,α). and that
furthermore, since all but the ∃∞ quantifier are bounded, we have a ∃∞ form
equivalent to the ∀∃ form.

Thus ∃∞ ≡q ∀∃, and similarly ∀∞ ≡q ∃∀. However, we are still a long way
from determining the power of arbitrary strings with ∀∞ and ∃∞ in them. The
problem is that we have not shown that these equivalences hold in any context,
e.g., that ∃∃∞∀ ≡q ∃∀∃∀. Kreisel, Schoenfield, and Wang [16] were able to
reduce the problem to that of showing ∃∞∀ equivalent to ∀∃∀, and their proof
is essentially a more complex version of the proof, given above, that ∃∞ ≡q ∀∃.

The basic idea behind our game proof of these results is to define, for each
quantifier string Q, a canonical set CQ and then show that the power of Q (as we
have defined it) is measured exactly by the degree of CQ. For convenience the
sets CQ are subsets not of the Baire space but of spaces of the form ω×ω×...×ω2.

Definition I.D.3. For any natural number n and any quantifier string Q of
length n:

CQ =
{
ρ ∈ (nω)2 : Q0i0Q1i1 · · ·Qn−1in−1ρ(i0, i1, . . . , in−1) = 1

}
.

For example, C∀∃ is the set of all ρ in ω×ω2 (i.e., the collection of all binary
relations on ω) such that ∀i ∃j ρ(i, j) = 1.

Our basic result is that the collection of sets definable with a quantifier string
Q is exactly the collection of sets reducible to CQ.

Proposition I.D.4. For any natural number n and any quantifier string Q of
length n:

DQ =
{
A ⊆ ωω : A ≤ C

(nω)2
Q

}
.

Proof. Suppose first that A ∈ DQ so that

A =
{
α ∈ ωω : Q0i0 · · ·Qn−1in−1R(i0, . . . , in−1, α)

}
.

Then define a function f : ωω → (nω)2 as follows: for any α in ωω, f(α) =
ρ where for any i in nω, ρ(i0, . . . , in−1) = 1 iff R(i0, . . . , in−1, α), otherwise
ρ(i0, . . . , in−1) = 0. Then it is easily checked that f is continuous and reduces
A to CQ.

Conversely, suppose that A ≤ CQ/
(nω)2 and that the continuous function

f : ωω → (nω)2 performs the reduction. Then for any i in nω and any α, let
R(i0, . . . , in−1, α) iff f(α)(i0, . . . , in−1) = 1. Then it is easily checked that A =
{α ∈ ωω : Qi R(i, α)} (we have abbreviated our notation) and so A ∈ DQ.

For example, the collection of subsets of ωω reducible to C∀∃ on ω×ω2 is
exactly D∀∃, namely the collection of Gδ subsets of ωω.

We can now easily conclude that the relation ≤q on quantifier strings corre-
sponds exactly to the reducibility relation on the corresponding canonical sets.
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Theorem I.D.5. For any natural numbers n and n′ and any quantifier strings
Q and Q′ of lengths n and n′ respectively:

Q ≤q Q′ iff CQ/
(nω)2 ≤ CQ′/(n

′
ω)2.

Proof. Suppose first that CQ/
(nω)2 ≤ CQ′/(n

′
ω)2 and let A ∈ DQ. Then by the

previous result, A ≤ CQ/
(nω)2 and so A ≤ CQ′/

(n
′
ω)2 by transitivity and then

A ∈ DQ′ , again by the previous result. Thus DQ ⊆ DQ′ and so Q ≤q Q′.
Now suppose that CQ/

(nω)2 6≤ CQ′/
(n
′
ω)2. It is easy to construct (using

codings) a subset A of ωω such that CQ/
(nω)2 ≡ A. Then A ∈ DQ but A ∈

DQ′ would imply A ≤ CQ′/
(n
′
ω)2 which in turn implies C

(nω)2
Q ≤ CQ′/

(n
′
ω)2,

impossible.

Thus we can show Q ≤q Q′ by reducing CQ to CQ′ , and this in turn can be
achieved by providing a winning strategy for the appropriate game.

We apply our method first to compare the strings ∀∃ and ∃∞.

Theorem I.D.6. The quantifier strings ∀∃ and ∃∞ are ≤q equivalent, i.e.,
∀∃ ≡q ∃∞.

Proof. We show that C∀∃/
ω×ω2 ≤ C∃∞/

ω2 and that C∃∞/
ω2 ≤ C∀∃/

ω×ω2,
beginning with the first.

Now consider G(C∀∃/
ω×ω2, C∃∞/

ω2). In this game we can imagine (as de-
scribed in Section I.B) that Player II is enumerating an infinite binary sequence,
while Player I is filling 0’s and 1’s into the squares of an initially empty infinite
grid.

Player II’s strategy is to begin by playing 0’s until (if ever) Player I plays
a 1 in some square in the first row.

If this ever happens, Player II plays a 1, then resumes playing 0’s until (if
ever) Player I plays a 1 in the second row.

0

0

0

0

0

0

0

0

0

1

0

0

. . .

0

1

1. . .

Figure I.14
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As soon as this happens, Player II, plays a second 1. It may be that when
Player I first played 1 on the first row, he had already played in the second row;
in this case II plays his second 1 immediately after his first.

In either case, after playing his second 1, II plays 0’s until I plays a 1 in the
third row, at which point II plays his third 1, then plays 0’s until I plays a 1
in the fourth row, and so on.

Let α and β be I’s final element of ω×ω2 and II’s final element of ω2, respec-
tively. Then α ∈ C∀∃ iff I eventually plays a 1 in every row iff II eventually
plays arbitrarily many 1’s iff β ∈ C∃∞ so that II wins.

The proof that C∃∞ is reducible to C∀∃ is even simpler. In

G(C∃∞/
ω2, C∀∃/

ω×ω2),

Player II plays 0’s as long as I does, but when I plays his n-th 1, II plays a
1 in some unfilled square in the n-th row. Clearly, II eventually plays a 1 in
every row iff I eventually plays arbitrarily many 1’s.

It is interesting that the game proof that ∀∃ ≤q ∃∞ is so much simpler than
the proof outlined earlier. The game proof, however, is informal, and phrases
such as “as soon as I plays a 1. . . ” are not easily translated into more precise
mathematical notation.

We now prove that ∀∃∀ and ∃∞∀ have the same power.

Theorem I.D.7. The quantifier strings ∀∃∀ and ∃∞∀ are ≤q-equivalent, i.e.,
∀∃∀ ≡q ∃∞∀.

Proof. We already know that ∃∀ ≡q ∀∞. It then follows by elementary reason-
ing (and without using games) that ∀∃∀ ≡q ∀∀∞. Therefore it is enough for
us to show that ∀∀∞ ≡q ∃∞∀, and this in turn follows from the dual equiva-
lence ∃∃∞ ≡q ∀∞∃. We prove this equivalence by showing that C∃∃∞/

ω×ω2 ≡
C∀∞∃/

ω×ω2.
We begin with the first reduction, and describe a winning strategy for II for

G(C∃∃∞/
ω×ω2, C∀∞∃/

ω×ω2). In this game both I and II are playing 0’s and 1’s
into the squares of initially empty infinite grids. Player II is trying to arrange
matters so that all but a finite number of his rows eventually receive a 1 iff one
of I’s rows eventually receives infinitely many 1’s.

We can describe the game in more visual, graphic terms as follows: imagine
that I has an infinite sequence of initially empty buckets, and an unlimited
supply of marbles, and imagine that II has an infinite sequence of light bulbs,
all initially switched off. On each move I can put one marble in some bucket,
and on each move II can choose some light bulb and turn it on. Either player
may choose to do nothing on a given move, but I may not remove marbles from
buckets, and II may not turn light bulbs off. Player II is trying to arrange it
so that all but a finite number of light bulbs are eventually turned on iff one of
I’s buckets receives infinitely many marbles.

It is easy to see that this more colorful description of the game is equivalent
to the original, because the outcome of the original game depends only on
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Figure I.15

the number of 1’s in each of I’s rows and on the collection of II’s rows that
eventually receive a 1.

Readers familiar with the priority method should now have no trouble de-
vising a winning strategy for II. Player II makes use of an infinite sequence
0, 1, 2, 3, . . . , of sticky markers. The idea is that markers are stuck only on
unlit bulbs, that a marker is moved when II lights the bulb to which it is stuck,
and that all markers will eventually settle down iff none of I’s buckets receives
infinitely many marbles.

Player II always begins his n-th move by taking the marker n (which is as
yet unused) and sticking it to the first unlit bulb without a marker. If Player I
on his last move did not put a marble in a bucket, or if he put a marble in
bucket m, and m > n, then II does nothing further on his move. But if I has
just put a marble in bucket m and m ≤ n, then II tears off stickers m, m+ 1,
m + 2, . . . , n then turns on all those bulbs and then attaches the stickers in
order to the first n − m + 1 unlit bulbs. This is easily seen to be a winning
strategy for II. Suppose first that bucket number m receives infinitely many
marbles. Then in the course of the game the marker m and all higher markers
will be moved infinitely often. Furthermore, every time II moves m he sticks it
to the first unlit bulb, so that all bulbs between m’s old and new positions will
be lit. This means that at the end of the game at least every bulb to the right
of m’s first position will be lit, and so II wins.

On the other hand, suppose that no bucket receives infinitely many marbles.
Then in the course of the game each m will be moved only finitely often and
will therefore eventually settle on a bulb. Since each such bulb must be unlit,
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Figure I.16

at the end of the game there will still be infinitely many unlit bulbs and so II

wins again.
That completes the proof that C∃∃∞/

ω×ω2 ≤ C∀∞∃/ω×ω2. The proof of the
converse reduction again can be seen in terms of a game with light bulbs and
buckets, but this time it is I who has the light bulbs and II who has the buckets.

Nevertheless, the game strategy can be turned around. Player II still sticks
markers to unlit bulbs (but since they are now I’s bulbs, II might have to
maintain a duplicate set). Each time I turns on the bulb to which m is stuck,
II puts a marble in the m-th bucket and then rips up m and all stickers to
the right and replaces them in order, each on the first unlit bulb and as yet
unmarked bulb. It is easily verified that this is a winning strategy.

As we mentioned earlier, this is a proof by a priority argument of a result
that has a nonpriority proof.

But we now have a confession to make: the movable markers are not really
necessary in the game proof! To see this, consider carefully the strategy for the
second version of the game, in which I has the light bulbs. A little thought will
show that at the end of each of II’s moves, each marker m is stuck to the m-th
unlit bulb. This means that Player II’s strategy can be described by a single
sentence, and without reference to markers: “When I lights the m-th unlit bulb,
II puts a marble in the m-th bucket.”

What is quite amazing is that reversing this sentence gives a winning strategy
for the first version of the game: “when I puts a marble in the m-th bucket, II
lights the m-th unlit bulb”. It is not hard to check that this is indeed a winning
strategy, though not exactly the same strategy as the one defined in terms of
markers. Perhaps this is not, after all, a good example of a result with both a
priority and a nonpriority argument. At any rate, in Section I.F we present a
game proof of a separation theorem of logic, and the priorities in the strategy
seem to be unavoidable.

In the meantime, readers might like to try reducing C∃∞∃∞ to C∀∀∞∃. It
reduces to a game in which I has a line of buckets and II has a doubly infinite
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grid of bulbs. II must play so that in every row all but a finite number of bulbs
get lit iff infinitely many buckets receive infinitely many marbles.

I.E Pair reducibility

In this section we describe how our reducibility, which relates subsets of ωω,
can be extended to one that relates pairs of subsets so that intuitively (A,A′) ≤
(B,B′) means that the sets A and A′ are no harder to separate than are B
and B′. We show that this pair reducibility can also be characterized by an
infinite game and give some examples. Finally, we use determinateness to
prove an SLO principle for pairs which says that given A, A′, B and B′, ei-
ther (A,A′) ≤ (B,B′) or (B,B′) ≤ (A′, A) must be true.

We have already said that the most basic questions in the theory of definabil-
ity are of the type, “Does such and such an object have a definition of such and
such a form?” Often the objects in question are sets (e.g., subsets of ωω) and it
is easy to see that the complexity of the definitions of the set corresponds (in a
sense) to the difficulty of the problem of determining membership in the set.

The fact that membership in a set A is difficult to determine can be inter-
preted as saying that A and its complement are closely intermingled, i.e., that
A and −A are hard to separate. This formulation of the problem immediately
suggests a generalization: to find methods of determining how ‘close together’
are two disjoint sets A and A′, i.e., how easy is it to separate A and A′.

Notions of separability are in fact widely studied in topology, recursive func-
tion theory and logic. In these fields separability is usually described in terms of
separating sets: if C is a class of sets and A and A′ are sets, then A and A′ are
said to be C-separable iff there exists a set C such that A ⊆ C and A′ ∩ C = ∅.
Many well known results in the above mentioned fields are (or can be seen as)
results concerning this notion of separability. An example from descriptive set
theory is Suslin’s [36] theorem that any two disjoint analytic sets are Borel sep-

arable; and from logic, Schoenfield’s result that disjoint
∧0
n equational classes

(i.e., classes defined by
∧0
n sentences) are ♦0

n-separable.
In logic, the problem of separating A and A′ is often described as the problem

of “interpolating” something between A and −A′. For example, Schoenfield’s
theorem is also called the “little interpolation” theorem because it says that
given a

∧0
n sentence φ and a

∨0
n sentence ψ, if φ→ ψ is valid then there exists

a ♦0
n sentence θ such that φ → θ and θ → ψ are both valid. Another example

is Craig’s famous interpolation theorem (the “big” one), which is in fact the
logical analog of Suslin’s separation theorem.

We have already described how our reducibility gives us a method of com-
paring the complexity of subsets of ωω directly, without recourse to any other
notions of complexity, grammatically defined or otherwise. Therefore it is natu-
ral to ask whether or not there exists an analogous reducibility defined between
pairs of sets that allows us to directly compare their separability.

Suppose then that we have a pair A and A′ and another pair B and B′ of
subsets of the Baire space. What does it mean for a continuous function f to
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reduce A and A′ to B and B′? One possibility is to use characterization (1)
of Proposition I.A.2 and require that f simultaneously reduce A to B and A′

to B′, i.e., that A = f−1(B) and A′ = f−1(B′). (Smullyan [33] studies the
recursive function theoretic version of such a reducibility between pairs.) It is
soon apparent, however, that this definition is unreasonable for our purposes,
because it requires that A and A′ be simpler than B and B′ respectively.

A′

A

B′

B

Figure I.17

The reason we do not want to require this is that A and A′ may be very
complex but far apart (and easy to separate) whereas B and B′ may be simpler
but closer together (and therefore hard to separate). In particular, it might be
that A ⊆ B and A′ ⊆ B′ (see diagram), in which case any set separating B
and B′ also separates A and A′. Then we would want the pair A and A′ to be
reducible to the pair B and B′ regardless of whether or not A was reducible to
B or A′ was reducible to B′.

A more sensible approach is to use characterization (2) of Proposition I.A.2
and require only that the image of A under f be a subset of B, and that the
image of A′ under f be a subset of B′ (see diagram).

Definition I.E.1. For any topological spaces X and Y, any subsets A and A′

of X and any subsets B and B′ of Y:

(A,A′)/X ≤ (B,B′)/Y

iff there exists a continuous function f from X to Y such that A ⊆ f−1(B) and
A′ ⊆ f−1(B′).

As before, in the case that X and Y are ωω we will simply write (A,A′) ≤
(B,B′).
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A A′

B B′

Figure I.18

This relation between pairs of sets is quite clearly a partial order. It also
satisfies the following rules that one might reasonably expect of a notion of
relative separability (for convenience we consider only the case in which X and
Y are ωω).

Proposition I.E.2. For any subsets A, A′, B and B′ of ωω:

1. A ≤ B iff (A,−A) ≤ (B,−B);

2. (A,A′) ≤ (B,B′) iff (A′, A) ≤ (B′, B);

3. (A,A′) ≤ (A,−A) and (A,A′) ≤ (−A′, A′) if A and A′ are disjoint;

4. (A,A′) ≤ (B,B′) if A ⊆ B and A′ ⊆ B′;

5. (A,A′) ≤ (B,B′) if A = ∅ and A′ = ∅;

6. (A,A′) ≤ (B,B′) if B ∩B′ 6= ∅.

Proof. In each case the proof is immediate.

The reason we would expect property (6) to be true is that nondisjoint sets
cannot be separated, i.e., any other pair of sets is at least as close together.

Finally, a very important justification of our notion of pair reducibility is
the fact that our reducibility preserves C-separability when C is an initial class.

Proposition I.E.3. For any subsets A, A′, B and B′ of ωω, and any initial
subclass C of P(ωω):

• if B and B′ are C-separable, and (A,A′) ≤ (B,B′), then A and A′ are
C-separable.

65



A A′

B B′
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D
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Figure I.19

Proof. Suppose that f is a continuous function reducing A and A′ to B and B′

and that C is a member of C that separates B and B′. Then by the relevant
definitions we have A ⊆ f−1(B), and A′ ⊆ f−1(B′) and B ⊆ C and B′ ⊆ −C.
Now let D be f−1(C). Since C is an initial class, D is also in C. Furthermore,
A ⊆ f−1(B) and B ⊆ C implies A ⊆ D. Similarly, A′ ⊆ −D, and so A and A′

are C-separable.

We have already seen that our reducibility between sets can be characterized
using an infinite game, and it is natural to suppose that the same is true of the
reducibility between pairs of sets. In fact it is not hard at all to see that (A,A′) ≤
(B,B′) iff Player II has a winning strategy for the game Gp(A,A′, B,B′) in
which

1. the rules of play are the same as in the simpler game;

2. Player II wins iff I’s final sequence α is in A and II’s final sequence β is
in B; or α is in A′ and β is in B′; or α is in neither A nor A′.

II II II

I II I

II I Iα ∈ A

α ∈ A′

α ∈ ¬(A ∪A′)

β ∈ B β ∈ B′ β ∈ ¬(B ∪B′)

Figure I.20
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The winning condition can be displayed nicely as a 3× 3 grid (see diagram),
the entry in the grid giving the winner. It is clear that if τ is a winning strategy
for II for Gp(A,A′, B,B′) then τ̃ is a continuous function reducing (A,A′)
to (B,B′) (we will omit the details, mostly involved in formalizing the game,
the necessary results being obvious generalizations of those in Section I.B).

Just as before, the game characterization allows us to determine very easily
the first few separation degrees.

If we consult the table above we see that Player II wins ‘by default’ if I’s
sequence does not end up in either A or A′. If both these sets are empty, II is
guaranteed a win; thus (∅, ∅) ≤ (B,B′) for any B and B′ and so we know there
exists a minimal degree, that of (∅, ∅).

Now suppose that only one of A and A′ is empty, e.g., that A 6= ∅ but A′ = ∅.
For what (B,B′) is (A,A′) ≤ (B,B′), i.e., under what conditions can II win
Gp(A,A′, B,B′)? Clearly I’s only hope for winning is to play an element of A,
and the strategy will work only if B is empty. Therefore our pair (A,A′) is
reducible to any (B,B′) in which B 6= ∅. This implies that the collection of pairs
in which the first but not the second is nonempty forms a degree. Furthermore
it is readily apparent that the dual of this degree, the set of pairs in which the
second but not the first is nonempty, is incomparable.

Above the pairs in these three degrees lie all the pairs in which neither set
is nonempty. Our next degree will consist of the simplest of these. To find out
which these are, suppose that all we know about B and B′ is that they are both
nonempty, i.e., that there exist β and β′ such that β ∈ B and β′ ∈ B′. For
what (A,A′) can we guarantee that (A,A′) ≤ (B,B′)?

In considering the game we see that II has only two strategies: enumerating
β and enumerating β′. If II wants to be sure of winning he must be sure,
before enumerating β or β′, which of A or A′ Player I might be headed for.
It must be the case that no matter what I does there must arrive a point at
which II can rule out either A or A′. More precisely, it must be true that for
any α there exists a k such that either [α|k] ∩ A = ∅ or [α|k] ∩ A′ = ∅. Some
simple calculations show that this is exactly the condition that A and A′ be
∆0

1-separable.
What we have shown is that if B 6= ∅ and B′ 6= ∅ and A and A′ are

∆0
1-separable, then (A,A′) ≤ (B,B′). On the other hand, we know by Proposi-

tion I.E.3 that ∆0
1-separability is preserved downwards and so we can conclude

that the collection of nonempty ∆0
1-separable pairs forms a degree just above

the three already found (it is selfdual).
Now suppose that the pair (A,A′) is not ∆0

1-separable. According to what
we have just said, it must be the case that Player I in Gp(A,A′, B,B′) (for any
(B,B′)) has the option of playing as long as he wants without ruling out either
A or A′. By reasoning that should now be familiar, we can see that this implies
the existence of an element of ωω every finite initial segment of which has an
extension in A and an extension in A′—in other words, an element of Ac ∩A′c.

Thus the pairs not in the three degrees already found are exactly those
that have a limit point in common. To find out which of these are of the
least degree(s), suppose that all we know about B and B′ is that they have
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a limit point (call it δ) in common; for which (A,A′) can we guarantee that
(A,A′) ≤ (B,B′)?

Player II has an obvious strategy for Gp(A,A′, B,B′), namely to enumerate
δ until he can rule out either A or A′, i.e., until I’s position has no extension in
A or A′ respectively. Once this has happened, II enumerates an element of B′

or B as appropriate.
The only problem with this strategy is that II may never be able to rule out

either A or A′ because I enumerates an element of Ac ∩ A′c. But II can still
win (by default) provided this sequence is in neither A nor A′. If this strategy
is to be a winning strategy, it is necessary that all common limit points of A
and A′ lie outside both A and A′.

Figure I.21

What we have proved is that if B and B′ have a limit point in common,
and if Ac ∩A′c ∩ (A ∪A′) = ∅ then (A,A′) ≤ (B,B′). It follows easily that the
collection of all pairs having limit points in common but none in either member
of the pair form a degree (obviously selfdual) lying immediately above the four
already described. Also, all other degrees lie above this last.

One thing is already apparent: the structure of the pair degrees is definitely
different from that of the ordinary set degrees (at least as far as we know it).
There is a minimal pair degree, and also an example of one selfdual degree lying
immediately above another.

Lying above these first five degrees are the degrees of pairs that have limit
points in common that are in one of the sets. If (B,B′) is one of these there are
obviously three possibilities: first, that there is a common limit point in B but
none in B′; second, that there is a common limit point in B′ but none in B;
and third, that both B and B′ have common limit points. It is not hard to
guess that the first two conditions determine a pair of dual degrees immediately
above the first five.

Nor is it hard to verify this guess. Suppose that (A,A′) and (B,B′) are both
pairs in which in each case the first set contains common limit points but not the
second. Now any element of B is a limit point of B; thus to say that B contains
a common limit point is equivalent to saying that B contains a limit point of B′,
i.e., that B ∩B′c 6= ∅. Similarly our other assumption is that B′ ∩Bc 6= ∅ (and
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similarly also for (A,A′)).
Let β be an element of B ∩ B′c. Player II’s strategy in Gp(A,A′, B,B′) is

to play β as long as he is unable to rule out either A or A′. If at some point II
can in fact rule out a possibility, he can win as described earlier because β is
in Bc ∩B′c. And if II is never allowed to rule out A or A′, it must be that I’s
final sequence is in Ac ∩ A′c, and II wins at least by default because II’s final
sequence will be β, which is in B, and I’s final sequence cannot be in A′.

What we have just proved is that (A,A′) ≤ (B,B′) whenever B ∩ B′c 6= ∅
and A′ ∩ A = ∅. It easily implies the correctness of our guess. Furthermore it
should now be evident that the structure of the separation degrees is perhaps
not so different after all from that of the ordinary degrees. We saw in Section I.C
that the degree of an ordinary set (if it is simple enough) represents, in a sense,
the number of times that Player II in G(A,B) is able to switch back and forth
between B and −B. It now appears that in the same way the degree of a pair
(B,B′) represents the number of times that II in Gp(A,A′, B,B′) can switch
back and forth between B and B′.

For example, the fact that B ∩ B′c 6= ∅ means that II can enumerate an
element of B with the option of switching at any time to the enumeration of an
element of B′. Similarly, the nonemptiness of B∩(B′∩Bc)c (i.e., the existence of
an element of B that is a limit of elements of B′ each the limit of elements of B)
means that II can enumerate an element of B, then at any time switch and
enumerate an element of B′ and then at any time switch back to enumerating
an element of B. The only difference is the possible existence of points that
are in neither B nor B′. These points may give II the option of hesitating
indefinitely between B and B′, and the possibility of such strategies accounts
for the existence of the extra selfdual degrees.

The fact that the degree of a pair can also be understood in terms of switch-
ing back and forth would suggest that the notions of residue and adjoin described
in Section I.C could also be applied to pairs. This is indeed the case (as was
indicated in Addison [3]). We can (following Addison) extend Hausdorff’s ter-
minology and call B′ ∩Bc the (first) adjoin of (B,B′), and B ∩ (B′ ∩Bc)c the
(first) residue; and then continue through the countable ordinals, with residues
at limit ordinals being intersection. It can be shown that the pairs whose adjoins
and residues are eventually empty are exactly the ∆0

2-separable pairs.
The only problem is that to determine the degree of a pair it is no longer

enough to know which of the adjoins and residues are nonempty. The simplest
counterexample is given by a pair of disjoint open sets with a common limit
point. All (positive) adjoins and residues of such a pair are empty, as are all
adjoins and residues of any ∆0

1-separable pair; but such a pair is not itself
∆0

1-separable. In other words, we cannot on the basis of adjoins and residues
alone distinguish between the fourth and fifth degrees.

If we want to describe the degrees of the ∆0
2-separable pairs in these terms,

we must also extend the notion of remainder. Given any pair (A,A′), we let

Rm0(A,A′) = ωω
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A A′

Rmµ(A,A′)

Figure I.22

and for any countable ordinal µ

Rmµ(A,A′) =
⋂
ν<µ

(
(Rmν(A,A′) ∩A)c ∩ (Rmν(A,A′) ∩A′)c

)
.

Thus Rm1(A,A′) is the set of common limit points of A and A′. In general
the µ-th residue (in Hausdorff’s terminology) is A∩Rm2·µ(A,A′), and the µ-th
adjoin will be A′ ∩ Rm2·µ+1(A,A′).

The remainders of a pair form a monotonic nonincreasing sequence of closed
sets that is eventually empty iff the pair is ∆0

2-separable. For any two such pairs
(A,A′) and (B,B′) it can be shown that (A,A′) ≤ (B,B′) iff for any countable
ordinal

1. Rmµ(A,A′) 6= ∅ ⇒ Rmµ(B,B′) 6= ∅;

2. A ∩ Rmµ(A,A′) 6= ∅ ⇒ B ∩ Rmµ(B,B′) 6= ∅;

3. A′ ∩ Rmµ(A,A′) 6= ∅ ⇒ B′ ∩ Rmµ(B,B′) 6= ∅.

We saw in Section I.C that the initial classes determined by the nonselfdual
degrees of ∆0

2 sets are exactly those of the Hausdorff difference hierarchy, so
that the degree complexity of a ∆0

2 set corresponds to the difficulty involved in
expressing it as an alternating union of closed sets. In the same way, it can be
shown that the pair degree corresponds to the difficulty involved in separating
the sets with alternating unions of closed sets.

More precisely, we know that for every countable ordinal µ there is an or-
dinary degree qµ and its dual and also (if µ > 0) a selfdual degree just below
it. It can be shown that there are corresponding pair degrees but in addition
for each µ there is an extra selfdual degree r′µ just above rµ and just below qµ
and q−µ .

These degrees are those of sets for which the µ-th remainder lies outside
of A ∪ A′. They do not correspond to ordinary degrees, i.e., they are not the
degree of a pair of the form (A,−A).

These degrees can be explained quite easily in terms of separation. A pair
(A,A′) has degree less than or equal to qµ iff it is qµ-separable, i.e., iff there
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A A′

Figure I.23

exists a qµ set containing A but disjoint from A′. A pair (A,A′) is of degree rµ
or less iff it is G(µ) ∩ G−(µ) separable, i.e., iff there exists a set containing A and

disjoint from A′ such that both it and its complement are in G(µ). Finally, a
pair is of degree r′µ or less iff there exist two disjoint G(µ) sets such that A is
contained in the first and A′ in the second.

In other words, qµ is the degree of a complete G(µ) (i.e., of a pair (G,−G)

with G G(µ)-complete), q−µ the degree of a complete G−(µ), rµ the degree of a

complete G(µ) ∩ G−(µ) and r′µ that of an inseparable pair of G(µ) sets.

Naturally we can define games

GP (A,A′, B,B′), GPL (A,A′, B,B′), GPc (A,A′, B,B′)

that characterize the reducibilities between pairs in the same way that the anal-
ogous games defined in Section I.B characterize the analogous reducibilites be-
tween single sets. We will omit the details.

I.F Game techniques and
first-order undefinability

In this section we describe how reducibility techniques can be used to obtain
undefinability (and inseparability) results in pure first order logic. The basic
idea (due to Kuratowski) is to show that the logical complexity of a first-order
sentence φ determines or at least bounds the topological complexity of the set
of models of φ with universe a (subset of) ω. By “complexity” we mean the
position in the prefix and Baire hierarchies respectively, and our basic tool is
Kuratowski’s result that the set of ‘ω-models’ of a

∧0
n sentence is Π0

n. This
allows game techniques to be applied to logic, and we give three examples:
the proof that a certain

∨0
3 sentence is not

∧0
3 and proofs that certain pairs

of disjoint
∨0

2 and
∨0

3 sentences are not ♦0
2 and ♦0

3-separable respectively. A
particularly interesting feature of the last example is that the winning strategy
is naturally described as a priority argument.
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The connection between the discrete, syntactic considerations involved in
logical complexity and the continuous, semantic notions of topology may be
surprising and useful but they are not new. In fact the approach we are using
is really just a refinement of the technique used by Kuratowski [18] to give a
proof of the fundamental result (due to Tarski) that the notion of well ordering
is not first order definable.

Kuratowski’s technique is actually very simple. Suppose that L is a first
order language with one binary relation symbol R. Then an L-structure whose
universe is a subset of ω is (as was explained in Section O.B) essentially an
element of ω2× ω×ω2 (Kuratowski used a different coding). Now suppose that
well ordering is first-order definable, i.e., that there is an L-formula φ the class
of models of which is exactly the class of L-structures that are well orders. This
implies that in particular the set of elements of ω2× ω×ω2 that are (codes for)
models φ is exactly the set of elements of ω2 × ω×ω2 that are (codes for) well
orderings of subsets of ω.

This last set (the set of codes for countable well orders) was studied by Luzin
and Sierpiński [20]. Luzin and Sierpiński proved that it was not a Borel set—and
in so doing furnished the first constructive example of a non-Borel set. On the
other hand, it is fairly easy to see that the set of elements of ω2×ω×ω2 modelling
a first-order sentence must be a Borel set. The reason is that the quantifiers
will be interpreted as ranging over ω, and so can be replaced by countable union
or intersection. For example, the set of ω-models of a

∨0
2 sentence will be an

Fσ set.
This last simple but crucial observation contradicts our supposition and so

allows us to conclude that well-ordering cannot be first order definable.
(It is worth mentioning that Kuratowski pointed out that this result still

holds even if we extend first order logic by allowing countable conjunctions and
disjunctions—in other words he proved that well ordering is not even Lω1,ω

definable!).
The proof is based on the simple fact that the set of codes for models of a first

order sentence is a Borel set. We begin our extension of Kuratowski’s work by
stating a refinement of this result (already indicated, and noted by Kuratowski

himself) to the effect that the set of codes for models of a
∨0
n formula is a

Σ0
n set.

For the sake of convenience we will restrict ourselves to first-order languages
without operation symbols. Then given such a language L we let XL be the
space of codes for models of L, as described in Section I.B, so that if L has a
binary relation symbol and two ternary relation symbols then XL is

ω2× ω×ω2× ω×ω×ω2× ω×ω×ω2

Given any element γ of XL we let Sγ be the corresponding L-structure
whose universe is the subset of ω determined by the first component of γ, and
whose relations are those determined by the remaining components (note we
are assuming some ordering of relation symbols of the same arity). Clearly, any
countable L-structure is isomorphic to Sγ for some γ in XL. Finally, given any
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L-sentence φ we define ModωL(φ) to be the set of all γ in XL such that Sγ |= φ.
(We will not make these definitions more precise.)

We can now formulate our first result relating logical and topological com-
plexity.

Theorem I.F.1 (Kuratowski). For any language L, any L-sentence ψ and any
positive integer n:

• if φ is
∨0
n then ModωL(φ) is a Σ0

n subset of XL.

Proof. The proof is completely straightforward. One shows by induction that a∨0
m formula ψ with k free variables determines, in an obvious way, a Σ0

m subset
of XL × ωk.

This result, simple as it may be, already allows us to use our infinite game
techniques to derive undefinability results in logic. To show that an L-structure
φ is not

∨0
n, we show that ModωL(φ) is Π0

n-complete and therefore not Σ0
n. Con-

sider, for example the sentence characterizing those linear orders that contain
an element with no immediate predecessor (in a language L with one binary

relation R). It is very easy to produce a
∧0

3 sentence that has this class as its

set of models; how do we show that there is no equivalent
∨0

3 sentence?
By what has been said already, it is clearly enough to show that the set P

of all elements of ω2× ω×ω2 that are codes for linear orders with the indicated
property is not Σ0

3; and to do this it is enough to show that L is Π0
3-complete.

This in turn can be accomplished by showing (using games) that some known
Π0

3-complete set can be reduced to P .
One very convenient Π0

3-complete set is C∃∃∞ , as described in Section I.D.
We therefore need a winning strategy for the game

G(C∃∃∞/
ω×ω2, P/ω2× ω×ω2).

Actually, it is conceptually simpler if II restricts himself in the game to enu-
merating a linear order, no matter what I plays; so that we are interested in
the game

G(C∃∃∞/
ω×ω2, P/L),

where L is the set (easily seen to be closed) of all codes for linear orders.
It is not hard to see that we can give (in the spirit of the last section)

the following informal, anthropomorphic description of this game: Player I (as
before) has an infinite ω-sequence of initially empty buckets, and an unlimited
supply of marbles. On each move I either passes, or takes a marble and puts it
in a bucket.

Player II has an infinite initially empty groove (in the ground, say) and an
infinite supply of numbered marbles—for every natural number there is exactly
one marble with the given number on it. On each move Player II passes, or
takes a new marble and places it anywhere on the groove, between marbles
already there if he wants. He can slide marbles back and forth to make room
for new ones, but cannot change their ordering.
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The winning condition for Player II is that the linear order he constructs
satisfies ψ iff one of I’s buckets receives infinitely many marbles.

Once the game is described in these terms, the winning strategy is evident—
the reader should have no difficulty finding it (it is not even a priority argument).

The topological approach can also be used to give game proofs of insepara-
bility as well as undefinability. We use the following obvious generalization of
Theorem I.F.1.

Theorem I.F.2. For any language L, any L-sentences φ0 and φ1, and any
positive integer n:

• if φ0 and φ1 are ♦0
n-separable, i.e., if there is a ♦0

n L-sentence θ such that

φ0 → θ ∧ θ → ¬φ1

is a validity, then ModωL(φ0) and ModωL(φ1) are ∆0
n-separable.

Proof. If θ separates f0 and φ1 and is ♦0
n then ModωL(θ) is ∆0

n and separates
ModωL(φ0) and ModωL(φ1)

As an example of the use of games to prove inseparability, consider the prob-
lem of showing the existence (in at least one first-order language) of ♦0

n-inseparable∨0
n sentences, at least for the cases n = 2 and n = 3. Addison first conjectured

the existence of such sentences on the basis of the topological analogy (there
are ∆0

n-inseparable Σ0
n sets for each n); explicit examples were first given by

Krom [17]. Krom used proof-theoretic methods to prove the inseparability.
For the case n = 2 examples are not hard to find; the ‘classical’ examples are

obtained by taking the sentences ∨x ∧y Rxy (= φ0) and ∨y ∧x ¬Rxy (= φ1) in
a language L with one binary relation R. The inseparability of φ0 and φ1 can
be interpreted as meaning that the implication

∨x ∧y Rxy → ∧y ∨x Rxy

is ‘tight’. To prove their inseparability using topology, we need only show that
the corresponding sets of ω-models are ∆0

2-inseparable. It is known that (as we
just mentioned) there are pairs of Σ0

2 sets that are ∆0
2-inseparable; therefore, it

is enough to show that the pair (ModωL(φ0),ModωL(φ1)) (= (B0, B1)) is (Σ0
2,Σ

0
2)-

complete. This can be done by using games to reduce a (Σ0
2,Σ

0
2)-complete pair

to (B0, B1).
For our complete pair we take (S0, S1) as defined in Section I.E, i.e., Si =

{γ ∈ ω2 : ∀∞n γ(n) = i}. As before, it will be easier to describe the game if
we again restrict II’s moves, this time to the subset U of XL that corresponds
to an L-structure in which the universe is exactly ω. An element of U , then, is
essentially a binary relation on ω.

The reader should by now be ready to accept the following informal descrip-
tion of GP ((S0, S1)/ω2, (B0, B1)/U):

Player I has two buckets, initially empty, and an infinite supply of marbles.
On each move he puts a marble in one of the buckets.
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· · ·

Figure I.24

Player II has an infinite (i.e., ω × ω) grid, each square initially empty,
together with a pen (with an infinite supply of ink) for marking the grid. On
each move, he chooses an empty square in the grid and writes either a 1 or an
0 in it. Every square in the grid must eventually be marked.

Player II wins iff

1. I’s second bucket contains only finitely many marbles and some row of
II’s table is all 1’s; or

2. I’s first bucket contains only finitely many marbles and some column of
II’s table is all 0’s; or

3. both II’s buckets contain infinitely many marbles.

Again, once the problem is finally stated in its anthropomorphic game form,
the winning strategy is evident.

Player I begins by putting 1’s all along the top row of the square. Now
we know (see Section I.B) that the outcome of the game is not affected if we
allow II to make extra moves each turn. Player II uses these extra moves to
systematically start filling in the other squares in other rows (it does not matter
what with).

This he continues doing until I (if ever) puts a marker in the second bucket.
As soon as this happens II abandons his row, finds the first empty column,

and starts filling it with 0’s (and in his ‘spare time’ also continues filling in
squares not in this column with, say 0’s).

This he continues until I (if ever) returns to the second bucket, in which case
he finds the first empty row and starts filling it with 1’s. Player II continues
filling in the newly chosen row with 1’s. He does so until (if ever) Player I starts
putting marbles in the first bucket again. Should this ever happen, Player II

75



1 1 1 1

1 1 1 1 1 1 1

0

0

0

0

0

0

0

0

0

0

0
...

Figure I.25

abandons his row of 1’s, locates a ‘clean’ column (one with no marks in it) and
starts filling this new column in with 0’s. Player II continues indefinitely in this
way, filling a column with 0’s as long as I is putting marbles in the first bucket,
and filling a row with 1’s as long as I is putting marbles in the second bucket.
Every time Player I switches to the alternate bucket, II must start afresh on a
clean row or column.

The diagram shows a situation in which I switched buckets three times and
is currently filling the second.

The strategy just described is clearly a winning strategy for II. If Player I

puts all but a finite number of marbles in the first bucket, I will eventually
settle down to filling a row with 1’s. Similarly, if the second bucket receives all
but finitely many marbles, Player II will eventually settle down to filling some
column with 0’s.

Of course, if I never settles down to either bucket, then there will be no row
of 1’s or column of 0’s—but II wins by default in this case anyway.

Now let us move on to the considerably more difficult problem of finding
two inseparable

∨0
3 sentences. The basic idea (due to Krom) is to use the tight

implication ∨x ∧y Rxy → ∧y ∨x Rxy but with the relation R replaced by a
♦0

2 formula. Player II’s strategy in the resulting game is based on the one just
described, except that he can (and must) from time to time go back and resume
the filling in of rows and columns previously abandoned.

Our example requires a language L with one binary relation R and one
ternary relation S. The two

∨0
3 sentences are ∨x∧y θ(x, y) and ∨y∧x ¬θ(x, y)

where θ(x, y) is the formula

Rxy↔ ∨zSxyz.

Since the formula θ(x, y) is ♦0
2 (it is in the Boolean algebra generated by the∨0

1 formulas) both the example sentences are
∨0

3. As before, we can show that
these sentences are inseparable by using games to reduce a (Σ0

3,Σ
0
3)-complete

pair to the pair (B0, B1) consisting of the ω-models of the sentences in question.
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For our (Σ0
3,Σ

0
3) pair we take (S0, S1) where

S0 =
{
α ∈ ωω : ∃∞k α(k) = n and the first such k is even

}
and

S1 =
{
α ∈ ωω : ∃∞k α(k) = n and the first such k is odd

}
.

It is not particularly difficult to show (using games) that this pair is complete;
it is a simple generalization of the result (proved in Section I.D) that the set
{α ∈ ωω : ∃n ∃∞k α(k) = n} is Σ0

3-complete.
The problem now is to find an appealing anthropomorphic description of the

game G(S0, S1, B0, B1/XL) that will suggest a winning strategy for Player II.
Clearly Player I will be throwing marbles in buckets in the usual manner; but
what is not so clear is how to meaningfully describe II’s activities.

Recall, however that both φ0 and φ1 are defined in terms of θ. This means
that the winning or losing of the game can be determined if we know the final
values of the element γ of ω×ω2 that corresponds to θ (as before II will restrict
himself to enumerating a structure with universe ω). These values can be viewed
just as before as a grid of 0’s and 1’s, and it is easy to see that II wins iff

1. the first (leftmost) of I’s buckets to receive infinitely many marbles is an
even-numbered one, and the grid contains a row of 1’s; or

2. the first infinitely full bucket is an odd-numbered one and the grid contains
a column of 0’s; or

3. no bucket receives infinitely many marbles.

Of course, Player II does not enter 0’s and 1’s in the grid directly; they are
determined by the values he gives to the element π of ω×ω2 that is the meaning
of R, and to the element σ of ω×ω×ω2 that is the meaning of S.

But now consider exactly how these entries are determined. In general,
γ(n,m) will be a 1 iff either:

1. Player II gives ρ(n,m) the value 1 but never sets σ(n,m, i) = 1 for
any i; or

2. Player II gives ρ(n,m) the value 0 but at some point sets σ(n,m, i) = 1
for some i.

We can therefore regard the act of setting ρ(n,m) = k to be like putting the
value k in the 〈n,m〉-th square of the grid; and putting σ(n,m, i) = 1 as changing
the given value.

It should be clear, then, that we can give the following illuminating descrip-
tion of II’s activities in the game:

Player II has an infinite initially empty grid and a marker full of ink. On
each move he can either select an unfilled square and mark it with a 0 or 1; or
he can choose an already marked square and change the number in it, provided
he has not already done so earlier. Every square must eventually receive a mark,
but changes are optional.
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Now that we have described the game in a convenient form, it is not hard
to find a winning strategy. But unlike the earlier examples, the strategy is not
completely self evident, especially to those unfamiliar with the priority method.

The basic idea is to imitate our earlier proof. As long as Player I is placing
marbles in some particular even numbered bucket, Player II will be filling some
particular row with 1’s; and as long as I is filling in some odd numbered bucket,
II will be filling in a column with 0’s. When I leaves a bucket and begins
filling in a bucket to the right, II suspends filling in the corresponding column
or row and instead starts a new one corresponding to the new bucket (the
new columns and rows cut across earlier ones). But when I returns and starts
refilling a bucket he had previously left, II uses his ability to change marks to
resume the suspended row or column.

More precisely, suppose that I begins by putting marbles in bucket number 0.
Player II then starts systematically filling in the top row with 1’s (and also uses
extra moves to systematically fill the rest of the grid with 1’s also).

Player II continues in this way until (if ever) Player I puts a marble in some
other bucket. Suppose then that Player I abandons bucket 0 and instead puts
a marble in (for the sake of simplicity) bucket 1. Then just as before Player II
finds a column to the left of all the squares so far marked, and starts filling this
column (and all other unmarked squares) with 0’s.

This is what II does as long as I keeps putting marbles in bucket 1.
If I switches his attention to bucket 2, then (just as in the previous game)

Player II abandons the column and starts a new row of 1’s below every marked
square.
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Figure I.26

Player II’s strategy is therefore much the same as in the previous game, as
long as I’s attention moves to the right. When I skips one or more buckets,
II must create rows and columns for all buckets skipped. For example, if I

was putting marbles in bucket 2n + 1 and then put the next marble in bucket
2n + 5, II creates two rows of 1’s and a column of 0’s (blocked of course) for
buckets 2n+ 2, 2n+ 4, and 2n+ 3 before starting work on the column of 0’s for
bucket 2n+ 5 (see diagram).

The effect of this strategy is to have II working on a row of 1’s or a col-
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umn of 0’s, depending on whether or not I is currently filling an even or odd-
numbered bucket. But it also ensures that to each bucket to the left of the
current one there is a blocked-off row or column (as appropriate). Further-
more, these rows and columns are blocked only by rows and columns of buckets
situated to the right.
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Figure I.27

The situation can be made clearer if we assume that II has available a supply
of sticky markers with the natural numbers on them. Then every time II blocks
off a row or column because I moves on to the right, II attaches a sticky label
to the last square in that row or column, with the number of the corresponding
bucket on it.

At any rate, it should be clear that II’s strategy will work as long as I moves
only to the right, i.e., never puts a marble in a bucket to the left of a bucket
already containing a marble. If I ever settles down to filling up an even or odd
bucket, II will settle down to filling in a row or column respectively.
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Figure I.28
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But of course I can place marbles wherever he wants, and II’s strategy must
take this into account. Suppose therefore that II has been putting marbles into
bucket m and then suddenly starts putting them in bucket n, with n < m.
Player II first of all removes from the board stickers m, m − 1, m − 2, . . . ,
n− 1, n. Then he uses his ability to change marks already made to extend the
suspended row or column number n beyond the marked squares; i.e., he changes
all marked squares along that row to 0’s or 1’s as appropriate.

This activity has the effect of cancelling out all the moves that II has made
since I left bucket n and moved on to the right (it also blocks any columns or
rows respectively that were started since then). What II does is to pretend
that these moves never happened, i.e., he continues filling in the row or column
as long as I puts marbles in bucket n.

If I again stops putting marbles in bucket n, and starts filling some bucket
to the right then (as described before) II suspends the row or column and starts
a new one. But if I leaves bucket n and starts filling a bucket with an even
smaller label, then II will (as described) tear up stickers labelled n, n−1, n−2,
etc., and backtrack even further in the game.

It should now be fairly clear that the strategy is a winning strategy. Let n
be the number of the first bucket to receive infinitely many marbles (if no such n
exists, II wins ‘by default’). Since buckets to the left receive only finitely many
marbles, there will be some point in the game at which none of these buckets
will receive any more marbles, and this means that stickers with numbers less
than n will eventually settle down. It also means that the row or column which
at that point in the game corresponds to bucket n will never be abandoned by
being permanently blocked:

Instead, because bucket n receives infinitely many marbles, II will repeat-
edly return to the filling in of the row or column in question. Now it could
be that bucket n is the only bucket to receive infinitely many marbles; in that
case the row or column will be suspended only finitely often, and Player II will
eventually settle down to filling it in. On the other hand, it could be that other
buckets (to the right, of course) also receive infinitely many marbles; then II

will abandon and resume the row or column infinitely often. But each time it
is resumed, it will be extended a little more, and the final result will be to fill
it in completely. In either case, Player II is clearly the winner.

There can be little doubt that the argument just given is indeed a genuine
priority argument. Priority decreases to the right, so that, e.g., bucket 4 has
priority over bucket 7, and the effect is to give the least full bucket highest
priority. For example, if Player I alternates between putting in these two buck-
ets, then the row of 1’s corresponding to bucket 4 will be repeatedly extended,
whereas columns of 0’s corresponding to bucket 7 will be repeatedly started
then abandoned.

We mentioned earlier that examples of inseparable
∨0
n sentences were first

given in Krom [17]. His example in the case n = 3 was not quite the same as
ours; his R was ternary but his S was binary and his θ(x, y) was

∨z Rxyz ∧ ¬∨w Sxw.
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A game proof of the inseparability of Krom’s formulas involves a slightly different
game. In this game Player I puts marbles in buckets as before, but Player II

works with an infinite two-dimensional grid of lightbulbs. The lightbulbs are all
initially unlit. Each bulb has its own one-way switch that can be used once to
turn it on; in addition, each row has a one-way master switch that may be used
(once only) to turn off all the lights in the row (and prevent any others in the
row from being turned on). Player II in the game wins iff (i) I’s first infinitely
full bucket is even and all the lights in some row are lit; or (ii) the first infinitely
full bucket is odd, and all the bulbs in some column are unlit. Readers should
have little difficulty in discovering a winning strategy (using priorities) for this
game.

What is unusual about this argument is that it occurs in the proof of a result
of pure logic—questions of recursiveness (apparently) have nothing to do with
it. Perhaps the same is true of priority arguments in other contexts, i.e., perhaps
even standard priority arguments represent (implicit) use of notions of continuity
rather than computability. If this were so, it would suggest the possibility of
purely topological proofs of results now derived with priority methods.

At any rate, it is worth looking a bit more closely for the reason that priorities
had to be introduced into the above argument. Quite clearly, it is because of
the definition of the sets S0 and S1 themselves, when reference is made to the
parity of the least n occurring infinitely often in α.

Now this use of the ordering on the natural numbers does not appear by
accident. Let S′0 and S′1 be the sets{

α ∈ ωω : ∃n n is odd and ∃∞k α(k) = n
}

and {
α ∈ ωω : ∃n n is even and ∃∞k α(k) = n

}
.

Then our sets S0 and S1 (used in the previous game) are the results of applying
the usual proof of the reduction principle for pairs of Σ0

3 sets. (This proof
reduces the pair {α : ∃n P (n, α)} and {α : ∃nQ(n, α)} to{

α : ∃n P (n, α) ∧ ∀m < n ¬P (m,α)
}

and {
α : ∃n Q(n, α) ∧ ∀m ≤ n ¬Q(m,α)

}
).

Perhaps there is some connection between priority arguments and the reduction
principle.

The game proofs outlined in this section are certainly not the first proofs
of the same or similar results by game techniques. The “Fräıssé–Ehrenfeucht
games” introduced by Fräıssé [8] and Ehrenfeucht [6] have been extensively
and successfully used in model theory for some time now. There are several
variations and extensions of these games but in general they allow one to show,
by constructing winning strategies, that every sentence of a certain type satisfied
by a first structure is satisfied by a second.
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For example, suppose that one wished to show that a sentence φ (such as

that used in the ‘no immediate predecessors’ example) is not
∧0

3. We first find
(somehow) two structures S and T such that (i) φ is true in S but false in T ; and

(ii) every
∧0

3 true in S is true in T . Once S and T have been found condition (i) is
verified ‘by inspection’, and the Fräıssé–Ehrenfeucht games are used to establish
condition (ii). These games are completely different from the games discussed in
this section. The Fräıssé–Ehrenfeucht games are used to compare two particular
structures, not two classes of structures. The players play finite substructures
of the given structure, and do not enumerate arbitrary structures. Finally, the
Fräıssé–Ehrenfeucht games are finite; in the above example, they last only three
moves.

Probably the most natural question to ask concerning this topological ap-
proach to definability and separability is the following: does the method always
work? If a sentence is not

∧0
n, must its set of ω-models be Π0

n-complete?
More generally, if two sentences are not ♦0

n, must their sets of ω-models be
∆0
n-complete? A little thought shows that these two questions are equivalent to

the following: If the set of ω-models of a sentence is Π0
n, must it be equivalent

to a
∧0
n? And if the sets of ω-models of two sentences are ∆0

n-separable, must
they be ♦0

n-separable?
At first sight, there is little reason to think that the answers to any of these

questions should be “yes”. Suppose that a complicated sentence involving many
quantifiers happens to be such that its set of ω-models is Gδ. Why should we be
able to find a

∧0
2-equivalent form? How on earth can we be expected to derive

a sentence (a finite string of symbols from a finite alphabet) from the existence
of an ω × ω-sequence of open sets?

Nevertheless, it is a fact (and a truly remarkable one) that the answers to
these questions are indeed in the affirmative. We believe that there is a direct
proof of this fact using games, one that involves extracting strategies for infinite
reduction games from strategies for finite Fräıssé–Ehrenfeucht games. A serious
investigation of this issue would, however, take us too far afield. Fortunately
there is a simple proof of this result that does not use games (but which does
use three of the most profound results of the theory of definability).

Theorem I.F.3. For any first order language L and any L sentence φ and any
positive natural number n:

• if ModωL(φ) is a Π0
n-subset of XL, then φ is equivalent to a

∧0
n-sentence.

Proof. Let F = ModωL(φ):. Since F is an invariant Π0
n set, it must (by the main

result of Vaught [38]) be the set of ω-models of a
∧0
n Lω1,ω formula ψ. Since

any countable structure is isomorphic to some ω-model, φ must be logically
equivalent to ψ. Therefore, φ must (by the main result of Keisler [15]) be
logically equivalent to some finite approximation ψ′ of ψ. Then ψ′ is easily seen
to be a

∧0
n L-sentence, as required.

The fact that the topological method always works follows easily using Borel
determinateness.
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Theorem I.F.4. For any first order language L, any L-sentence φ, and any
positive natural number n:

• if φ is not
∧0
n then ModωL(φ) is Σ0

n-complete.

Proof. It follows from the previous result that ModωL(φ) cannot be Π0
n; thus by

SLO, it must be Σ0
n-complete. We are using SLO for Borel (actually, arithmetic)

sets, and that follows from Borel determinateness.

The analogous results for separability can be proved using analogous meth-
ods.

It would be rather interesting to study more closely the structure of the
collection of degrees of sets that are ω-models of first-order sentences. We would
like to know to what extent the topological complexity of the set of ω-models
determines the logical complexity of a sentence. Very little has been done,
though we can mention two conjectures of which we are confident.

The first is that the logical-topological correspondence extends at least to
the difference subhierarchies. Apparently, the fact that the models of a sentence
are in the k-th level of the difference hierarchy over the Π0

n sets implies that the
sentence is equivalent to one in the k-th level of the difference hierarchy over
the

∧0
n sentences.

The second concerns the order type of the collection of degrees of ω-models
of first-order sentences. If we associate the degree of a set with that of its dual,
the result seems to be a well order with order type ε0.
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Chapter II

The SLO Principle

We saw in Section I.D that ≤ can be characterized by an infinite game; that
a subset A of ωω is reducible to a subset B of ωω iff Player II has a winning
strategy for G(A,B) defined there. It is therefore natural to wonder what
implication the determinateness of G(A,B) has for ≤. The answer is this: if
G(A,B) is determinate, then A ≤ B or B ≤ −A. The axiom of determinateness
therefore implies that this is true for any A and B, i.e., that ≤ is a linear order
provided we identify the degree of a set with that of its complement. This
assertion, that A ≤ B or B ≤ −A for all A and B, we call the semilinear
ordering principle (SLO), and it is to the study of SLO that this chapter is
devoted.

We begin in Section II.A by proving the basic result that AD implies SLO
and by deriving some equally simple but important corollaries of SLO. For
example, we note that it settles a natural topological analog of Post’s problem
in a very general form.

Sections II.B, II.C and II.D are devoted to pinning down exactly where (it
is consistent that) SLO fails, if we do not assume AD.

In Section II.B we show that A ≤ B or B ≤ −A must be true for any B if
A is ∆0

2.
In Section II.C we show that every Π0

2-complete set has a nonempty perfect
subset. On the other hand, it is known to be consistent with the axioms of ZFC
that there is an uncountable coanalytic set with no nonempty perfect subset. It
follows that it is consistent that there is an Fσ set A and an analytic set B such
that SLO(A,B) fails, i.e., such that neither A ≤ B nor B ≤ −A is true. This
is in a sense a best possible possible result: if the set A were simpler (i.e., if it
were Gδ as well) the theorems of B would give us SLO(A,B); and on the other
hand, if B were any simpler (i.e., Borel) the game G(A,B) would be Borel, and
so Borel determinateness would give us SLO(A,B).

In Section II.D, however, we show that SLO is ‘almost’ true at this level; we
show that if A is Fσ and B is analytic, then either SLO(A,B) or SLO(A,−B)
holds.

Finally, in Section II.E we investigate analogs of these results for degrees of
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disjoint pairs of sets. We prove, for example that (A,A′) ≤ (B,B′) or (B,B′) ≤
(A′, A) whenever the pair (A,A′) is ∆0

2-separable.

II.A SLO and determinateness

We know that for any two subsets A and B of the Baire space, a winning strat-
egy for II in G(A,B) gives us a continuous function f such that A = f−1(B).
But suppose instead that it is I who has the winning strategy, i.e., suppose
that I can play so that whatever II’s final sequence β is, I’s final sequence α
will be such that α ∈ A ⇔ β ∈ B fails. Now the assertion α ∈ A ⇔ β ∈ B
fails iff β ∈ B ⇔ α ∈ −A holds, and the latter is the winning condition for
II for G(B,−A) with β and α interchanged. Thus a winning strategy for I

for G(A,B) is exactly a winning strategy for II in the game G′(B,−A) that is
identical to G(B,−A) except that it is I who can pass. The game G′(B,−A)
is ‘harder’ for II than the game G(B,−A): he cannot pass, but his opponent
can. Therefore a winning strategy for II for G′(B,−A) yields a winning strat-
egy for II for G(B,−A) which in turn gives us a continuous function g such
that B = g−1(−A). Therefore, if the game G(A,B) is determinate we have
A ≤ B or B ≤ −A.

The argument just given is more complicated than it could be because the
game G(A,B) is not symmetrical, i.e., one player can pass but the other cannot.
If we consider instead the game GL(A,B) (defined in Section I.B) in which
neither can pass, the only advantage enjoyed by II is that I must move first.
Then a winning strategy for I for GL(A,B) is a winning strategy for II for
the game G′L(B,−A) identical to GL(B,−A) except that it is II who must
move first. But G′L(B,−A) is exactly the game Gc(B,−A) (also defined in
Section I.B) and so the determinateness of GL(A,B) implies that A ≤L B
or B ≤c −A.

Proposition II.A.1. For any subsets A and B of ωω:

• if GL(A,B) is determinate then A ≤L B or B ≤c −A.

Proof. If II has a winning strategy for GL(A,B) then A ≤L B by Theo-
rem I.B.8.

Conversely, suppose that I has a winning strategy σ for GL(A,B). Then σ
is a monotone function from Sq to Sq such that ln(σ(t)) = ln(t) + 1 for any t,
and such that σ̃(β) ∈ A ⇔ β ∈ B is false for any β in ωω. But this means
that σ̃ is a contraction map such that β ∈ B ⇔ σ̃(β) ∈ −A for any β; thus
B = σ̃−1(A) and so B ≤c −A.

Therefore, if GL(A,B) is determinate, then either A ≤L B or B ≤c −A.

An immediate corollary is that AD implies SLO.

Theorem II.A.2. The axiom of determinateness implies that for any subsets
A and B of ωω:

A ≤ B or B ≤ −A.
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Proof. Given any A and B, AD implies that GL(A,B) is determinate; then
by Proposition II.A.1 either A ≤L B (and so A ≤ B) or else B ≤c −A (and
so B ≤ −A).

Since GL(A,B) is defined (in Section I.B) to be the set A×B∪(−A)×(−B),
we see that SLO(A,B) follows from the determinateness of a set of roughly
the same complexity as A and B. Thus, for example, ∆1

n-determinateness
(n > 1) implies SLO(A,B) for all ∆1

n sets A and B. In particular, the known
determinatess of all Borel games gives us SLO for the Borel sets.

Theorem II.A.3. For any subsets A and B of ωω:

• if A and B are Borel then A ≤ B or B ≤ −A.

Proof. The game G(A,B) is Borel and therefore determinate; thus SLO(A,B)
follows by Proposition II.A.1.

It is natural to ask whether or not every open set (or Gδ-set, or analytic set)
that is not closed (not Fσ, not coanalytic) is complete for the class of open (Gδ,
analytic) sets. The SLO question settles these analogs of Post’s problem in a
very general form.

Theorem II.A.4. SLO implies that for any subset A of ωω and any initial
subclass A of P(ωω):

• if A 6∈ A− (i.e., if −A 6∈ A) then A is A-complete.

Proof. Let A be in A and suppose that A′ 6≤ A. Then A ≤ −A′ by SLO.
This and the fact that A is an initial class together imply that −A ∈ A, a
contradiction.

In other words, the collection of sets that are in A but whose complements
are not, forms a degree.

Theorem II.A.5. The SLO principle implies that for any initial subclass A
of P(ωω):

• A −A− is a degree or is empty.

Proof. Suppose first that both A and A′ are in A−A−. Then by Theorem II.A.4
both are A-complete and so A ≤ A′ and A′ ≤ A. In other words, elements of
A − A− are all of the same degree. Now suppose that A ∈ A − A− and
that A ≡ A′. Then A′ ≤ A implies A′ ∈ A, and if A′ were in A−, A ≤ A′ would
imply A ∈ A−, which is impossible, so that therefore A′ is also in A−A−.
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II.B SLO and the degrees of the ∆0
2 sets

In this section we show that A ≤ B or B ≤ −A holds provided that either A or
B is ∆0

2.
This theorem could be derived quite easily from the results of Section I.E,

but we present here an alternate proof that is conceptually simpler, that is self
contained, and that can be extended quite naturally to give the proofs of the
results in Sections II.D and II.E.

Suppose now that A and B are subsets of ωω and that one of them, say A,
is ∆0

2. If B is also ∆0
2 then A ≤ B or B ≤ −A follows immediately from Borel

(in fact from ∆0
2-) determinateness (see Section II.A). We therefore need only

consider the case in which A is ∆0
2 and B is not. Under these assumptions

B ≤ −A is impossible, for it would imply that B also is ∆0
2. Our task therefore

is to show that any ∆0
2 set A is reducible to any non-∆0

2 set B. We do this by
showing that in G(A,B) I can alternate between A and −A only finitely many
times, whereas II can switch between B and −B as often as desired.

We begin by making precise the manner in which the number of switches
between A and −A is limited. We show that a set A is ∆0

2 iff it is possible,
given an s in Sq, to guess whether or not an infinite extension of s is in Sq in
such way that given any α, the sequence of guesses corresponding to α|0, α|1,
α|2, . . . , eventually ‘settles down’ to the truth.

Definition II.B.1. For any subset A of ωω:

• A is guessable iff there are disjoint subsets U and W of Sq such that for
any α in ωω

α ∈ A ⇔ ∀∞k α|k ∈ U and

α ∈ −A ⇔ ∀∞k α|k ∈W.

(Such sets U and W are called guessing sets for A.)

Guessing sets allow us to form an opinion as to whether an element α of ωω
is in A or −A, given only a finite initial segment α|k of α. If α|k is in U (U , V ,
A and α as above), then we guess that α is in A; and if α|k is in V , we guess
that α is in −A. The guesses may change as we make use of longer and longer
initial segments of α, so we cannot guarantee that any particular one of these
guesses is correct. We know only that in the limit (given long enough initial
segments) the guesses will become correct and remain so.

For example, if A is the difference G0−G1 of two open sets G0 and G1, then{
s ∈ Sq : [s] ⊆ G0 but not [s] ⊆ G1

}
and {

s ∈ Sq : [s] ⊆ G1

}
are guessing sets for A. Note that in this particular case the sequence of guesses
corresponding to α|0, α|1, α|2, . . . , will change at most twice, no matter what
α is.
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Next we make more precise the manner in which II may switch between
enumerating elements of B and −B as often as he likes. All he has to do is
make sure that at each stage in the game G(A,B) he is enumerating an element
of RmΩ(B) (where RmΩ(B) = RmΩ(B,−B) = RsΩ(B)∪RsΩ(−B)) (this set is
called the remainder of B).

Lemma II.B.2. For any subset B of ωω:

• every element of Sq with an extension in RmΩ(B)∩B has an extension in
RmΩ(B)∩−B, and every element of Sq with an extension in RmΩ(B)∩−B
has an extension in RmΩ(B) ∩B.

Proof. The result is merely a restatement of the fact that both B and −B are
dense on RmΩ(B).

Proposition II.B.3. For any subsets A and B of ωω:

• if A is guessable and RmΩ(B) 6= ∅ then A ≤c B.

Proof. Let U and W be guessing sets for A and let R = RmΩ(B). Here is II’s
winning strategy for Gc(A,B).

Player II begins by choosing a γ in R ∩B and plays in turn γ0, γ1, γ2, . . . ,
and does so until (if ever) I’s final sequence is ‘guessed’ to be in −A, i.e., until
I’s position s is such that s ∈W .

If this never happens, I’s final sequence must, by the definition of guess-
ability, end up in A and since II’s final sequence will be γ, which is in B,
II wins.

Suppose on the other hand that I has just played so that his position is now
in W . At this point II’s position will be of the form γ|k for some k. Since γ|k
has an extension in R ∩B (namely γ) it must also have an extension in R−B
by the previous lemma. Thus there must be a δ such that (γ|k)δ ∈ R − B.
Player II therefore plays in turn δ0, δ1, . . . , and continues until I’s position is
in U .

If this never happens, I’s final sequence will end up in −A, II’s final sequence
will be (γ|k)δ, and so II wins.

Suppose on the other hand that I has just played so that his position is
in U . Then II’s position at this time will be of the form (γ|k)(δ|m) for some m.
Since γ|k has an extension in R−B (namely (γ|k)δ) it also has, by the previous
lemma, an extension in R∩B. Thus for some γ′ we have (γ|k)(δ|m)γ′ ∈ R∩B.
Player II’s strategy is to play γ′0, γ′1, γ′2, . . . , until I’s position is again in W ;
and so on.

Player II therefore alternates between enumerating elements of R ∩ B and
elements of R − B as I’s position alternates between U and W . If I’s final
sequence α ends up in A, his positions must, after a certain point, all be in U ,
and so II will eventually ‘settle down’ to enumerating an element of R ∩ B of
the form

(γ|k)(δ|m)(γ′|k′)(δ′|m′) · · · (δ(n)|m(n))γ(n+1).
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On the other hand, if α ends up in −A, all but a finite number of I’s positions
will be in W , and II will eventually ‘settle down’ to enumerating an element of
R−B of the form

(γ|k)(δ|m) · · · (γ(n)|k(n))δ(n).

In either case II wins, and so the strategy described is a winning strategy
for II for G(A,B). Note that II moves first and never passes; it is therefore
also a winning strategy for II for Gc(A,B).

Next we use a characterization of guessability in terms of pair reducibility
to prove that a set is guessable iff it is ∆0

2.

Proposition II.B.4. For any subset A of ωω:

• A is guessable iff it is ∆0
2.

Proof. Let P be the set of all sequences all but finitely many of whose compo-
nents are even numbers, and let Q be the set of all sequences all but finitely
many of whose components are odd numbers.

Suppose first that A is guessable. We first show that (−A,A) is reducible
to (P,Q). This is quite simple; in Gp(−A,A, P,Q), II plays even numbers as
long as I’s position is ‘guessed’ to be in −A, plays odd numbers as long as
I’s position is guessed to be in A, and plays 0’s otherwise. The definition of
guessability ensures that this is a winning strategy.

We can therefore conclude that (−A,A) ≤ (P,Q). Since both P and Q
are Σ0

2, it follows that A must be ∆0
2.

Now suppose that A is ∆0
2. It is easily verified that (P,Q) is complete for

the class of pairs of disjoint Σ0
2 sets. This means that (A,−A) ≤ (P,Q); so let

τ be a strategy for Gp(−A,A, P,Q). Then the guessing sets for A are{
s ∈ Sq : τ(s) ends in an odd number

}
and {

s ∈ Sq : τ(s) ends in an even number
}
.

It is easy to see that they are indeed guessing sets.

We can now give a game proof of the result that a set is ∆0
2 iff its remainder

is empty.
One direction follows almost immediately from Proposition II.B.3: if B is

∆0
2 and RmΩ(B) 6= ∅ then (since −B is also ∆0

2) we have −B ≤c B, impossible.
We therefore need only show that every set with empty remainder is ∆0

2.

Proposition II.B.5. For any subset A

• if RmΩ(A) = 0 then A is ∆0
2.
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Proof. (Outline. This classical result can be found in Kuratowski [19, p.98].)
Suppose that RmΩ(A) = ∅. Let

U =
{
s ∈ Sq : (∃ν ∈ Ω) s has an extension in Rsν(A) but none in Rsν(−A)

}
and

W =
{
s ∈ Sq : (∃ν ∈ ω) s has an extension in Rsν(−A) but none in Rsν(A)

}
.

It is not difficult to verify that U and W are guessing sets for A.

Theorem II.B.6 (Hausdorff). For any subset A of ωω:

• A is ∆0
2 iff RmΩ(A) = ∅.

Proof. Suppose first that RmΩ(A) = ∅; then A is ∆0
2 by the previous result.

Conversely, suppose that RmΩ(A) 6= ∅ but that A is ∆0
2. Then −A is also ∆0

2

and so A ≤c −A by Proposition II.B.3, impossible.

Our final result now follows easily.

Theorem II.B.7. For any subsets A and B of ωω:

• if A is ∆0
2 then A ≤ B or B ≤ −A.

Proof. Let A and B be as above. If B is also ∆0
2 then the result follows by

Theorem II.A.3. And ifB is not ∆0
2, we have RmΩ(B) 6= ∅ by Proposition II.B.5,

and A is guessable by Proposition II.B.4, and so A ≤ B by Proposition II.B.3.

II.C SLO and the existence of perfect subsets

In this section we prove that every Gδ-complete set has a nonempty perfect
subset (a set is perfect iff it is closed and has no isolated points). From this
theorem we derive several negative results concerning SLO; For example, we
show that SLO and the full axiom of choice are inconsistent.

The proof of the main theorem is quite short; so short, in fact, that it is
desirable to outline informally the idea behind it.

The usual method of proving that a set B has a perfect subset is to construct
a tree (i.e., a subset of Sq closed downward under ⊆) such that (i) every infinite
path through the tree is in B, and (ii) beneath every node in the tree there is
a fork. Then the set of infinite paths through the tree is the desired perfect
subset.

If our set B is Gδ-complete, it would seem natural to find a simple Gδ set A on
which the above construction is possible and then ‘carry over’ the construction
to B using the fact that A is reducible to B. Therefore let A be {α ∈ ωω :
∃∞k αk = 0} and let τ be a winning strategy for G(A,B).

Now it is easy to construct a branching tree S all of whose infinite paths are
in A, and moreover it is easy to see that {t ∈ Sq : t ⊆ τ(s) for some s in Sq}
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is a tree all of whose infinite paths are in B. The only problem is that τ may
‘collapse’ different nodes in S, so that T could have isolated paths. We therefore
must make sure that S has the property that for any s in S, there are extensions
s and s′ in S such that τ(s) and τ(s′) are incompatible.

This is not hard with A as we have defined it. Given any s, since s0∞

(= s000 . . .) is in A and s1∞ is in −A, we know that τ̃(s0∞) 6= τ̃(s1∞) and so,
for some k, τ(s0k) and τ(s1k) must be incompatible. It is therefore enough to
ensure that for every s in S, both s0k and s1k are in S for some k large enough
to ensure the incompatibility of τ(s0k) and τ(s1k). In the proof the tree S is
defined so that in general s1k is in S for only the least such k.

Theorem II.C.1. For any subset B of ωω:

• if B is Gδ-complete then B has a perfect subset.

Proof. Let A be the set {
α ∈ ωω : ∃∞k α(k) = 0

}
.

Since A is Gδ we have A ≤ B; therefore let τ be a winning strategy for II

for G(A,B). We begin by defining a subset S of Sq as follows: s ∈ S iff s ∈ Sq2

and s has no initial segment of the form s′1k+1 for which τ(s′1k) and τ(s′0k)
are already incompatible.

It is easy to see that S is a tree. Furthermore, every infinite path through S
must be in A. To see this, suppose that α is such a path, i.e., that α ∈ −A and
∀n α|n ∈ S. Since α is not in A it must be of the form s1∞ for some s. Then
since s0∞ is in A, we have τ̃(s1∞) 6= τ̃(s0∞). There is therefore an integer
k such that τ(s1k) and τ(s0k) are incompatible. But s1k+1 is also an initial
segment of α and therefore also in S, a contradiction. Thus the set E of infinite
paths through S is a subset (necessarily closed) of A.

Now let T = {t ∈ Sq : t ⊆ τ(s) for some s in S}, and suppose that β is an
infinite path through T . It is easy to see that this implies that β =

⋃
i∈ω τ(si)

for some ω-sequence s of elements of S.
Now S is a subset of Sq2 and so we can apply the Koenig lemma and infer

the existence of an infinite path through S, i.e., the existence of an element α
of ω2 with infinitely many initial segments in S. It is then easy to see that α
must be in A and that β = τ̃(α). Therefore the set F of infinite paths through
T is a (closed) subset of B.

It remains only to show that F has no isolated points, i.e. that every element
of T has two incompatible extensions in T . Let t be in T ; then t ⊆ τ(s) for some
s in S. Let k be the least integer for which τ(s0k) and τ(s1k) are incompatible.
It is easy to check that both s0k and s1k are in S; thus τ(s0k) and τ(s1k) are
the required extensions of t. The set F is therefore a perfect subset of B.

Theorem II.C.2. The SLO principle implies that every uncountable subset of
ωω has a nonempty perfect subset.
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Proof. Let A be an uncountable set. If A is Fσ the result follows from the
classical result that every uncountable Borel set has a perfect subset. On the
other hand, if A is not Fσ, SLO implies that it is Gδ-complete and so by Theo-
rem II.C.1 must have a perfect subset.

We can now draw the required conclusions concerning the relationship be-
tween SLO and the other axioms of set theory.

Theorem II.C.3. The full SLO principle (i.e., SLO(A,B) for all subsets A
and B of ωω) is inconsistent with the Axiom of Choice.

Proof. The inconsistency follows directly from the previous result together with
the classical result that AC implies the existence of an uncountable subset of
ωω with no perfect subset.

Theorem II.C.4. The Axiom of Constructability implies the existence of sub-
sets A and B of ωω such that A is Fσ and B is analytic but A 6≤ B and B 6≤ −A.

Proof. It has long been known (see Addison [2, 1] that the Axiom of Con-
structability implies the existence of an uncountable coanalytic set with no
nonempty perfect subsets. Let B be the complement of such a set and let A be
an Fσ-complete set.

Since −A is Gδ-complete, we cannot have A ≤ B for then −A ≤ −B and
−B would, by Theorem II.C.1, have a nonempty perfect subset—impossible.

On the other hand, if B ≤ −A then B would be Borel (in fact, Gδ) which
is impossible because −B would also be Borel, and all uncountable Borel sets
have nonempty perfect subsets.

Thus neither A ≤ B nor B ≤ −A is possible, and SLO(A,B) fails.

Theorem II.C.5. If ZF is consistent then SLO is unprovable in ZF; not even
SLO restricted to pairs of analytic and coanalytic sets.

Proof. This follows directly from Theorem II.C.4 and the fact that the consis-
tency of ZF implies the independence of the Axiom of Constructability.

II.D SLO and the property of Baire

In the last section we saw that it is consistent with the axioms of ZF that
SLO(A,B) (i.e., the assertion that A ≤ B or B ≤ −A) fails even if A is Gδ and
B is analytic. In this section we show that it is ‘almost’ true; that if A is Gδ
and B is analytic but not ∆0

2 then A ≤ B or A ≤ −B. In other words, we show
that either SLO(A,B) or SLO(A,−B) is true for any such A and B.

To understand the proof of this result recall first the method used in Lemma
II.B.2 to show that A ≤ B whenever A is ∆0

2 and RmΩ(B) 6= ∅. Player II

in G(A,B) uses the fact that A is guessable: whenever Player I’s position is
guessed to be heading toward A, Player II enumerates an element of RmΩ(B)∩
B, and whenever I is guessed to be heading towards −A he enumerates an
element of RmΩ(B)∩−B. This is a winning strategy for II because his guesses
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must eventually settle down to the truth, i.e., I cannot alternate infinitely often
between A and −A.

Now consider how this strategy breaks down when the set A is merely Fσ
or Gδ, say when A is the set{

α ∈ ωω : ∃∞k α(k) = 0
}
.

As long as I is playing 0’s II can guess that he is heading toward A, and as long
as I is playing 1’s he can be guessed to be heading toward −A. The difference
now is that in the course of a game I can switch between A and −A as often
as he wants—even infinitely often, in which case he ends up in −A. Player II’s
problem is that he can handle any finite number of switches as before, but has
no guarantee where his sequence will end up if he is forced to switch infinitely
often.

What Player II would therefore like to be able to do is to move outside of
B just a little bit more every time he is required to switch to −B. The idea, is
therefore, to decompose B into a union

⋃
n∈ωHn with each set Hn in some sense

sparse; then in G(A,B) on the n-th time that Player II wants to switch from
B to −B he first plays so that his resulting position has no extension in Hn.
Thus should II be required in a game to switch infinitely often, his sequence
will be in −B and so he will still win the game.

What concept of sparseness is adequate to make this argument work? It
would be enough to ensure that whatever II’s position s is, he can extend it
in such a way as to avoid Hn, i.e., can find an s′ for which [s′] ⊆ −Hn. In
topological terms, this means that every interval includes an interval included
in −Hn. This is exactly the requirement that Hn be nowhere dense: a subset of
a topological space is nowhere dense iff the interior of its complement is dense.
We therefore want B itself to be a countable union of nowhere dense sets, i.e.,
we want B to be meagre.

There is one more point to take note of. The strategy described above re-
quires that after avoiding each Hn, II must still be able to switch between
B and −B. This means that his position must always have an extension
in RmΩ(B). Therefore the notions of meagre and nowhere dense must be relative
to RmΩ(B). The following lemma verifies that the relative notion of nowhere
dense is what it should be.

Lemma II.D.1. For any subset H of ωω and any closed subset E of ωω:

• if H is nowhere dense on E then any finite sequence s with an extension
in E has a finite extension s′ with an extension in E but none in H, i.e.,
such that [s′] ∩H ∩ E = ∅.

Proof. Since H ∩ E is nowhere dense relative and E is closed we have E =
(E − (H ∩E)c)c. Now suppose [s] ∩E 6= ∅. Then [s] ∩ (E − (H ∩E)c)c 6= ∅, so
that [s]∩ (E− (H ∩E)c) 6= ∅. Let α ∈ [s]∩ (E− (H ∩E)c). Since α 6∈ (H ∩E)c,
[α|k]∩H ∩E = ∅ for large enough k. Choose k greater than the length of s and
set s′ = α|k. Then s ⊂ s′, [s′] ∩H ∩ E = ∅ and [s′] ∩ E ⊇ {α}.
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In the discussion above the only properties of RmΩ(A) used were the fact
that it is closed and the fact that A is dense on it. We can therefore formulate
the following more general result.

Theorem II.D.2. For any subset B of ωω:

• if for some closed subset E of ωω B is dense on E but meagre on E then
B is Fσ-complete.

Proof. Let P = {α : ∀∞n α(n) = 1} and let B =
⋃
nHn, each Hn nowhere

dense on E. Here is II’s winning strategy for G(P,B).
Player II begins by picking a point δ ∈ B ∩E and starts playing δ(0), δ(1),

δ(2), . . . . He does so until Player I plays a 0, if ever.
If I ever does so, II’s position will at that point be of the form δ|k for

some k. Since δ|k has an extension (namely δ) in E, by Lemma II.D.1 δ|k has
a finite extension (δ|k)u such that [(δ|k)u] ∩ E 6= ∅ but [(δ|k)u] ∩H0 ∩ E = ∅.
Because B is dense on E, (δ|k)u has in turn an extension of the form (δ|k)uδ′

in E ∩B.
Then Player II plays first u then in turn δ′(0), δ′(1), δ′(2), . . . , until I plays

another 0, if ever.
If I ever does so, II’s position will then be of the form (δ|k)u(δ′|k′) for

some k′. By Lemma II.D.1 II again can find analogous u′ and δ′′ with

(δ|k)u(δ′|k′)u′] ∩H1 ∩ E = ∅

and
(δ|k)u(δ′|k′)u′δ′′ ∈ E ∩B.

Then II plays first u′ and δ′′(0), δ′′(1), δ′′(2), . . . , until I plays another 0;
and so on.

Now suppose first that I’s sequence ends up in P , i.e., has only n 0’s for
some n. Then II will eventually ‘settle down’ to enumerating a sequence in
B ∩ E (of the form (δ|k)u(δ′|k′)u′ · · ·u(n−1)δ(n)) and so II wins G(P,B).

On the other hand, suppose that I’s sequence ends up in −P , i.e., I plays
infinitely many 0’s. Then II’s sequence β will be of the form

(δ|k)u(δ′|k′)u′ · · · (δ(n)|k(n)) · · · .

Since for each n[
(δ|k)u(δ′|k′)u′ · · · (δ(n)|k(n))u(n)

]
∩Hn ∩ E = ∅

we have β 6∈
⋃
nHn ∩ E. But β ∈ E because every finite initial subsequence of

β has an extension in E. Therefore β 6∈ B and I still wins.

Even with this result we have not yet accomplished our objective of showing
that every non ∆0

2 analytic set is Fσ or Gδ-complete. The problem is that A
may not be meagre on RmΩ(A). Of course if A is comeagre on RmΩ(A) (i.e.,
if −A is meagre on RmΩ(A) we can apply Theorem II.D.2 to −A and conclude
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that A is Fσ-complete; but in general A will be neither meagre nor comeagre
on RmΩ(A). Nevertheless to apply Theorem II.D.2 it would be enough to know
that A is meagre or comeagre on some nonempty interval [s] ∩ RmΩ(A) of
RmΩ(A). That this is always true follows from the classical result that every
analytic set is equal to an open set modulo a meagre set.

More precisely, a subset of a topological space is said to be almost open or
to possess the property of Baire iff there is an open set G such that both G−A
and A−G are meagre, i.e., such that A = (G∪M1)−M2 for some meagre sets
M1 and M2. A set is said to have the restricted property of Baire iff it is almost
open on every closed set E. It is a classical result that every analytic set has
the restricted property of Baire.

Theorem II.D.3. For any subset A of ωω:

• if A is analytic but not ∆0
2 then A is Fσ-complete or Gδ-complete.

Proof. Since A is not ∆0
2, RmΩ(A) is nonempty. Then since R is closed and A

has the restricted property of Baire, we have A∩R = ((G∪M1)−M2)∩R for
some set G open on R and some sets M1 and M2 meagre on R.

Now if G∩R = ∅, we have A∩R = (M1−M2)∩R and so A is meagre on R.
Then applying Theorem II.D.2 with E = R we have A Fσ-complete.
If G ∩ R 6= ∅, there must be some s in Sq such that ∅ 6= [s] ∩ R ⊆ G ∩ R.

Then it is easily verified that (−A)∩ [s]∩R = M2 ∩ [s]∩R. Thus −A is meagre
on [s] ∩ R and so applying Theorem II.D.2 with E = [s] ∩ R we conclude that
−A is Gδ-complete and so A is Fσ-complete.

The main theorem of this section is closely related to an early result of
Oxtoby [26]. Given a subset P of ωω we define G∗∗(P ) (using the notation
of Mycielski [25]) to be the infinite game in which Players I and II on their
n-th moves play nonempty finite sequences sn and tn, Player I winning iff
s0t0s1t1 . . . ∈ P . Oxtoby showed that Player II has a winning strategy iff P
is meagre, and that Player I has a winning strategy iff P is comeagre on some
interval.

The proof of this result is very similar to that of Theorem II.D.2. For
example, if P is meagre, i.e., P =

⋃
nHn with each Hn nowhere dense, then

Player II on his n-th move plays so as to ‘avoid’ Hn. In fact, Theorem II.D.3
could be proved using a version of Oxtoby’s result. Suppose that RmΩ(B) 6= ∅
and that II has a winning strategy for the game G∗∗(B/RmΩ(B)), i.e., the
game G∗∗(B) relativized to RmΩ(B). Then with the set A as before, II can
win G(A,B) by applying his strategy for G∗∗(B/RmΩ(B)) to his own position
every time he is required to switch to −A. Then if he switches infinitely often
his final sequence will be the outcome of a complete play of G∗∗(B/RmΩ(B))
in which II used a winning strategy; thus his final sequence will be in −B and
he wins G(A,B).
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II.E SLO and the degrees of pairs of sets

In this section we consider the analogs for the pair reducibility of some of the
results of the previous sections in this chapter.

We begin by examining the implications of the determinateness of the game
GpL(A,A′, B,B′) with A, A′, B and B′ all subsets of ωω. It was shown in
Section I.E that if Player II has a winning strategy for this game then (A,A′) ≤
(B,B′) (i.e., there is a continuous function f such that f∗(A) ⊆ B and f∗(A′) ⊆
B′). On the other hand, a line of reasoning analogous to that in Section I.A
shows that a winning strategy for I for GpL(A,A′, B,B′) is a winning strategy

for II for a game G′
P
L (A,A′, B,B′) that is like GpL(A,A′, B,B′) except that it

is harder for II in that (i) Player II must move first and (ii) Player II’s final
sequence must always end up either in A′ or in A.

Proposition II.E.1. For any subsets A, A′, B and B′ of ωω:

• if GpL(A,A′, B,B′) is determinate then either

(A,A′) ≤L (B,B′)

or
(B,B′) ≤c (A′, A)/(A′ ∪A).

II II II

I II I

II I Iα ∈ A

α ∈ A′

α ∈ ¬(A ∪A′)

β ∈ B β ∈ B′ β ∈ ¬(B ∪B′)

Figure II.1

Proof. If it is Player II who has the winning strategy for GpL(A,A′, B,B′) then
(A,A′) ≤L (B,B′). On the other hand, a winning strategy for I for this game is
easily seen to yield a contraction map g such that whatever II’s final sequence
β is, the condition(

g(β) ∈ A⇒ β ∈ B
)

and
(
g(β) ∈ A′ ⇒ β ∈ B′

)
must fail (see diagram). In other words, for any β the condition(
g(β) ∈ A or g(β) ∈ A′

)
and

(
β ∈ B ⇒ g(β) ∈ A′

)
and

(
β ∈ B′ ⇒ g(β) ∈ A

)
must hold. Thus g∗(B′) ⊆ A and g∗(B) ⊆ A′ and g∗(ωω) ⊆ A′ ∪ A and so
(B,B′) ≤c (A′, A)/(A′ ∪A).
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Thus AD implies that (A,A′) ≤ (B,B′) or (B,B′) ≤ (A′, A) for any A, A′,
B and B′. It is the latter that we take as the analog of SLO for pair reducibility.

Theorem II.E.2. The axiom of determinateness implies that for any subsets
A, A′, B and B′ of ωω:

(A,A′) ≤ (B,B′) or (B,B′) ≤ (A′, A).

Proof. The theorem follows directly from Proposition II.E.1.

Now let A be an initial class. In Section II.A we showed that AD implied
that every ‘true’ element of A (i.e., every element of A − A−) is A-complete.
The analogous result for pairs is that every A∗-inseparable (recall that A∗ =
(A∩A−)) pair of sets is complete for the class of disjoint pairs of sets from A.

Theorem II.E.3. The axiom of determinateness implies that for any initial
subclass A of P(ωω) and any subsets B and B′ of ωω:

• if B and B′ are A∗-inseparable then (A,A′) ≤ (B,B′) for any disjoint
sets A and A′ in A.

A A′

B B′

Figure II.2

Proof. Let A and A′ be disjoint sets in A. By Proposition II.E.1 we have either
(A,A′) ≤ (B,B′) or (B,B′) ≤ (A′, A)/(A′ ∪ A); suppose the latter. Let f
be a continuous function such that f∗(B) ⊆ A′, f∗(B′) ⊆ A, and f∗(ωω) ⊆
A′ ∪ A. But then f−1(A) and f−1(A′) are complements of each other and so
both are in A∗. Then f−1(A) (= −f−1(A′)) is an A∗ set separating A and A′,
impossible.

We proceed now to show (without assuming AD) that (A,A′) ≤ (B,B′)
or (B,B′) ≤ (A′, A) still holds provided A and A′ are both Σ0

2. It might
seem natural to extend the concept of guessability (defined in Section II.A) to
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pairs of sets; however, such properties can be formalized quite nicely using pair
reducibility. For example, suppose that the set A is guessable. Then for any
α the sequence of guesses for α|0, α|1, α|2, . . . , eventually settles down to the
truth. If we let 0 denote a “yes” guess and 1 a “no” guess, we see that each α
determines an infinite sequence of 0’s and 1’s that is in {α ∈ ωω : ∀∞k α(k) = 0}
(= H0) if α ∈ A, and in {α ∈ ωω : ∀∞k α(k) = 1} (= H1) if α ∈ −A. But
this is merely a restatement of the fact that the pair (A,−A) is reducible to the
pair (H0, H1).

Proposition II.E.4. For any subset A of ωω:

• A is guessable (i.e., ∆0
2) iff (A,−A) ≤ (H0, H1)

where Hi = {α ∈ ωω : ∀∞k α(k) = i}, i = 0, 1.

Proof. Suppose first that A is guessable and that U and W are guessing sets.
Then in Gp(A,−A,H0, H1) II plays a 0 whenever I’s position is in U , and a 1
whenever it is in W . Conversely, suppose that (A,−A) ≤ (H0, H1) and that τ
is a winning strategy for II for Gp(A,−A,H0, H1). Then{

s ∈ Sq : τ(s) ends with a 0
}

and {
s ∈ Sq : τ(s) ends with a 1

}
are guessing sets for A.

This also gives as a corollary a reducibility criterion for ∆0
2 separability.

Proposition II.E.5. For any subsets A and A′ of ωω:

1. A and A′ can be enclosed in disjoint Σ0
2 sets iff (A,A′) ≤ (H0, H1);

2. A and A′ are ∆0
2-separable iff (A,A′) ≤ (H0, H1)/(H0 ∪H1).

Proof. Property (1) follows from the definition of pair reducibility and the fact
that H0 and H1 are a complete pair of disjoint Σ0

2 sets.
As for (2), suppose first that A and A′ are ∆0

2-separable. Then A ⊆ D and
A′ ⊆ −D for some ∆0

2 set D. By the previous result,

(D,−D) ≤ (H0, H1)/(H0 ∪H1)

and since D ∪ −D = ωω we have

(A,A′) ≤ (H0, H1)/(H0 ∪H1).

Conversely, if (A,A′) ≤ (H0, H1)/(H0 ∪H1) the ∆0
2 separability follows by

an argument like that given in Theorem II.E.3.
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We see therefore that a pair (A,A′) of sets is ∆0
2-separable iff there is some

guessing system that, given an initial sequence S of an element α of ωω, guesses
whether or not α is in A or in A′. This system never fails, in the following sense:
the sequence of guesses corresponding in turn to α|0, α|1, α|2, . . . , eventually
settles down to a guess that is not completely wrong, so that, e.g., if α is guessed
to be in A it may not be, but will not be in A′.

This means then that if A and A′ are ∆0
2-separable then, in Gp(A,A′, B,B′),

I cannot alternate indefinitely between A and A′. We would expect therefore
that if B and B′ are ∆0

2-inseparable that Player II can alternate between B
and B′ at will (and so win the game). We show that this is the case by showing
that two sets are ∆0

2-inseparable iff there is a closed set on which they are both
dense.

Definition II.E.6. The sequence 〈Rmµ〉µ∈Ω+1 is the unique Ω + 1-sequence of
functions from P(ωω)×P(ωω) to P(ωω) such that for any subsets A and A′ of
ωω and any ordinal µ not greater than Ω:

1. Rm0(A,A′) = ωω;

2. Rmµ(A,A′) =
⋂
ν<µ(Rmν/(A,A

′) ∩A)c ∩ (Rmν(A,A′) ∩A′)c.

A A′

Rsµ(A,A′) Rsµ(A′, A)

Figure II.3

For example, the set Rm2/(A,A
′) is the set of points in A that are limits

of sequences of points in A′ each limits of sequences of points in A. As before,
〈Rmµ(A,A′)〉µ∈Ω is a monotone nondecreasing sequence of closed sets and is
therefore stationary at some countable ordinal. The point at which it becomes
empty (if ever) in a sense measures the number of times it is possible to alternate
between A and A′.

Theorem II.E.7 (Addison). For any subsets A and A′ of ωω:

• RmΩ(A,A′) is the largest closed set on which both A and A′ are dense.

Proof. The proof is exactly like that of the analogous result for single sets.

Proposition II.E.8. For any subsets A and A′ of ωω:
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• if RmΩ(A,A′) 6= ∅ then (H0, H1) ≤c (A,A′),

where H0 and H1 are as in Proposition II.E.4.

Proof. In Gpc(H0, H1, A,A
′) Player II stays within RmΩ(A,A′), enumerating

an element of A as long as I plays 0’s, and enumerating an element of A′ as
long as I plays 1’s.

Proposition II.E.9 (Addison). For any subsets A and A′ of ωω:

• if RmΩ(A,A′) = ∅ then A and A′ are ∆0
2-separable.

Proof. Let

U =

{
s ∈ Sq : s has an extension in A ∩ Rmµ(A,A′)
but none in A′ ∩ Rmµ(A,A′) for some µ in Ω

}
and

W =

{
s ∈ Sq : s has an extension in A′ ∩ Rmµ(A,A′)
but none in A ∩ Rmµ(A,A′) for some µ ∈ Ω

}
.

Then U and W give II (as is easily verified) a guessing method for A and A′

and so (A,A′) ≤ (H0, H1)/(H0 ∪H1). Thus A and A′ are ∆0
2-separable.

These together give us

Theorem II.E.10 (Addison). For any subsets A and A′ of ωω

• A and A′ are ∆0
2-separable iff RmΩ(A,A′) = ∅.

Proof. The result follows immediately from the previous two.

We cannot yet conclude that (A,A′) ≤ (B,B′) or (B,B′) ≤ (A′, A) holds
whenever A and A′ are Σ0

2, or even when they are ∆0
2-separable. The problem

is that even if both pairs of sets are ∆0
2-separable the game Gp(A,A′, B,B′)

may not be Borel because the sets themselves may not be Borel. We therefore
have to show that the degree of a pair of ∆0

2-separable sets can be determined
by testing its adjoins, residues and remainders for emptiness.

Definition II.E.11. For any subsets A and A′ of ωω and any ordinal µ not
greater than Ω:

Rsµ(A,A′) = Rmµ(A,A′) ∩A.

For example, the set Rs2(A,A′) is the set of points in A that are limits of
sequences of points in A′ each the limit of sequences of points in A.

Definition II.E.12. For any subsets A, A′, B and B′ of ωω:

• (A,A′) ≤r (B,B′) iff for any countable ordinal µ:

1. Rsµ(A,A′) 6= ∅ ⇒ Rsµ(B,B′) 6= ∅;
2. Rsµ(A′, A) 6= ∅ ⇒ Rsµ(B′, B) 6= ∅;
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3. Rmµ(A,A′) 6= ∅ ⇒ Rmµ(B,B′) 6= ∅.

Note that it is necessary to take into account the existence of points in
Rmµ(A,A′) that are in neither A nor A′. To see that this is necessary suppose
for example that both A and A′ and B and B′ are disjoint pairs of open sets, but
that B and B′ have a limit point in common whereas A and A′ do not. Then
(A,A′) 6≤ (B,B′) even though Rs1(A,A′), Rs1(A′, A), Rs1(B,B′), Rs1(B′, B)
are all ∅.

Theorem II.E.13. For any subsets A, A′, B and B′ of ωω:

• if A and A′ are ∆0
2-separable then,

(A,A′) ≤ (B,B′) iff (A,A′) ≤r (B,B′).

Proof. The proof is very much like that of Theorem I.C.11.

Theorem II.E.14. For any subsets A, A′, B and B′ of ωω

• if A and A′ are Σ0
2 then (A,A′) ≤ (B,B′) or (B,B′) ≤ (A′, A).

Proof. If A and A′ are ∆0
2-inseparable, we have (A,A′) ≡ (H0, H1) and so the

result follows from Proposition II.E.5. Otherwise the result follows from the
previous theorem and a simple argument by cases.
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Chapter III

The Degree Operations

In this chapter we develop the degree operations. These operations have been
given suggestive arithmetical names (such as “addition”, denoted by “+”). We
justify these names by showing that they act on order types in the way suggested
by their names (in certain cases we must assume SLO). For example, we show
that (for appropriate b) the order type of {c ∈ Dg : c ≤ b+ d} is the sum of the
order types of {c ∈ Dg : c ≤ b} and {c ∈ Dg : c ≤ d}.

Each degree operation is induced by a corresponding operation on subsets of
the Baire space; for example, the sum of two degrees is the degree of the sum of
two sets chosen from the respective degrees. Each of the degree operations has in
turn a simple interpretation in terms of infinite games. The game G(A,B+D),
for example, is like G(A,D) except that Player II can, at any stage (but just
once), take back all his moves; and after II has retracted all his moves, play
proceeds as if the game were really G(A,B) and II had spent the previous turns
passing. The set B+D is obtained from B and D by encoding the modifications
to the rules of the standard game.

In Section III.A we define on operation jn (join) on ω-sequences of degrees.
In the game G(A, jn(B)) Player II’s first move (which may follow some passing)
is to choose some n; thereafter, the game is G(A,Bn). We show that this join
operation yields a least upper bound of the values of its argument.

In Section III.B we define the star operation (together with a dual compan-
ion). The game G(A,B?) is like G(A,B) except that Player II can pass forever
at the beginning of the game, and still win if I’s sequence ends up in −A. We
show that (for suitable degrees b) b? and its dual are the immediate successors
of b.

In Section III.C we define addition, as described above.
In Section III.D we show how degrees can be multiplied by countable ordinals.

This multiplication could be defined directly, but instead we specify it in terms
of the three previous operations.

In Section III.E we present the sharp operation and its dual. The game
G(A,B]) is like G(A,B) except that Player II can, at any stage and as often he
likes, take all his moves back. (If he does this infinitely often, he is considered
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to have played in −B). We show that (for appropriate b) the degree b] and its
dual are the least degrees not obtainable from b using the operations defined in
the previous sections.

Finally, in Section III.F we use our knowledge of the degree operations to
give an exact description of the first Ω degrees—the degrees of ∆0

2 sets.
For some of the operations we give characterizations of the initial classes

of the constructed degrees in terms the initial classes of the operands. These
characterizations are in terms of separated and partitioned unions (which will
be discussed more fully in Section IV.D).

III.A Countable join

In this section we describe an operation that yields the least upper bound of a
given finite or countable set of degrees. As in the other sections of this chapter,
we define first an operation on subsets of the Baire space that induces the desired
operation on degrees.

Suppose then that 〈An〉n∈ω is an ω-sequence of subsets of ωω and that we
wish to form a new set whose degree is the least upper bound of the degrees of
the values of A (i.e., of the set {dg(An)}n∈ω). We do this by joining the sets
in question together in such a way that the resulting set is as complex as any
of the sets being joined, but not any more so. The obvious approach would
be to take the union of (the values of) A, but we have already seen that even
countable unions may in general be much more complicated than any of the sets
from which they are formed. What is required is a very simple and restricted
form of union that ensures that the complexity of the result is due only to the
complexity of the individual sets being joined together, and not to the manner
in which they are joined.

Definition III.A.1. For any ω-sequence A of subsets of ωω:

jn(A) =
{
〈n, α0, α1, α2, . . .〉 : α ∈ An

}
n∈ω,α∈ωω.

( jn(A) is called the join of the sequence A).

· · ·

A0 A1 A2 A3 · · ·

Figure III.1

The join of the sequence A can be thought of as formed by hanging the sets
A0, A1, A2, . . . , on the tips of an infinite tree of height 1.

We now show that our join operation has the desired property.
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Proposition III.A.2. For any ω-sequence A of subsets of ωω and any subset
B of ωω:

1. An ≤ jn(A) for every n in ω;

2. if An ≤ B for every n in ω, then jn(A) ≤ B.

Proof.

1. In G(An, jn(A)), Player II first plays an n and thereafter copies I’s moves.
More precisely, his strategy τ is such that τ(s) = ns for every s.

2. Suppose that An ≤ B for each n and that for each n, τn is a winning
strategy for II for G(An, B). Then in G(jn(A), B) Player II passes on his
first move and thereafter uses τk, where k is I’s first move. More precisely,
his strategy τ ′ is such that τ ′(ks) = τk(s) for every s and k. It is easily
verified that τ ′ is a winning strategy and so jn(A) ≤ B.

Proposition III.A.3. For any ω-sequences A and B of subsets of ωω:

• if An ≤ Bn for each n in ω, then jn(A) ≤ jn(B).

Proof. For each n let τn be a winning strategy for II for G(An, Bn). Then
if we define the strategy τ ′ so that τ ′(ns) = nτn(s) for every n and s, it is
easily verified that τ ′ is a winning strategy for II for G(jn(A), jn(B)). Thus
jn(A) ≤ jn(B).

Thus if 〈An〉n∈ω and 〈A′n〉n∈ω are two sequences such that An ≡ A′n for
each n, then jn(A) ≡ jn(A′). This last result justifies our defining the join of
a sequence of degrees to be the degree of the join of any sequence formed by
choosing sets in the respective degrees.

Definition III.A.4. For any ω-sequence a of degrees:

jn(a) = dg(jn(A))

for any ω-sequence A of subsets of ωω such that dg(An) = an for every n in ω.

It is now easily established that the join operation on degrees yields least
upper bounds.

Theorem III.A.5. For any ω-sequence a of degrees and any degree b:

1. an ≤ jn(a) for every n in ω;

2. if an ≤ b for every n in ω, then jn(a) ≤ b.

In other words, jn(a) is the ≤-least upper bound (lub) of the set {an}n∈ω.

Proof. The results follow directly from Propositions III.A.2 and III.A.3 and so
the proof is omitted.
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In later chapters we will find it useful to distinguish those degrees that are
the result of applying the join operation to a sequence of smaller degrees.

Definition III.A.6. For any degree b:

• b is a lub degree iff b = jn(a) for some ω-sequence a of degrees in which
b does not occur.

An important fact about lub degrees is that (assuming SLO) they are self-
dual.

Theorem III.A.7 (SLO). Every lub degree is selfdual.

Proof. Let b be a lub degree and let a be an ω-sequence of degrees in which
b does not occur such that b = jn(a). We wish to show that b ≤ b−, i.e.,
that jn(a) ≤ jn(a)−. Since (as is easily checked) jn(a)− = jn(〈a−m〉m∈ω), we
want to show that jn(a) ≤ jn(〈a−m〉m∈ω). Now the join of a sequence is (by
Theorem III.A.5) the lub of the degrees in the sequence; therefore, we must
show that every degree in {an}n∈ω is reducible to some degree in {a−m}m∈ω, i.e.,
that ∀n ∃m an ≤ a−m.

To show this, let n be in ω. The degree an cannot be an upper bound for
{am}m∈ω because if it were then b (which is jn(a)) would equal an. Thus am 6≤
an for some m, and then SLO gives us an ≤ a−m. Therefore ∀n ∃m an ≤ a−m,
and so b ≤ b−.

We conclude this section by giving two useful characterizations of In(jn(a))
in terms of

⋃
n In(an), i.e., we describe the join operation in terms of its effect

on initial classes.
Our first characterization makes use of the join operation itself. One might

at first guess that In(jn(A)) is the collection of sets formed by joining elements
of
⋃
n In(an), but this is not the case. For example, a join of a sequence of sets

each of which is in turn a join of sets in
⋃
n In(an) is easily seen to be itself in

In(jn(a)). In fact, it is not hard to see that In(jn(a)) is closed under the join
operation. Our first result states that In(jn(a)) is the smallest such class, i.e.,
that it is the closure of

⋃
n In(an) under the join operation.

Definition III.A.8. For any subclass A of P(ωω):

Ka(A) = A ∪
{

jn(A)
}
A∈ωA.

The class KaΩ(A) is thus the closure of A under join. The operation Ka has
been studied by Barnes [5] and Kalmar [12] and for historical reasons the class
KaΩ(A) is called the Kalmar Closure of A.

An element of KaΩ(A) can be thought of as formed by hanging elements of
A on the leaves of some well-founded (i.e., finite path) tree.

This is the content of the following lemma.

Lemma III.A.9. For any subclass A of P(ωω) and any subset A of ωω:

A ∈ KaΩ(A)⇔ ∀α ∃k A(α|k) ∈ A.
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Proof. This result can be found in Barnes [5] and so is omitted here.

Our first result characterizing In(jn(a)) now follows.

Theorem III.A.10. For any ω-sequence a of degrees:

In(jn(a)) = KaΩ
(⋃
n

In(an)
)
.

Proof. Let A be an ω-sequence of subsets of ωω such that dg(An) = an for
each n, and let C = jn(A). Clearly we must show that B ≤ C ⇔ B ∈

⋃
n In(An)

for every subset B of ωω.
Now B ≤ C iff Player II has a winning strategy for G(B,C), and our first

step is to note that II will have such a strategy iff no matter what I’s first moves
are, II will eventually be able to make his move and be in a winning position as
a result. More precisely, B ≤ C iff for every sequence α that I might enumerate
there is a k such that 〈α|k, n〉 is for some n (II’s first move) a winning position
for G(B,C). But in general a position 〈s, t〉 is a winning position for II for
G(B,C) iff B(s) ≤ C(t); thus we have B ≤ C iff ∀α ∃k ∃n B(α|k) ≤ C(n).

But C(n) = jn(A)(n) = An and so

B(α|k) ≤ C(n) ⇔ B(α|k) ≤ An ⇔ B(α|k) ∈ In(An).

Thus

B ≤ C ⇔ ∀α ∃k ∃n B(α|k) ∈ In(B)⇔ ∀α ∃k B(α|k) ∈
⋃
n

In(An)

and this is true iff (by Lemma III.A.9) B ∈ KaΩ(
⋃
n In(An).

The Barnes-Kalmar construction principle for the class of ∆0
1 sets is an

immediate corollary of this result. We know (see Section I.C) that the degree
r1 of a ∆0

1 set not in {∅, ωω} is the lub of the degrees ∅ and ωω. Then by the
preceding theorem, we have that In(r1), which is the class of ∆0

1 sets, is the
Kalmar closure of In(∅) ∪ In(ωω), i.e., of {∅, ωω}.

Our second characterization of In(jn(a)) makes use of the notion of “sepa-
rated union”. The set jn(A) is (in most cases) a union of a sequence of sets
whose degrees are those of the values of A. But in general the degree of a union
of sets can be very much larger than any of the degrees of the sets in the union.
The secret of the success of our join operation is that it keeps apart the sets
being joined together by fencing them off in different intervals. It is not true
however, (as was noted earlier) that everything in In(jn(a)) is a union of this
type. To get everything in In(jn(a)) we must generalize slightly the types of
unions possible so that the separating sets may be arbitrary clopen sets.

Definition III.A.11. For any subclass A of P(ωω):

Pt0(A) =
{⋃
n

Gn ∩An :
⋃
n 6=m

Gn ∩Gm = ∅ and
⋃
n

Gn = ωω
}
A∈ωA,G∈ωG

.
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A1

A2

G0

G1

G2

...

Figure III.2

Most classes A in which we will be interested have the property that the
intersection of an element of A with a clopen set is again an element of A. For
such A, an element of Pt0(A) is a countable union of elements of A that are so
far apart that it is possible to partition the Baire space into a countable number
of clopen compartments in such a way that each set in the union in question is
in its own compartment.

Our goal is therefore to show that In(jn(a)) is Pt0(
⋃
n In(an)) and we do this

by deriving the general result that Pt0 and KaΩ agree on the family of initial
classes.

Theorem III.A.12. For any subclass A of P(ωω):

• if A is an initial class then Pt0(A) = KaΩ(A).

Proof. Suppose first that B ∈ Pt0(A). Then to show that B ∈ KaΩ(A) it is
enough (by Lemma III.A.9) to show that ∀α ∃k B(α|k) ∈ A. Since B ∈ Pt0(A)
there is a sequence A in ωA and a sequence G in ωG such that G partitions ωω
and B =

⋃
nGn ∩An. Given any α there must be (since ωω =

⋃
nGn and each

Gn is open) an n and a k such that [α|k] ⊆ Gn. Also, if m 6= n then Gn∩Gm = ∅
so that [α|k] ∩ Gm = ∅. Then B(α|k) =

⋃
iGi(α|k) ∩ Ai(α|k) = An(α|k) which is

in A because it is reducible to An, a member of A.
Conversely, suppose that B ∈ KaΩ(A). Let

L =
{
s ∈ Sq : B(s) ∈ A but B(t) 6∈ A for all t such that t ⊂ s

}
.

Intuitively, the set B is (as was mentioned earlier) the result of hanging elements
of A on the tips of the tree {s ∈ Sq : B(s) 6∈ A} (L being the set of tips of this
tree). We express B as the union of the sets hung on the tips and the separating
sets are the intervals determined by the elements of L.

It is easy to check that ∀α ∃k α|k ∈ L (this follows from Lemma III.A.9) and
the fact that distinct elements of L are incompatible. These two facts together
imply that {[s]}s∈L is a partition of ωω.
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Now for any s in L let

Bs =
{
tα : t has the same length as s and sα ∈ B

}
t∈Sq,α∈ωω.

The crucial (and easily verified) properties of Bs are (i) [s] ∩ Bs = [s] ∩ B,
(ii) Bs ≤ B(s), and (therefore) (iii) Bs ∈ A (because A is an initial class).

Finally, let s be an ω-sequence enumerating L. (If L is finite, it must be {∅},
and that implies that B is already in A and therefore also in Pt0(A).) Then
B =

⋃
n[sn] ∩Bsn and so B is in Pt0(A).

The desired characterization of In(jn(a)) in terms of Pt0 is an immediate
corollary.

Theorem III.A.13. For any ω-sequence a of degrees:

In(jn(a)) = Pt0

(⋃
n

In(an)
)
.

Proof. Since
⋃
n In(an) is an initial class, the result follows directly from Theo-

rems III.A.10 and III.A.12.

III.B Successor degrees and the star operation

In this section we study an operation, or rather a dual pair of operations that,
when applied to a lub degree, give a dual pair of degrees that (assuming SLO)
are successor degrees, i.e., are immediately above the degree in question.

The construction arises naturally out of the characterization, given in the
previous section, of the initial class determined by a lub degree. Suppose that b is
a lub degree, the join of an ω-sequence a of smaller degrees. The characterization
of In(b) just referred to might be summarized as follows: a subset B of ωω is
in In(b) iff it is locally in

⋃
n∈ω In(an), i.e., iff about any point β there is an

interval [β|k] on which B is of degree less than or equal to an for some n.
Therefore, if we wish to construct a set C that is not in In(b) we must ensure

that there is some point (say the sequence 000 · · · ) about which C is not locally
in
⋃
n∈ω In(an). One way to do this is to take a sequence 〈A0, A1, A2, . . .〉 of

subsets of ωω such that dg(An) = an for each n, and then hang a copy of An on
each offshoot of the sequence 000 · · · of length n+ 1. The resulting set is called
by Addison the star union of the sequence A. This set C cannot possibly be in
In(b) because the degree of C(000···|k) is greater than that of An for each n > k.

The above approach works, but for our purposes it is enough simply to
choose a set B in b and hang copies of B on all the offshoots of 000 · · · , i.e., to
take the star union of the sequence 〈B,B,B, . . .〉. This gives us an operation
on sets rather than on sequences of sets. In fact two operations can be defined
this way, depending on whether or not the sequence 000 · · · itself is included as
an element of the resulting set.
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Figure III.3

Definition III.B.1. For any subset B of ωω:

B? =
{

0n(m+ 1)β
}
n,m∈ω,β∈B

B◦ = B? ∪ {000 · · · }.

Our first result is that the star operation and its dual are compatible with ≤,
so that they induce operations on degrees.

Proposition III.B.2. For any subsets B0 and B1 of ωω:

• if B0 ≤ B1 then B?0 ≤ B?1 and B◦0 ≤ B◦1 .

Proof. The proof is completely straightforward (using games) and is omitted.

Definition III.B.3. For any degree b:

b? = dg(B?) and b◦ = dg(B◦).

for any B in b.

b

b◦ b∗

Figure III.4

Next, we show that when b is a lub degree, b? and b◦ are incomparable
degrees above b.
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Proposition III.B.4. For any degree b:

• if b is a lub degree then

1. b < b? and b < b◦;

2. b? and b◦ are incomparable.

Proof. Let a be a sequence of degrees less than b whose join is b, let A be an
ω-sequence of subsets of ωω such that An is of degree an for each n, and let B
be jn(A). Since B is of degree b, it is clearly enough to show that B < B?, that
B < B◦, and that B? and B◦ are incomparable.

The fact that B ≤ B? follows from the fact that B?(1) = B, and in the same
way B ≤ B◦ follows from the fact that B◦(1) = B.

Next we show that B? 6≤ B by showing that II cannot have a winning
strategy for G(B?, B). The idea is that Player I can outwait Player II by
playing 0’s until Player II makes his first move, and in effect chooses an An.

More precisely, suppose that τ is a winning strategy for G(B?, B). Then for
some large enough k we have τ(0k) 6= ∅, i.e., τ(0k) = nt for some n and t. Then
if τ is a winning strategy 〈0k, τ(0k)〉 must be a winning position for II, i.e., we
must have B?(0k) ≤ B(nt). But B?(0k) = B?, and B(nt) = (An)(t). Furthermore,

B ≤ B? and (An)(t) ≤ An. We are therefore forced to conclude that B ≤ An,
impossible.

The proof that B? and B◦ are incomparable is similar, except that in (say)
G(B?, B◦) Player II can also play 0’s while I does so. But II cannot do so
forever, for then he loses because 000 · · · 6∈ B? and yet 000 · · · ∈ B◦. Thus
II must eventually play other than 0, at which point the game becomes essen-
tially G(B?, B).

We now show that if b is a selfdual degree then (assuming SLO) everything
above b is greater than or equal to b? or b◦.

Proposition III.B.5 (SLO). For any degrees b and c:

• if b is selfdual and b < c then b? ≤ c or b◦ ≤ c.

Proof. Let B and C be subsets of ωω of degrees b and c respectively. Then we
know B < C and it is enough to prove that B? ≤ C or B◦ ≤ C.

Since C 6≤ B it is impossible that ∀α ∃k C(α|k) ≤ B (otherwise II could
get into a winning position in G(C,B) by waiting long enough before moving).
Thus ∃α ∀k C(α|k) 6≤ B. By SLO, and because b is selfdual, we conclude that
there is an α such that C(α|k) ≥ B for every k.

Now this α must be in either C or −C. We show that if α ∈ C then B? ≤ C,
and that if α ∈ −C then B◦ ≤ C.

Suppose that α ∈ −C. Then in G(B?, C) Player II enumerates α until (if
ever) I plays other than 0’s. If I never does so, then II wins because I’s final
sequence will be 000 · · · which is in −B?, and II’s final sequence will be α,
in −C.
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On the other hand, if on some move I plays something other than a 0, then
I’s position after that move will be of the form 0n(m+ 1), while II’s will be of
the form α|k. But 〈0n(m + 1), α|k〉 is a winning position for II for G(B?, C)
because B?(0n(m+1)) = B, and B ≤ C(α|k).

The proof that B◦ ≤ C when α ∈ C is similar.

Combining the two preceding results gives us the theorem that b? and b◦

are, assuming SLO, dual successors of the lub degree b.

Theorem III.B.6 (SLO). For any degrees b and c:

• if b is a lub degree then

1. b < b? and b < b◦;

2. b? and b◦ are dual incomparable degrees;

3. if b < c then b? ≤ c or b◦ ≤ c.

Proof. The theorem follows from the earlier results in this section plus the fact
that every lub degree is (assuming SLO) selfdual.

b◦ b∗

Figure III.5

We conclude this section with a characterization of In(b?) and In(b◦) in
terms of In(b). The characterization uses the notion of separated union, which
is related to that of partitioned union.

Definition III.B.7. For any subclass B of P(ωω):

Sp+
0 (B) =

{⋃
n∈ω

(Gn ∩Bn) :
⋃
n 6=m

(Gn ∩Gm) = ∅
}
B∈ωB,G∈ωG

Sp−0 (B) =
(
Sp+

0 (B−)
)−
.

Most classes B in which we will be interested have the property that the
intersection of an element of B with an open set is again an element of B. For
such B, an element of Sp+

0 (B) is a countable union of elements of B that are far
enough apart that there exists a sequence of disjoint open sets such that each
of the sets from which the union is formed is enclosed in one of the open sets.
Elements of Sp−0 (B) are formed in a similar way except that everything outside
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B2

B1

B0

...

Figure III.6

all of the enclosing sets is included in the union. The difference between Pt0(B)
and Sp+

0 (B) or Sp−0 (B) is that in the latter two we do not require that the union
of the enclosing open sets be ωω, i.e., we do not require that the collection of
enclosing sets form a partition.

Theorem III.B.8. For any degree b:

• In(b?) = Sp+
0 (In(b)) and In(b◦) = Sp−0 (In(b)).

Proof. Let B be a subset of ωω of degree b. Then we need to prove that In(B?) =
Sp+

0 (In(B)) and In(B◦) = Sp−0 (In(B)). We give the proof of the first equation
only, that of the second being very similar.

Suppose first that C ∈ Sp+
0 (In(B)). Then there is an ω-sequence B′ of

sets each reducible to B and an ω-sequence G of disjoint open sets such that
C =

⋃
n∈ω(Gn ∩Bn). We must show that C ∈ In(B?), i.e., that C ≤ B?.

Player II’s winning strategy for G(C,B?) is as follows: he begins by playing
0’s and continues until (if ever) I’s position s is such that [s] ⊆ Gn for some n.

If this never happens then I’s final sequence will be outside Gn for each n
and so outside C. But in this case II’s final sequence will be 000 · · · , which is
outside B?, and so II wins.

Suppose on the other hand that I has just played so that his position s is
such that [s] ⊆ Gn for some n. Then C(s) = (B′n)(s) and (B′n)(s) ≤ B′n ≤ B.

But II’s position at this point is of the form 0k and B?(0k) = B? and B? ≥ B.

Thus C(s) ≤ B?(0k) and so II is a winning position.

We can therefore conclude that Sp+
0 (In(B)) ⊆ In(B?).

To prove the inclusion in the opposite direction, it is enough to show that
B? ∈ Sp+

0 (In(B)) because it is easily verified (and follows from a general result
in Section IV.D) that Sp+

0 (In(B)) is an initial class.
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The proof that B? is a separated union is very similar to the corresponding
part of the proof of Theorem III.A.12. For any s in Sq, let Bs be as defined
there and let r be an ω-sequence that enumerates {0n(m + 1)}n,m∈ω. Then
B? =

⋃
n∈ω([rn]∩Brn), which is easily seen to be an element of Sp+

0 (In(B)).

III.C Degree addition

In this section we define an addition operation on degrees. We will show that it
has many of the properties of arithmetic (or, more generally, ordinal) addition
and that in particular (assuming SLO) the degrees above a lub degree b0 are
exactly those of the form b0 + c, with c arbitrary.

The results of the previous sections can be understood as telling us how we
can obtain the next one or two degrees after respectively (i) an ω-sequence of lub
degrees, (ii) a dual pair of nonselfdual degrees, and (iii) a single selfdual degree.
It is not hard to see that these results can be combined, and that together they
imply that in each of the three cases there is an entire Ω-sequence of succeeding
degrees.

Consider, for example, a single lub degree b0. By the results of the previous
section, we know that immediately above b0 we will find two dual degrees,
namely b?0 and b◦0. The results of Section III.A then imply that immediately
above b?0 and b◦0 we will find a second lub degree b1. Applying the results of
the previous section again, we know that immediately above b1 are two dual
degrees b?1 and b◦1, and again immediately above them lies a third lub degree b2.
Continuing in this way we find a whole ω-sequence b1, b2, b3, . . . , immediately
after b0, together with their stars and their duals.

We need not stop at this point; it follows from the results of Section III.A
that this sequence of degrees has a least upper bound bω, which is itself a lub
degree. After bω we find b?ω and b◦ω, then in turn bω+1, bω+2, bω+3 and so on. In
fact, it is not hard to see that we can construct in this way a whole Ω-sequence
〈b1+µ〉µ∈Ω of lub degrees with the property that any degree above b0 must be
in this sequence, or be the star of a component of this sequence or its dual, or
must be above every component of the sequence. Of course the pattern formed
by the degrees in {b?0, b◦0} ∪ {b1+µ, b

?
1+µ, b

◦
1+µ}µ∈Ω is a familiar one: it is exactly

the pattern formed by the collection of degrees of ∆0
2 sets. In other words, the

collection of degrees lying above b0 has an initial segment order isomorphic to
the collection of degrees of ∆0

2 sets.
In this situation it is only natural to guess that if we go further beyond b0

we will find larger and large initial segments corresponding to larger and larger
initial segments of the class of all degrees. For example, we would conjecture that
the collection of degrees above b0 also has an initial segment order isomorphic to
the collection of all degrees of ∆0

3 sets. In its most general form the conjecture
is that the collection of all degrees lying above b0 is order isomorphic to the
collection of all degrees. If this is the case, the degree above b0 that corresponds
to the arbitrary degree c certainly deserves to be called the degree “b0+c”. Thus
the degrees b?0 and its dual are just the degrees b0 +1 and b0 +1−, and in general
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b◦0 b∗0

b1

b◦1 b∗1

b2

b◦2 b∗2

...

bω

b◦ω b∗ω

bω+1

...

Figure III.7

b1+µ is b0 + r1+µ.
In order to discover the nature of the addition operation, consider how we

might describe one of the first Ω successors of b0 directly in terms of b0. We
would find, for example, that from a set B of degree b0 we can form a set C
of degree b?1 by (i) taking an infinite tree consisting of one main branch plus a
sequence of side branches and (ii) hanging copies of B everywhere on the tree
and defining C to be the union of the copies of B plus all the side branches.
More precisely,{

0k111 · · ·
}
k∈ω ∪

{
0k(n+ 2)β

}
β∈B,n,k∈ω ∪

{
0k1k

′
(n+ 2)β

}
β∈B,k,k′,n∈ω

is such a set.
The construction of C is similar to that of B? in that we introduce points

about which C is not locally reducible to B. It differs in that some of these points
are in C (namely those of the form 0k111 · · · ) and some are not (namely 000 · · · ).
Furthermore, a point of this kind that is in C is the limit of points of this kind
that are not in C. In fact, if we look at C restricted to this tree, i.e., to the
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set of points about which C is not reducible to B, we see that C has a simple
structure; it is an open set. We might say that C is formed by adding the
structure of an open set on top of that of B.

∈ B 6∈ B
C

∈ B
C

C

∈ B
C

6∈ B
C

∈ B
C

C

∈ B
C

6∈ B
C

∈ B
C

C

∈ B
C

Figure III.8

In general, it can be seen that a set C of the successor degrees of b corre-
sponding to the ∆0

2 degree d can be formed by hanging copies of B all over a
tree on which C is of degree d. This (informal) recipe makes sense even if d
is not the degree of a ∆0

2 set. We are therefore led to the following tentative
description of the degree b+ d: it is the degree of a set C such that

E

C −C

Figure III.9

1. the closed set E of all points about which C is not locally of degree less
than or equal to b is nonempty;

2. the degree of C on E is d.

Our first step in making this definition precise is to define an operation
on sets that yields an element of b + d when given elements of b and d. The
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nature of this operation is suggested by considering the game G(A,C), with C
as described in the preceding paragraph, and A any subset of ωω. Let B and
D be sets of degree b and d respectively. It is clear that G(A,C) is very much
like G(A,D) as long as II does not leave E; but that if II ever does leave E,
the game from then on is essentially G(A,B) except that II’s previous moves
are ignored.

We therefore define B + D to be a coding of these alterations to the rules.
An element of B+D is either an element of D, or else a finite sequence followed
by a marker that signals the change from D to B, followed by an element of B.
We use 0 as the marker and code moves made before the change by adding 1 to
them.

Definition III.C.1. For any subsets A and B of ωω:

A+B =
{
β + 1

}
β∈B ∪

{
(s+ 1)0α

}
s∈Sq,α∈A

(where s + 1 and β + 1 represent the finite and infinite sequences formed by
adding 1 to each component of s and β respectively).

As with our other operations, we show that addition is compatible with ≤.

Proposition III.C.2. For any subsets A0, A1, B0 and B1 of ωω:

• if A0 ≤ A1 and B0 ≤ B1 then A0 +B0 ≤ A1 +B1.

Proof. Let τ ′ and τ ′′ be winning strategies for II for G(A0, A1) and G(B0, B1)
respectively. Then in G(A0 + B0, A1 + B1) Player I’s strategy is to use τ ′′ as
long as I has not played a 0, by subtracting 1 from I’s moves and adding 1 to
the result of applying τ ′′. Then when (and if) I plays a 0 II does likewise, and
uses τ ′ on I’s succeeding moves. More precisely, II’s strategy τ is such that
τ(s+ 1) = τ ′′(s) + 1 and τ((s+ 1)0s′) = (τ ′′(s) + 1)0τ ′(s′) for any s and s′. It
is easily verified that τ is a winning strategy.

We are therefore justified in defining the sum of degrees as the degree of a
sum.

Definition III.C.3. For any degrees a and b:

a+ b = dg(A+B)

for some subsets A and B of ωω of degrees a and b respectively.

We first note that if b is a degree then b? and b◦ are the degrees b+ {∅} and
b+ {ωω} respectively.

Proposition III.C.4. For any degree b:

b? = b+ {∅} and b◦ = b+ {ωω}.
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Proof. Let B be a subset of ωω of degree b. Then we must show that B? ≡ B+∅
and B◦ ≡ B + ωω.

We give the proof of the first equation only, that of the second being similar.
To show first that B? ≤ B + ∅, consider the game G(B?, B + ∅). To win

this game Player II plays 1’s until (if ever) I plays a nonzero number, at which
point II plays a 0 and thereafter copies I’s moves. More precisely, II’s strategy
τ is such that τ(0k) = 1k and τ(0k(n+ 1)s) = 1k0s for any k, n and s.

It is not hard to see that τ is a winning strategy. If I’s final sequence is
000 · · · then II’s will be 111 · · · and II wins because 000 · · · 6∈ B? and 111 · · · 6∈
B + ∅. On the other hand, if I’s final sequence is of the form 0k(n + 1)β then
II’s final sequence will be 1k0β and

0k(n+ 1)β ∈ B◦ ⇔ β ∈ B ⇔ 1k0β ∈ B + ∅,

and II wins.
Now consider G(B + ∅, B◦). In this game II plays 0’s until (if ever) I plays

a 0, at which point II plays a 1 and then copies I’s moves. His strategy τ is
then such that τ(s + 1) = 000 · · · 0 and τ((s + 1)0s′) = 000 · · · 01s′. It is easily
verified that τ is a winning strategy.

It is pleasing to note that the degree {∅} is actually the ordinal 1; thus the
immediate successors of a lub degree b are the degrees b+ 1 and b+ 1−.

Our next result is that {b+ d}d∈Dg is a subset of the set of degrees above b,
and that its order type is the same as that of the set of all degrees.

Theorem III.C.5. For any degrees b, d and d′:

• if b is a lub degree then

1. b < b+ d;

2. b+ d ≤ b+ d′ ⇔ d ≤ d′.

Proof. Let B, D and D′ be subsets of ωω of degrees b, d and d′ respectively.
We show that B < B +D and that B +D ≤ B +D′ ⇔ D ≤ D′.

Since ∅ and ωω are minimal, we have D ≥ ∅ or D ≥ ωω so that B+D ≥ B+∅
or B+D ≥ B+ ωω. By the previous result B+ ∅ ≡ B? and B+ ωω ≡ B◦, and
since b is a lub degree, we have B? > B and B◦ > B. Therefore B < B +D.

If D ≤ D′ then B +D ≤ B +D′ follows by Proposition III.C.2.
Now suppose that B + D ≤ B + D′ and let τ be a winning strategy for II

for G(B +D,B +D′).
We show first that in G(B+D,B+D′) Player II cannot be the first to play

a 0, i.e., that τ(s + 1) must always be of the form t + 1 for any s. To see this,
suppose on the contrary that τ1(s + 1) = (t + 1)0t′ for some s, t and t′. If τ1
is a winning strategy then 〈s+ 1, (t+ 1)0t′〉 must be a winning position for II,
i.e., we must have (B + D)(s+1) ≤ (B + D′)((t+1)0t′). But (B + D′)((t+1)0t′) is
(as is easily verified) B(t′) and (B + D)(s+1) = B + D(s) and by the proof of
(1) we know that B < B + D(s) so that B + D(s) cannot be reducible to B(t′)

because B(t′) ≤ B.

117



Therefore τ1(s+1) is always of the form t+1 for some t. We can thus define
a function t0 so that τ0(s) + 1 = τ1(s+ 1).

It is easily checked that τ0 is a winning strategy for II for G(D,D′):

α ∈ D ⇔ α+1 ∈ B+D ⇔ τ̃1(α+1) ∈ B+D ⇔ τ̃1(α+1)−1 ∈ D′ ⇔ τ̃0(α) ∈ D′.

Now we show that, assuming SLO, the degrees above a lub degree b are
exactly those of the form b+ d.

Theorem III.C.6 (SLO). For any degrees b and c:

• if b is a lub degree and b < c then c = b+ d for some degree d.

Proof. Let B and C be subsets of ωω of degree b and c respectively, and let E
be the set of points about which C is not locally of degree b or less. In other
words, E = {α ∈ ωω : ∀k C(α|k) 6≤ B}.

The set E is clearly closed, and must be nonempty for otherwise C ≤ B.
Therefore there is a subset D of ωω such that D ≡ C/E. Let d be the degree
of D; we show that c = b+ d by showing that C ≡ B +D.

We first show that C ≤ B + D. Let τ be a winning strategy for II

for G(C/E,D). Then in G(C,B + D) Player II uses τ + 1, i.e., uses τ and
adds one to every number played, as long as I’s position has an extension in E.
If this is the case throughout the game, II wins: I’s final sequence α will be
in E, II’s final sequence will be τ̃(α) + 1, and α ∈ C ⇔ τ̃(α) ∈ D (because τ is
a winning strategy for G(C/E,D))⇔ τ̃(α+ 1) ∈ B +D.

Suppose, on the other hand, that I has just played so that his position s has
no extension in E. That means that for any infinite extension α of s there is a
k such that C(α|k) ≤ B. Therefore, if II at this point in the game waits long
enough, I’s position s′ will be eventually be such that C(s′) ≤ B. When this is
finally the case, II is in a winning position: he has not made any plays since
using τ + 1, so that his position is of the form t+ 1. The position is a winning
one because (B +D)(t+1) = B +D(t) > B ≥ C(s).

Now we show that B + D ≤ C. Let τ be a winning strategy for II

for G(D,C/E). Then in G(B + D,C) Player II begins by using τ on I’s
position minus 1, i.e., if I’s position is s + 1, II’s is τ(s). Player II does this
until (if ever) I plays a 0.

If I never does so, then II wins: I’s final sequence will be of the form α+ 1,
II’s will be τ̃(α) and α+ 1 ∈ B +D ⇔ α ∈ D ⇔ τ̃(α) ∈ C.

Now suppose, on the other hand, that II has just played a 0 so that his
position is of the form (s + 1)0. Since II up to this point has been using τ
as above, II’s position will be of the form τ(s). Since τ is a winning strategy
for G(B+D,C/E), τ(s) has an extension in E. We can therefore conclude that
the current position (which is 〈(s+1)0, τ(s)〉) is a winning position for II: since
τ(s) has an extension in E, C(τ(s)) 6≤ B so that (by SLO) C(τ(s)) ≥ B. The
position is a winning one because (B +D)(s+1)0 = B.
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We conclude this section by proving that degree addition is associative and
that it commutes with complementation and join.

Theorem III.C.7. For any degrees a, b and c:

a+ (b+ c) = (a+ b) + c.

Proof. Let A, B and C be sets of degree a, b and c respectively. We show that
A+ (B + C) ≡ (A+B) + C.

Consider first the game G(A+ (B+C), (A+B) +C). In this game II plays
I’s moves minus one until (if ever) I plays a 1; at that point II plays a 0 and
thereafter copies I’s moves.

It is easily verified that if I’s final sequence is of the form α + 2, II’s fi-
nal sequence will be of the form α + 1; if I’s final sequence is of the form
(s+ 2)1(α+ 1), II’s will be (s + 1)0(α + 1); and if I’s final sequence is of the
form (s+ 2)1(s+ 1)0α, II’s will be (s+ 1)0(s′+ 1)α. It is easy to see that these
are the only possibilities, and that II wins in each case.

The proof that (A+B) + C ≤ A+ (B + C) is similar.

Both A+ (B+C) and (A+B) +C allow a switch from C to B, and then a
switch from B to A. The difference is that (A+B)+C uses a 0 as the marker in
both cases, whereas A+(B+C) uses a 1 as the first marker, and codes possible
members of C by adding 2 to each component instead of 1.

Theorem III.C.8. For any degrees b and c and any ω-sequence d of degrees:

1. lub{b+ di}i∈ω = b+ lub{di}i∈ω;

2. if b is selfdual then (b+ c)− = b+ (c−).

Proof. Let B and C be subsets of ωω of degrees b and c respectively, and let
D be an ω-sequence of subsets of ωω such that dg(Di) = di for all i. A fairly
obvious game proof (omitted) shows that jn(〈B+Di〉i∈ω) ≡ B+jn(D) and that
−(B + C) ≡ B +−C.

III.D Ordinal multiplication

In this section we describe a multiplication operation which, when given a degree
a and a positive countable ordinal µ, yields a degree a · µ that is the result of
adding copies of a to itself ‘µ times’, lubs being taken at limit ordinals. For
example, a · 3 is a+ a+ a and a · (ω + 2) is (lub1≤n<ωa · n) + a+ a.

Definition III.D.1. The function · is the unique function from Dg× (Ω−{∅})
to Dg such that

1. a · µ = a, if µ = 1

2. a · µ = lub1≤ν<µ a · ν + a, if µ > 1
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for any positive countable ordinal µ.

This definition is slightly unconventional in that no distinction is made be-
tween successor and limit ordinals, but it will prove to be more convenient. It
follows immediately, for example, that a · µ ≤ a · µ′ if µ ≤ µ′.

It is worth noting that the obvious definition by cases is equivalent to the
one given, as our next result implies.

Theorem III.D.2. For any degree a, any positive countable ordinal µ and any
ω-sequence η of positive countable ordinals:

1. a · (µ+ 1) = a · µ+ a;

2. a ·
⋃
n∈ω ηn = lubn∈ω a · ηn.

Proof.

1. We have

a · (µ+ 1) = lub1≤ν≤µ+1a · ν + a

= lub
(
{a · ν + a}1≤ν<µ ∪ {a · µ+ a}

)
= lub{a · µ, a · µ+ a}
= a · µ+ a

because a · µ ≤ a · µ+ a.

2. We have

a ·
⋃
n

ηn = lub1≤ν<
⋃
nηn

a · ν + a

= lub
(⋃
n

{a · ν + a}1≤v<ηn
)

= lubn∈ω a · ηn

because the lub of a countable union of sets is the lub of the set of lubs.

We can now show that degree multiplication distributes over ordinal addi-
tion, and associates with ordinal multiplication.

Theorem III.D.3. For any degree a and any positive countable ordinals µ
and η:

1. a · (µ+ η) = a · µ+ a · η;

2. (a · µ) · η = a · (µ · η).

Proof.

120



1. We proceed by induction on η.

The case η = 1 is just part (1) of the previous result.

Now suppose that η > 1 and that we have the result for all ν less than η.
Then

a · (µ+ η) = lub1≤ν<µ+η a · ν + a

= lub
(
{a · ν + a}1≤ν≤µ ∪ {a · (µ+ ν) + a}1≤ν<η

)
= lub

{
a · (µ+ ν) + a

}
1≤ν<η

(because a · ν ≤ a · κ+ a if ν < κ)

= lub
{

(a · µ+ a · ν) + a
}

1≤ν<η

(by induction)

= lub
{
a · µ+ (a · ν + a)

}
1≤ν<n

(by the associativity of addition)

= a · µ+ lub{a · ν + a}1≤ν<η
(by Theorem III.C.8)

= a · µ+ a · η.

2. The proof of associativity is similar.

It is easy to see that{
d ∈ Dg : d ≤ a · µ for some positive µ ∈ Ω

}
is the least collection of degrees including {d ∈ Dg : d ≤ a} and closed un-
der addition and join. In the next section we will derive a characterization of⋃

1≤µ<Ω In(a · µ) in terms of In(a).

III.E The sharp and flat operations

In this section we study a dual pair of operations ] and [ that skip over the
degrees obtainable by using addition and join. More precisely, we show that
if b is a lub degree then (assuming SLO) b] and b[ are the least upper bounds
of {b · µ}1≤µ<Ω. As with join and addition, this skip operation on degrees is
induced by a corresponding operation on subsets of the Baire space. If B is a
subset of ω the set B] can be thought of as the sum of an infinite series of copies
of B, i.e., as the set B +B +B + · · · .

Definition III.E.1. For any subset B of ω:

B] =
{

(s0 + 1)0(s1 + 1)0 · · · (sn−1 + 1)0(β + 1)
}
β∈B,n∈ω,s∈nSq

B[ = B] ∪
{

(s0 + 1)0(s1 + 1)0 · · ·
}
s∈ωSq

.
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...

bω

b◦ω b∗ω

...

bµ

...

b[ b]

Figure III.10

If A and B are subsets of ωω we see that G(A,B]) is like G(A,B) except
that Player II is allowed to take back all his moves at any time and as often as
he wants. He may even do so infinitely often, but in that case his final sequence
is considered to be in −B. The game G(A,B[) is the same, except that taking
moves back infinitely often results in a final sequence in B. Note that the degree
of B] is (usually) much greater than the degree dg(B) · ω. If C is a subset of
ωω of degree dg(B) · ω, the game G(A,C) is similar to G(A,B]), except that
Player II must before his first nonpassing move choose an n and thereafter take
back his moves at most n times.

In general playing with a set of degree dg(B) · µ allows Player II to take
back his moves at most µ times, with the phrase “µ times” interpreted as in
Section O.D.

As in previous sections, our next step is to show that ] and [ are compatible
with ≤, in order to justify extending the operation to degrees.
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Proposition III.E.2. For any subsets B0 and B1:

• if B0 ≤ B1 then B]0 ≤ B
]
1 and B[0 ≤ B[1.

Proof. Let τ be a winning strategy for II for G(B0, B1). Then in G(B]0, B
]
1)

Player II uses τ , and takes his moves back whenever I does. The details are
obvious and are omitted.

Definition III.E.3. For any degree b:

• b] = dg(B]) and b[ = dg(B[) for any subset B of ω of degree b.

We now show that b] and b[ are upper bounds of {b · µ}1≤µ<Ω. This follows
easily from the fact that for any subset B of ω, B] is exactly equal to B] + B
(it might therefore be better to think of B] as · · ·+ B + B + B rather than as
B +B +B + · · · ).

Proposition III.E.4. For any degree b and any positive countable ordinal µ:

• b · µ ≤ b] and b · µ ≤ b[.

Proof. We proceed by induction on µ. If µ = 1 we must show b ≤ b], and this
follows from the fact (easily established) that B ≤ B].

Now suppose µ > 1 and assume the result for all positive ordinals less
than µ. We have b · µ = lub1≤ν<µb · ν + b. But for each positive ν less than µ
we have b · ν ≤ b] by induction, and also b]+ b = b because (as is easily verified)
B] +B = B for any B. Thus

lub{b · ν + b}1≤ν<µ ≤ lub{b] + b}1≤ν<µ = lub{b]}1≤ν<µ = b].

The proof that b · µ ≤ b[ is almost identical.

Thus every ordinal multiple of b is reducible to both b] and b[. Our next
goal is to prove the converse, i.e., to prove that every degree reducible both to
b] and b[ is reducible to some ordinal multiple of b. The first step in proving
this is to show that for any A and B, if A ≤ B] and A ≤ B[ then Player II has
a winning strategy for G(A,B]) that never requires him to take back his moves
(i.e., play a 0) infinitely often.

Proposition III.E.5. For any subsets A and B of ω:

• if A ≤ B] and A ≤ B[ then A ≤ B]/ωω].

Proof. Since ωω] is the set of all sequences with only finitely many occurrences
of 0, we must find a winning strategy for II for G(A,B]) that never causes II’s
final sequence to have infinitely many occurrences of 0, i.e., never requires II

to play 0 infinitely often.
Let τ0 and τ1 be winning strategies for II for G(A,B]) and G(A,B[) re-

spectively. The basic idea is that Player II in G(A,B]/ωω]) alternates between
using τ0 and τ1, changing each time the strategy being used requires him to play
a 0.
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Figure III.11

More precisely, II’s strategy is defined as follows: given any s in Sq, let
u and w be the unique finite sequences of elements of Sq (of length n and m
respectively) such that

τ0(s) = (u0 + 1)0(u1 + 1)0 · · · (un−1 + 1)

and
τ1(s) = (w0 + 1)0(w1 + 1)0 · · · (wm−1 + 1).

If n ≤ m we set

τ ′(s) = (u0 + 1)0(w0 + 1)0(u1 + 1)0 · · · (um−1 + 1)0(wm−1 + 1).

That τ is in fact a strategy is not hard to see. The crucial point is that
it is not possible that both τ̃0(α) and τ̃1(α) have infinitely many occurrences
of 0, no matter what element of ωω α is. For suppose otherwise: if τ̃0(α) has
infinitely many 0’s, it cannot be in B] which implies α 6∈ A. Since α is not in A,
τ̃1(α) 6∈ B[ and so τ̃1(α) cannot itself have infinitely many 0’s.

Thus whatever II’s final sequence α is, at least one of τ̃0(α) and τ̃1(α), and
perhaps both, have only finitely many occurrences of 0. This means that after
a certain number of false starts Player II, using τ ′, will eventually settle down
to using either τ0 or τ1, say τ0. Then τ ′(α) will be of the form

(u0 + 1)0(w0 + 1)0(u1 + 1)0(w1 + 1)0 · · · (β + 1)

where τ0(α) is (u0 + 1)0(u1 + 1)0 · · · (β + 1) and (w0 + 1)0(w1 + 1) · · · is how
τ̃1(α) begins. Player II therefore wins G(A,B]/∅]), τ̃ ′(α) ∈ ∅] and

α ∈ A⇔ τ0(α) ∈ B] ⇔ β ∈ B ⇔ τ̃ ′(α) ∈ B].

We now show that if II can winG(A,B]) without playing infinitely many 0’s,
then we can put a countable ordinal bound on the number of times II may have
to play a 0. From this bound we get an ordinal multiple of dg(B) to which dg(A)
is reducible.
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Theorem III.E.6. For any degrees a and b:

• if a ≤ b] and a ≤ b[ then a ≤ b · µ for some positive countable ordinal µ.

I II

s

µ

>

µ′

>

µ′′

Figure III.12

Proof. Let A and B be subsets of ω of degrees a and b respectively, and let τ be a
winning strategy for II for G(A,B]/ωω]) (we know by Proposition III.E.5 that
such a strategy exists). The proof is very similar to the proof of determinateness
given in Section O.D. We assign ordinals to elements of Sq, the idea being that
assigning the ordinal µ to the sequence s means that if Player II starts from
the position 〈s, τ(s)〉 in G(A,B]) and uses τ he will be required to play a 0 at
most µ times. Another way to say this is that 〈s, τ(s), µ〉 is a winning position
for II in an auxiliary game extending G(A,B]) in which II must decrease an
ordinal each time he plays a 0 (and that his winning strategy is an extension
of τ). We will show that if µ is assigned to s then dg(A(s)) ≤ b · (µ + 1), and
that ∅ is assigned an ordinal.

We now make this more precise. We let the Ω-sequence P of subsets of Sq
be defined as follows: for any ordinal µ in Ω,

Pµ =

{
s ∈ Sq : ∀s′ ⊇ s if τ(s′) has more occurrences of 0 than
does τ(s) then s′ is in Pν for some ν less than µ

}
.

Informally, this means that s is assigned the ordinal µ (i.e., is in Pµ) iff Player I
cannot force Player II (using τ) to play a 0 without putting I’s own position
into Pν for some ν less than µ.

We now show by induction that for any s in Sq and any µ in Ω, if s ∈ Pµ
then dg(A(s)) ≤ b · (µ+ 1).

Suppose first that µ = 0, and let s be in P0. We must show dg(As) ≤ b, i.e.,
that A(s) ≤ B. Since there are no ordinals less than 0, the set P0 is{

s ∈ Sq : ∀s′ ∈ Sq if s′ ⊃ s then τ(s′) has
no more occurrences of 0 than does τ(s)

}
.

In other words, if Player II starts from the position 〈s, τ(s)〉 and uses τ , he will
never have to play a 0. The idea then is to use τ itself to reduce A(s) to B.
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To make this more precise, let u and t be elements of Sq for which τ(s) =
u0(t + 1). If s′ is an extension of s, we see that τ(s′) must be of the form
u0(t′ + 1) with t′ an extension of t. Therefore there must exist a function π
from Sq to Sq such that τ(sv) = u0(t + 1)(π(v) + 1) for any v in Sq, and it is
not hard to see that π is a winning strategy for II for G(A(s), B(t)): if α is any
element of ω then

α ∈ A(s)⇔ sα ∈ A⇔ τ̃(sα) ∈ B] ⇔ u0(t+ 1)(π̃(α) + 1) ∈ B]
⇔ tπ̃(α) ∈ B ⇔ π̃(α) ∈ B(t).

Thus A(s) ≤ B(t) and so dg(A(s)) ≤ b.
Now suppose that µ > 0, that we have the result for all ν less than µ, and

that s is in Pµ. We see that G(A,B]) starting from position 〈s, τ(s)〉 is like
G(A,B) except that Player II might take all his moves back, but from then on
the game is like G(A,C) with C of degree reducible to b · (ν+ 1) for some ν less
than µ.

We would therefore expectA’s degree to be reducible to lub{b·(ν+1)}1≤ν<µ+
b and this is the case.

More precisely let

T =
{
s′ ∈ Sq : s′ ⊃ s and τ(s′) has more occurrences of 0 than does τ(s)

}
.

Let 〈wi〉i∈ω be an enumeration of T (if T = 0 then S ∈ P0) and let C =
jn(〈A(wi)〉i∈ω).

We know by our induction hypothesis that for each i in w we have

dg
(
A(wi)

)
≤ b · (ν + 1)

for some ν less than µ. Thus

dg(C) ≤ lub
{
b · (ν + 1)

}
1≤ν<µ = b ·

⋃
1≤ν<µ

(ν + 1)

(by Theorem III.D.2) = b · µ. The set C +B is therefore of degree less than or
equal to b · (µ+ 1) and so it is enough for us to show that A ≤ C +B.

Consider now the game G(A(s), C +B). Player II’s strategy is to use τ up
to the point where τ requires him to play another 0. More precisely, let u and
t be such that τ(s) = u0(t+ 1). Then if I’s position in G(A,B]) is v, II’s is t′

where τ(sv) = u0(t′ + 1).
If τ never requires II to play another 0 then II wins G(A,B]): whatever

I’s final sequence α is, II’s final sequence will be β+1 where τ̃(sα) = u0(β+1)
and

α ∈ A(s)⇔ sα ∈ A⇔ τ̃(sα) ∈ B] ⇔ u0(β + 1) ∈ B]
⇔ β ∈ B ⇔ (β + 1) ∈ C +B.

Now suppose, on the other hand, that I has just played so that τ uses
another 0, i.e., so that I’s position v is such that τ(sv) = u0(t′+ 1)0w for some
t′ and w in Sq. Player II’s position at that point will be of the form (t′′ + 1)
for some t′′ in Sq. Then II is in a winning position: the set (A(s))(v) is the set
A(sv) and is reducible to C because su is in T ; on the other hand, (C+B)(t′′+1)

is C + (B(t′′)), to which C is reducible.
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Given the preceding result it is now easily established that b] and b[ are
incomparable whenever b is a lub degree.

Theorem III.E.7. For any degree b:

• if b is a lub degree then b] 6≤ b[ and b[ 6≤ b].

Proof. Suppose that b is a lub degree and b] ≤ b[. Then since b] ≤ b], we have
b] ≤ b · µ for some positive countable ordinal µ, by the previous result. But
b · (µ+ 1) = b · µ+ b and so b · µ < b · (µ+ 1) because b · µ is a lub degree. Thus
b] < b · (µ+ 1), but b · (µ+ 1) ≤ b] by Proposition III.E.4, a contradiction.

The fact that b] and b[ are dual least upper bounds of the set of ordinal
multiples of the lub degree b now follows easily if we assume SLO.

Theorem III.E.8 (SLO). For any degrees b and c:

• if b is a lub degree then

1. b] and b[ are dual incomparable degrees;

2. if b · µ ≤ c for every positive µ in Ω, then b] ≤ c or b[ ≤ c.

Proof. Since b is a lub degree, we know by Theorem III.A.7 that b = b−. Then
b]− = b−[ (as is easily verified) = b[. Now suppose that b] 6≤ c and b[ 6≤ c. Then
applying SLO twice we have c ≤ b]− and c ≤ b[−, i.e., c ≤ b[ and c ≤ b]. Thus by
Theorem III.E.6 we have c ≤ b ·µ for some positive µ in Ω. But b ·µ < b · (µ+1)
(as was noted in the previous proof) and thus c ≤ b · µ < b · (µ + 1) ≤ c,
impossible.

We now note that it is possible, in a certain sense, to speak of degree division.
We show that if a is a lub degree then any degree b less than a] is equal to some
ordinal multiple of a plus a remainder degree that is less than a.

Theorem III.E.9 (SLO). For any lub degree a and any degree b:

• if b < a] then b = c or b = a ·µ or b = a ·µ+ c for some countable ordinal
µ and some degree c less than a.

Proof. Since b < a] we have b < a[ (by SLO) and so b ≤ a ·µ for some countable
ordinal µ (by Theorem III.E.6); we can assume that µ is the least such ordinal.
By SLO then, b > a · ν for any positive ν less than µ.

If b = a · µ we have our result; therefore, assume b < a · µ.
If µ = 1 the result is again immediate; therefore assume µ > 1.
It cannot be that µ is a limit ordinal because then µ · a = lub{a · ν}1≤ν<µ

and since b > a · ν for every positive ν less than µ, we would have b ≥ a · µ, a
contradiction.

Therefore µ is a successor ordinal, i.e., µ = η + 1 with η the predecessor
of µ, η > 0. Since b > a · η, and since a · η is a lub degree, we can conclude
using Theorem III.C.6 that b = a · η + c for some degree c. If it were the case
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that c ≥ a, then a · η + c ≥ a · η + a = a · (η + 1) (by Theorem III.D.3) = a · µ,
contrary to our assumption.

Therefore, either b = a · µ or b = a · µ+ c for some countable ordinal µ and
some degree c less than a.

We now conclude this section with a characterization of In(b]) in terms
of In(b). As in Section III.B, the characterization uses separated unions, but
this time unions in which the separating sets may be not just open, but also Σ0

2.

Definition III.E.10. For any subclass A of P(ωω):

Sp+
1 (A) =

{⋃
n∈ω

(Gn ∩An) : Gi ∩Gj = ∅ whenever i 6= j
}
G∈ωΣ0

2,A∈ωA
;

Sp−1 (A) =
(
Sp+

1 (A−)
)−
.

Theorem III.E.11. For any degree b:

In(b]) = Sp+
1

(
In(b)

)
;

In(b[) = Sp−1
(
In(b)

)
.

Proof. Let B be a subset of ωω of degree b, so that we need to prove In(B]) =
Sp+

1 (In(B)) and In(B[) = Sp−1 (In(B)). We give the proof of the first equation
only, that of the second being similar.

We first show that In(B]) ⊆ Sp+
1 (In(B)). It is easily verified (and is proved

in Section IV.E) that Sp+
1 (In(B)) is an initial class; it is therefore enough to

show that B] itself is in this class.
For each i in ω let Gi = {v0(α + 1)}v∈iSq,α∈ωω. In other words, Gi is the

set of all sequences whose last occurrence of 0 is in position i + 1. Each Gi is
Σ0

2 (in fact, Π0
1) and Gi ∩ Gj = ∅ if i 6= j. For any α let α−̇1 be the result

of subtracting 1 from the nonzero components of α, leaving the 0’s untouched.
Then for each i set

Ai =
{
wα : α−̇1 ∈ B

}
w∈i+1Sq,α∈ωω

It is easily verified that Ai ∩ Gi = B] ∩ Gi and that B] ⊆
⋃
iGi, and so

B] =
⋃
i(Gi∩Ai). Finally, each Ai is reducible to B: in G(Ai, B) Player II plays

passes in response to I’s first i + 1 moves, and from then on copies I’s moves,
subtracting 1 from the nonzero ones. We therefore have B] ∈ Sp+

1 (In(B)).
To prove Sp+

1 (In(B)) ⊆ In(B]) it is clearly enough to show that every Σ0
2-

separated union of elements of In(B) is reducible to B]. Therefore let G be an
ω-sequence of disjoint Σ0

2 sets and let A be an ω-sequence of elements of In(B)
and let C =

⋃
n(Gn ∩An). We must find a winning strategy for G(C,B]).

For each i let τi be a winning strategy for II for G(Ai, B). Then in G(C,B])
the basic idea is for II to guess which Gi (if any) I’s final sequence is going
to end up in, and use the corresponding τi. Every time II changes his guess,
he effectively takes all his move back (by playing a 0). To make this strategy
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work we must ensure that II’s sequence of guesses eventually settles down to
the right one when I plays in

⋃
iGi.

We describe first the manner of guessing. We know that the set ωω] (the set
of all sequences with only finitely many 0’s) is Σ0

2-complete (see Section I.D).
Therefore, for each i let ρi be a winning strategy for II for G(Gi,

ωω]) so that
for any α in ωω, α ∈ Gi iff the number of occurrences of 0 in ρi(α|k) does not
increase without bound as k increases.

Now let m be an ω-sequence enumerating ω in which every natural number
occurs infinitely often. Then in G(C,B]) Player II begins by guessing that I’s
final sequence α will end up in Gm0

, and continues guessing m0 until the number
of 0’s in the result of applying ρm0

to I’s position increases. If this number does
eventually increase, then at that time II changes his guess to m1 and keeps
guessing m1 until the number of 0’s in the result of applying ρm1 to I’s position
increases. If this ever happens, II changes his guess to m2 and so on.

If I’s final sequence α ends up outside
⋃
iGi then for any i the number of

0’s in ρ̃i(α) will be infinite and so II’s guesses will never settle down. On the
other hand, if α is in Gi then ρ̃i(α) will have only finitely many 0’s. Also, if
j 6= i then α 6∈ Gj and so ρ̃j(α) will have infinitely many. Thus II will, after a
few false starts, eventually settle down to guessing i throughout the remainder
of the game.

One way to visualize the guessing process is to imagine that II has a main
list of the natural numbers and a moveable marker, the position of the marker
indicating II’s current guess of the value of i. The guessing part of II’s strategy,
when presented in this way, is seen to involve a simple priority argument.

Now that II’s method of guessing has been described, his strategy for
G(A,B]) is clear: if i is his current guess he uses τi, adding 1 to each num-
ber to be played. Everytime the guess changes, Player II plays a 0 and starts
all over again with the strategy corresponding to the new guess. For example,
if II’s guesses on the first five moves are 3, 3, 4, 2, 2 and 2, then II’s position
after his fifth move would be

(τ3(s0s1) + 1)0(τ4(s0s1s2) + 1)0(τ2(s0s1s2s3s4) + 1)

where s0, s1, s2, s3, and s4 are I’s first five moves.
Clearly if α 6∈

⋃
iGi then II’s final sequence will have infinitely many 0’s

and so be in −B], and II wins because α 6∈ C. On the other hand, if α ∈ Gi
them II’s guesses will eventually settle down to i, II’s final sequence will be of
the form t0(τ̃i(α) + 1), and II wins because α ∈ C ⇔ α ∈ Ai (because α ∈ Gi)
⇔ τ̃i(α) ∈ B ⇔ t0(τ̃i(α) + 1) ∈ B].

From the characterization of In(B]) just given we can derive a characteriza-
tion of

⋃
1≤µ<Ω In(b · µ) in terms of ∆0

2-partitioned unions.

Definition III.E.12. For any subclass A of P(ωω):

Pt1(A) =
{⋃
n

(Gn ∩An) : G is a ∆0
2 partition of ωω

}
G∈ω(ωω),A∈ωA

.
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Theorem III.E.13. For any degree b:⋃
1≤µ<Ω

In(b · µ) = Pt1

(
In(b)

)
Proof. Let B be of degree b. We know by Proposition III.E.4 and Theo-
rem III.E.6 that a set is in

⋃
1≤µ<Ω In(b · m) iff it is reducible both to B]

and B[. In other words,
⋃

1≤µ<Ω In(b · µ) = In(B]) ∩ In(B[). By the previous

result, In(B]) is Sp+
1 (In(B)) and In(B[) is Sp−1 (In(B)). In Section IV.E we will

show that Sp+
1 (A) ∩ Sp−1 (A) = Pt1(A) for any initial subclass A of ωω, and if

we take A = In(B) our result follows immediately.

This result also has a simple game proof. If C is a partitioned union of the
elements of In(B), then if Player II in G(C,B]) uses the strategy described
in the proof of Theorem III.E.11 his guesses will always settle down (because
the union of the partitioning sets is ωω) so that II never takes his moves back
infinitely often. It then follows from Theorem III.E.6 that the degree of C is
reducible to a multiple of the degree of B.

III.F The first Ω degrees

In this short section we apply some of the results of this chapter to the problem
of determining the exact structure of the collection of degrees of ∆0

2 sets. We
show that these degrees are those generated from 1 and 1− using addition and
countable least upper bound. The order type of the collection of selfdual degrees
of this type is Ω, and the hierarchy of initial classes formed by the selfdual
degrees coincides with the Hausdorff difference hierarchy.

We begin by defining an Ω-sequence r of selfdual degrees which, we will
show, constitutes the backbone of the collection of degrees of ∆0

2 sets.

Definition III.F.1. For any positive countable ordinal µ:

rµ = jn{1, 1−} · µ.

In particular, r1 is the degree of a clopen set that is neither ∅ or ωω.

Theorem III.F.2. For any ∆0
2 set D:

• the degree of D is either 1, 1−, rµ, rµ + 1, or rµ + 1− for some positive
countable ordinal µ.

Proof. We show that r]1 is the degree of a complete Σ0
2 set, and then apply

Theorem III.E.9. To see that r]µ is as claimed, let q be the degree of a complete

Σ0
2 set. The set ωω] is {α ∈ ωω : ∀∞k α(k) 6= ∅} which, we know, is Σ0

2 and

complete, i.e., dg(ωω]) = q. Since dg(ωω) ≤ r1, we have q ≤ r]1.
On the other hand, the set ωω]] is {α : ∀∞k α(k) 6= 0 and α(k) 6= 1} which

is again easily shown to be of degree q. Since r1 ≤ q, we have r]1 ≤ q] and
q] = dg(ωω])] = dg(ωω]]) = q.
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Thus r]1 ≡ q. Now let d = dg(D). Since d < r]1, we know by Theorem III.E.9
that either d = c or d = r1 · µ or d = r1 · µ+ c for some positive ordinal µ and
some degree c less than r1. Since 1 and 1− are the only degrees less than r1,
and since r1 · µ = rµ, we have our result.

The result cited, namely Theorem III.E.9, requires SLO; but all sets involved
are Borel (in fact ∆0

3), and for these SLO is known to be true.

1− 1

r1

r2

r3

...

rω

...

Figure III.13

This result confirms the picture that was conjectured in Section I.C: Ω levels
with dual pairs alternating with selfdual degrees, and selfdual degrees at limit
ordinals (it is easily checked that these degrees are all distinct).

An easy corollary of the previous result is the following ‘inductive’ definition
of the collection of degrees of ∆0

2 sets.

Theorem III.F.3. The collection of degrees of ∆0
2 subsets of ωω is the least

set of degrees that contains 1 and is closed under the taking of duals, under
addition, and under countable least upper bound.

Proof. The proof is a straightforward induction (using the previous result) and
is omitted.
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There are other versions of this result, e.g., the collection of degrees of ∆0
2

sets is the least containing 1 and 1− and closed under the star operation, under
dual and under least upper bound.

We now proceed to describe exactly the correspondence between the struc-
ture of the degrees of the ∆0

2 sets and the difference hierarchy.

Definition III.F.4. For any countable ordinal µ:

• µ is even iff µ = ω ·ν+2n for some ordinal ν and some natural number n.
A countable ordinal that is not even is said to be odd.

It is easily verified that µ is even iff µ+ 1 is odd and vice versa.

Definition III.F.5. For any countable ordinal µ and any µ+ 1-sequence A of
subsets of ωω:

∂µ(A) =
⋃{

Aν −Aν+1 : ν is even
}
ν∈µ.

For example, if A is a 4-sequence of sets then

∂3(A) = (A0 −A1) ∪ (A2 −A3)

and if A is ω + 2-ary then

∂ω+2(A) = (A0 −A1) ∪ (A2 −A3) ∪ (A4 −A5) ∪ · · · ∪ (Aω −Aω+1).

Definition III.F.6. For any countable ordinal µ and any subclass A of P(ωω):

Dfµ(A) =
{
∂µ(A) : A is monotone nonincreasing and Aµ = ∅

}
A∈µ+1A.

A0

A1

A2

Figure III.14

For example, Df3(A) is the collection of sets of the form (A0−A1)∪(A2−A3)
with A0 ⊇ A1 ⊇ A2 ⊇ A3 = ∅; in other words, it is the collection of sets of the
form (A0 − (A1 − A2)) with A0 ⊇ A1 ⊇ A2. Similarly, Df4(A) and Df5(A) are
sets of the form A0−(A1−(A2−A3))) and A1−(A2−(A3−A4))), respectively,
with A0 ⊇ A1 ⊇ A2 ⊇ A3 ⊇ A4. Note that Df1(A) is A itself.
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Theorem III.F.7. For any positive countable ordinal µ:

• Dfµ(F) is In(rµ + 1) if µ is even, otherwise In(rµ + 1−) (when µ is odd).

Proof. We first show that Dfµ(F) ⊂ In(rµ + 1) (if µ is even), or Dfµ(F) ⊂
In(rµ + 1−) (if µ is odd) by induction on µ.

The case µ = 1 is immediate because In(rµ + 1−) = F = Df1(F).
Now suppose that µ > 1 and assume the result for all positive ν less than µ.
Suppose first that µ is even. Let D ∈ Dfm(F) and let R (⊆ ωω) be of

degree rµ. We must show D ∈ In(rµ + 1), i.e., that D ≤ R+ ∅.
Since D ∈ Dfµ(F), we know that D = ∂µ(F ) for some monotone nonincreas-

ing µ+ 1-sequence F of closed sets. Then in G(D,R+ ∅) Player II plays 1’s as
long as Player I’s position s has an extension in Fµ for every ν less than µ.

If this is the case throughout the game, then I’s final sequence α will be in
Fν for any ν less than µ. Now if ν is any even ordinal less than µ, since µ is
even as well, ν + 1 is also less than µ and so α 6∈ Fν − Fν+1. Thus α 6∈ D.
But in these circumstances Player II’s final sequence will be 111 · · · which is in
−(R+ ∅), and so II wins.

Now suppose, on the other hand, that I has just played so that α 6∈ Fν for
some ordinal ν less than µ. Then D(s) = ∂µ(F )(s) = ∂µ(F(s)) (where F(s) =
〈(Fη)(s)〉η∈µ+1 = ∂ν(F(s)|ν + 1) (because (Fη)(s) = ∅ for any η in µ + 1 such
that η ≥ µ) and ∂µ(F(s)|ν + 1) ∈ Dfν(F) because F(s)|ν + 1 is a monotone
nonincreasing ν + 1-sequence of closed sets with (Fη)(s) = ∅.

Thus D(s) ∈ Dfν(F) and so dg(D(s)) ≤ rν (we can assume ν > 0). But at
this point Player II’s position is of the form 111 · · · 1 and so II wins because
(R+ ∅)(1111) = R+ ∅ ≥ R and dg(R) = rµ ≥ rν ≥ dg(D(s)).

Thus II has a winning strategy for G(D,R+∅) and so Dfµ(F) ⊂ In(rµ+1).
When µ is odd, an analogous proof shows that Dfµ(F) ⊂ In(rµ + 1−).

We now show that the converse inclusions hold.
Let µ be a positive ordinal in Ω. It is easily verified that Dfµ(F) is an initial

class, and it is a classical result that Dfµ(F) 6= Dfµ(F)− (this also follows
immediately from the results in Section IV.C). Thus by SLO for ∆0

2 sets we
can conclude that the collection Dfµ(F) − Dfµ(F)− of ‘true’ Dfµ(F) sets is a
nonselfdual degree—call it qµ.

It is also a classical result that the difference hierarchy is strictly increasing,
i.e., that Dfµ(F) ⊂ Dfµ+1(F) ∩ Dfµ+1(F)− for any positive µ in Ω. Thus
qµ < qµ+1 and qµ < q−µ+1 for any such µ. Since we know by Theorem III.F.2

that the only incomparable dual pairs of degrees of ∆0
2 sets are of the form

〈rµ+ 1, rµ+ 1−〉, it follows that the sequence 〈{qµ, q−µ }〉1≤µ<Ω must increase ‘at
least as fast’ as the sequence 〈{rµ + 1, rµ + 1−}〉1≤µ<Ω, i.e., that qµ ≤ rµ + 1 or
qµ ≤ rµ + 1− for all positive µ in Ω.

Now if µ is even we already know that rµ + 1 ≤ qµ. If qµ ≤ rµ + 1−, we
would have rµ + 1 ≤ rµ + 1−, impossible. Thus qµ ≤ rµ + 1, i.e., qµ = rµ + 1.
Similarly, if µ is odd then qµ = rµ + 1−.

Finally, it follows that Dfµ(F) = In(rµ + 1) if µ is even and Dfµ(F) =
In(rµ + 1) if µ is odd.
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Chapter IV

The Expansion Operations
and the ωG-Boolean Classes

In this chapter we develop the mathematical tools needed to solve Luzin’s limit
class problem. Although this problem remained unsolved for many years, the
techniques used are almost entirely classical. In particular no games are used,
and neither SLO nor determinateness are required. Both the limit class result
and the tools developed will be used in the next chapter.

In Section IV.A we review some simple facts about the (“B-measurable”)
Borel functions. These are the functions obtainable from the continuous func-
tions by taking limits.

Section IV.B is devoted to Boolean set transformations (the “analytical”
operations of Kantorovich and Livenson [13, 14]). Of special interest are the
ωG-Boolean subclasses of P(ωω). These are the classes of all sets formed by
applying a particular Boolean set transformation to ω-sequences of open sets.

In Section IV.C we present the expansion operations on subclasses of P(ωω).
If C is such a class and µ is a countable ordinal, the class Cµ is the collection
of all subsets of the Baire space that are homeomorphic to an element of C
(modulo a closed set) by a homeomorphism that is continuous in one direction
and of class µ in the other. The class Cµ is normally much larger than C,
but shares many properties with C. The definition of expansion is implicit in
Kuratowski [19]. The crucial Lemma IV.C.6 is a refined or sharpened version
of one of Kuratowski’s results.

Section IV.D is devoted to separated and partitioned unions. As we have
seen already, a ∆0

1-separated union of elements of a class A, for example, is
the union of an ω-sequence A of elements of A that are far enough apart that
there is a partition of the Baire space into ∆0

1 compartments with exactly one
component of A in each compartment. These kinds of unions produce sets that
are, in general, simpler than those produced by unrestricted unions. Separated
and partitioned unions are certainly classical in spirit, but are not mentioned
explicitly in works like Kuratowski [19] or Luzin [21]. The formulation given
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here is due to Addison.
Finally, we use our techniques and results to solve Luzin’s problem. We show

that the class of ∆0
λ sets (λ a positive countable limit ordinal) is the result of

closing the class of ∆0
(λ) sets out under ∆0

µ-separated unions for every positive
µ less than λ.

IV.A Borel functions

We begin with a brief section concerning Borel (or “B-measurable”) functions.
Both results given here can be found in Kuratowski [19, Section 31], although
in a somewhat different notation.

A function from ωω to ωω is Borel iff the inverse image of any open set
under that function is a Borel set. It can be shown that the collection of Borel
functions is the least that contains all the continuous functions and is closed
under countable pointwise limit. In other words, if for each n fn is a Borel
function, and if for each α g(α) = limnfn(α), then g is also a Borel function.

There is a natural hierarchy of Borel functions with Ω levels that classifies
a function according to the number of limits that must be taken in order to
reach the function in question. Those at level 0, for example, are the continuous
functions, those at level 1 are the limits of continuous functions, and in general
those at level µ (or “of class µ”) are limits of functions at levels lower than
the µ-th. It can be shown that a function is at level µ iff the inverse image of
any open set is a Σ0

1+µ set. It will be convenient for our purposes to use the
last property as the definition of the collection of functions of class µ.

Definition IV.A.1. For any function f from ωω to ωω and any countable
ordinal µ:

• f is of class µ iff f−1(G) is Σ0
1+µ for any open set G.

Our first result describes the effect of a class µ function on the Borel hierar-
chy.

Theorem IV.A.2. For any function f from ωω to ωω, any countable ordinals
µ and η, and any subset G of ωω:

• if f is of class µ and G is Σ0
1+η then f−1(G) is Σ0

1+µ+η.

Proof. We proceed by induction on η. The case η = 0 is straightforward.
Now let η > 0 and assume the result for all ν less than η. Let G be a Σ0

1+η

set. There must be an ω-sequence H of subsets of ωω with each Hn a Σ0
1+νn set

for some νn less than η, such that G =
⋃
n−Hn. Then f−1(G) =

⋃
n−f−1(Hn)

and by our induction hypothesis f−1(Hn) is Σ0
1+µ+νn for each n. Thus f−1(G)

is Σ0
1+µ+η because µ+ νn ≤ µ+ η for each n.

Notice that inverse image under a Borel function leaves most levels un-
changed. For example, if f is of class 3 and G is Σ0

ω (i.e., Σ0
1+ω) then f−1(G)

will also be Σ0
ω (i.e., Σ0

1+3+ω).
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Our other result in this section is that the class of the composition of two
functions is the sum of their classes.

Theorem IV.A.3. For any functions f and g from ωω to ωω and any countable
ordinals µ and n:

• if f is of class η and g is of class µ then f ◦ g is of class η + µ.

Proof. Let h be f ◦ g and let G be an open set. Then h−1(G) is f−1(g−1(G)).
Now g−1(G) is Σ0

1+µ and so f−1(g−1(G)) is Σ0
1+η+µ, by Theorem IV.A.2.

The definitions and results just given are easily relativized to closed subsets
of the Baire space. A function from a closed set E to a closed set F is of class µ
on E iff the inverse image under of any open subset of F is a Σ0

1+µ subset of E.
Especially important are bijections that are Borel in both directions.

Definition IV.A.4. For any closed subsets E and F of ωω, any function h
from E to F , and any countable ordinals µ and η:

• h is a (µ, η)-homeomorphism between E and F iff

1. h is a bijection between E and F ;

2. h is of class µ on E;

3. h−1 is of class η on F .

In the next chapter we will consider only (µ, 0)-homeomorphisms from ωω
to a closed set.

IV.B Boolean set transformations

In this section we study the Boolean set operations and transformations, the
manner in which they can be used to construct initial subclasses of P(ωω), and
the properties of these subclasses.

A set operation over a set (‘space’) X is a function that takes as its argument
a family of subsets of X and returns as its result a subset of X. We are interested
in those operations which, informally speaking, make no use of any underlying
structure of X. Consider, for example, the operations Rm1, σ and A over ωω
defined as follows.

Rm1(A) = Ac ∩ (−A)c for any A ∈ P(ωω)
σ(B) =

⋃
nBn for any B ∈ ωP(ωω)

A(C) =
⋃
α

⋂
k Cα|k for any C ∈ SqP(ωω).

The first operation, Rm1, makes fundamental use of the topology on ωω.
The other two, by contrast, are purely ‘combinatorial’ in nature and could be
defined just as well on P(X) for any set X. The property shared by σ and A is
the following: to determine whether or not a given point belongs to the result of
the operation, it is sufficient to determine to which of the arguments the point
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belongs. Such operations we term Boolean. For technical convenience we study
not just operations but also transformations, i.e., functions that yield families
of sets as results.

Definition IV.B.1. For any sets I, J and X:

• an (I, J)-ary set transformation over X is a function from IP(X) to JP(X).

We will not be careful to distinguish between a set A and the 1-sequence 〈A〉,
so that (I, 1)-ary transformations are I-ary operations.

Definition IV.B.2. For any sets I, J and X, and any (I, J)-ary set transfor-
mations Γ over X:

• Γ is (generalized) Boolean iff there is a function g from P(I) to P(J) such
that {

j ∈ J : X ∈ Γ(V )j
}

= g
(
{i ∈ I : X ∈ Vi}

)
for any x in X and any I-family V of subsets of X.

An example of an (ω, ω)-ary set transformation is the transformation Ψ over
ωω where

Ψ(V ) =
〈⋃
n<j

Vn

〉
j∈ω

for any V in ωP(ωω). If g is the function corresponding to Ψ, we have g(Q) =
{j ∈ ω : ∃n < j n ∈ Q} for any subset Q of ω.

X × IP(X) X × JP(X)

P(I) P(J)

1× Γ

εI εJ

g

Figure IV.1

In general the relationship between Γ and g described in Definition IV.B.2
can be expressed by means of a commutative diagram. In the diagram

(1× Γ)(〈x, V 〉) = 〈x,Γ(V )〉
εI(〈x, V 〉) = {i ∈ I : x ∈ Vi}
εJ(〈x,W 〉) = 〈j ∈ J : x ∈Wj〉

for any x in X, any V in IP(X) and any W in JP(X).
Note that the function g is independent of the particular space X. In a

sense Boolean transformations are spaceless—binary intersection, for example,
is essentially the same operation on P(ωω) as on any other P(X).
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The study of Boolean set operations began with Suslin [36] where he used
the operation A (as defined above) to produce a ‘constructive’ example of a
non-Borel set. Then in 1927 Hausdorff (and independently Kolmogorov) in-
troduced the δs operations, a special type of Boolean operation. The general
Boolean operations were defined and studied extensively in Kantorovich and
Livenson [13, 14]. Kantorovich and Livenson used these operations to prove, for
example, the existence of a ∆1

2 set not obtainable from the Borel sets by closing
out under application of the operation A. Kantorovich and Livenson used the
word “analytical” to describe the operations we term “Boolean”. We have in-
troduced our own terminology because the word “analytic” and its derivatives
are already rather overworked. We chose “Boolean” because when I is finite
the I-ary Boolean operations are exactly those that can be defined using the
ordinary Boolean combinations: union, intersection and complementation.

Other related classifications of set operations have been studied (these clas-
sifications can be extended to transformations). For example, an operation Γ on
P(X) is invariant iff Γ({π(a)}a∈A) = {π(b)}b∈Γ(A) for any subset A of X and
any permutation π of X, and Γ is local iff it satisfies a condition similar to that
in Definition IV.B.1, except that the value of g may also depend on x (locally
Boolean might be a better description). A Boolean operation Γ is positive iff it
is an nondecreasing function, i.e., iff for any families A and B, if Ai ⊆ Bi for
each i then Γ(A) ⊆ Γ(B). For a more complete account, see Hinman [11].

We will use Boolean set operations primarily to determine subclasses of
P(ωω). Given an operation Γ we may form (for example) the class GΓ of sets
that are the result of applying Γ to a family of open sets. Thus GA (with A
as above) is the class of analytic sets, because A applied to any Sq-family of
open sets yields an analytic set, and any analytic set can be obtained from open
sets in this way. Other subclasses related to Γ are produced by applying Γ to
families of sets whose elements are not necessarily open.

Definition IV.B.3. For any set I, any subclass H of IP(ωω), and any I-ary
Boolean set function Γ:

HΓ = {Γ(H)}H∈H

Since we are identifying 1P(ωω) and P(ωω), subclasses of P(ωω) are defined
by (I, 1)-ary transformations, and if C is a subclass of P(ωω) we write CΓ instead
of (IC)Γ. Note that Fσ (with σ defined as above) is the class of countable unions
of open sets.

Here are a few more examples:

I Γ(H) GΓ

1 −H0 the class F of closed sets
2 H1 −H0 the class of differences of open sets
ω

⋃
nHn the class G itself

ω 〈
⋃
m<nHm〉n∈ω the class of monotone nondecreasing

ω-sequences of open sets

It is often important to know that one class can be obtained from another
using Boolean transformations in this way.
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Definition IV.B.4. For any sets I, J and X and any subclasses H and E of
IP(X) and JP(X) respectively:

• E is H-Boolean iff E = HΓ for some (I, J)-ary Boolean set transformation
Γ over X.

Thus for any I, each set in an IG-Boolean subclass of P(ωω) can be expressed
as a particular Boolean combination of simple (i.e., open) sets. It is this fact
that (as we shall see) accounts for the many useful properties of the IG-Boolean
subclasses. These classes are, for example, all initial. The initiality of IG-
Boolean classes is an easy consequence of the following characterization of the
Boolean set transformations as those that commute with preimage.

Theorem IV.B.5. For any sets I, J and X and any function Γ from IP(X)
to JP(X):

• Γ is Boolean iff
f−1 ◦ Γ(A) = Γ(f−1 ◦A)

for any I-family A of subsets of X and any function f from X to X.

Proof. Suppose that Γ is Boolean. Then for any x in X we have{
j ∈ J : x ∈ (f−1 ◦ Γ(A))j

}
=

{
j ∈ J : x ∈ f−1(Γ(A)j)

}
=

{
j ∈ J : f(x) ∈ Γ(Aj)

}
= g

(
{i ∈ I : f(x) ∈ Ai}

)
(where g and Γ are related as in Definition IV.B.2)

= g
(
{i ∈ I : x ∈ f−1(Ai)}

)
= g

(
{i ∈ I : x ∈ (f−1 ◦A)i}

)
=

{
j ∈ J : x ∈ Γ(f−1 ◦A)j

}
.

Thus for each j, x is in f−1 ◦ Γ(A)j iff x is in Γ(f−1 ◦A)j , and so

f−1 ◦ Γ(A) = Γ(f−1 ◦A).

Now suppose, on the other hand, that Γ commutes with inverse images as
above. For any x in X let cx be the constant function with value x. Note that
for any subset V of X, c−1

x (V ) is X if x ∈ V , and otherwise is ∅.
Then for any A as above, we have{

j ∈ J : x ∈ Γ(A)j
}

=
{
j ∈ J : (c−1

x ◦ Γ(A))j = X
}

=
{
j ∈ J : Γ(c−1

x ◦A)j = X
}

=
{
j ∈ J : Γ(h({i ∈ I : x ∈ Ai}))j = X

}
,

where for any subset M of I, h(M) is the family whose i-th component is X if
i is in M , otherwise ∅. In other words,

h(M) = {〈i,X〉}i∈M ∪ {〈i, ∅〉}i 6∈M .
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Thus if we set g(M) = {j ∈ J : Γ(h(M))j = X} for any subset M of I, we have{
j ∈ J : x ∈ Γ(A)j

}
= g
(
{i ∈ I : x ∈ Ai}

)
.

The key idea in the second part of the proof is that an I-ary Boolean set
transformation is determined by its restriction to I{∅, X}.

We can now prove that any IG Boolean class is an initial class. To state
this result in its most general form we extend ≤ (and ≤c and ≤L) to families of
subsets of ωω.

Definition IV.B.6. For any set I and any I-families A and B of subsets of ωω:

• A ≤ B (or A ≤c B, or A ≤L B) iff A = f−1 ◦ B for some continuous
function (or contraction map, or Lipschitz function) f from ωω to ωω.

A0 A1 A2

B0 B1 B2

Figure IV.2

Given two families A and B, asserting that A ≤ B is much stronger than
merely asserting that Ai ≤ Bi for each i. For example, if B is increasing or
disjoint then A must be as well. It should be remarked that SLO does not hold
for families, even if we assume ordinary SLO.

The functions In, InL, and Inc, the notion of initial class, and the notion of
completeness are extended to families in the obvious way.

Proposition IV.B.7. For any sets I and J , any subclass H of of IP(ωω), and
any (I, J)-ary Boolean set transformation Γ over ωω:

In(H)Γ = In(HΓ)

and analogous equations hold for InL and InC .
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Proof. We have

In(H)Γ =
{

Γ(H ′)
}
H′∈In(H)

=
{

Γ(f−1 ◦H)
}
f∈Cn,H∈H

=
{
f−1 ◦ Γ(H)

}
f∈Cn,H∈H

=
{
f−1 ◦K

}
f∈Cn,K∈HΓ

= In(HΓ).

This proposition allows us to now derive the general result, that says that
the property of being an initial class, and the property of having a ≤c-maximal
element, are carried over from H to HΓ.

Theorem IV.B.8. For any sets I and J , any subclass H of IP(ωω), any H in
H and any (I, J)-ary Boolean set transformation Γ:

1. if H is an initial class then so is HΓ;

2. if H is a ≤c-maximal element of H then Γ(H) is a ≤c-maximal element
of HΓ.

Proof. Suppose first that H is an initial class, i.e., that H = In(H). Then
HΓ = In(H)Γ (by the previous result) = HΓ so that HΓ is also an initial class.

Now suppose that H is a ≤c-maximal element of H, so that H ⊆ Inc(H).
ThenHΓ ⊆ Inc(H)Γ and Inc(H)Γ = Inc(HΓ) (Definition IV.B.4) = Inc({Γ(H)})
so that Γ(H) is a ≤c-maximal element of HΓ.

The preceding theorem means that we can establish that all ωG-Boolean
have the properties cited simply by establishing that ωG has them.

Proposition IV.B.9. The class ωG is an initial class with a ≤c-maximal ele-
ment.

Proof. Suppose first that G is an element of ωG and that G′ is an ω-sequence
of subsets of ωω such that G′ ≤ G. Then G′ = f−1 ◦ G for some continuous
function f , and since G′n = f−1(Gn) for each n, each Gn is open and so G′ ∈ ωG.

Next, we define a ≤c-complete element of ωG by setting

Gn =
{
α ∈ ωω : α(i) = n+ 1 for some i

}
for all n. Let G′ be any ω-sequence of open sets and let Gs(G′, G) be the game
whose rules are those of the ordinary G-games except that the winning condition
for Player II is that α ∈ G′n ⇔ β ∈ Gn for every n. It is not hard to show that
G′ ≤ G iff II has a winning strategy for Gs(G′, G).

Therefore, II’s strategy for the game is as follows: on each move, let n
be the least number such that (i) II has not yet played n + 1, and (ii) I has
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‘entered’ G′n, i.e., his position s is such that that [s] ⊆ G′n. Then on the move
in question II plays n+ 1, or else 0 if no such n exists.

Now let α and β be the final sequences of I and II respectively. Then for
any n we have α ∈ G′n ⇔ I eventually ‘enters’ G′n in the course of the game ⇔
II eventually plays n+ 1 ⇔ β ∈ Gn and so II wins.

Theorem IV.B.10. Every ωG-Boolean subclass of P(ωω) is a nonselfdual ini-
tial class with a ≤-complete element.

Proof. LetA be an ωG-Boolean class. We know by Theorem IV.B.8 and Proposi-
tion IV.B.7 that it is an initial class with a≤c-complete (and therefore≤-complete)
element. If A were self-dual, the ≤c-complete element would be ≤c-reducible to
its complement, which is impossible.

We conclude this section with several lemmas and theorems that allow us to
conclude that a great many initial classes are ωG-Boolean.

The first is a simple result to the effect that Booleanness is transitive.

Proposition IV.B.11. For any sets I and J , any subclass A of IP(ωω) and
any subclass B of JP(ωω):

• if B is A-Boolean and A is ωG-Boolean then B is ωG-Boolean.

Proof. There must be an (ω, I)-ary Boolean set transformation Φ and a (I, J)-
ary set transformation Ψ such that A = (ωG)Φ and B = AΨ. Then if we let
Γ = Φ ◦Ψ, Γ is an (ω, J)-ary Boolean set transformation and B = (ωG)Γ and so
B is ωG-Boolean.

The lemma gives us an easy proof of the following simple but important
result.

Theorem IV.B.12. A subclass of P(ωω) is ωG-Boolean iff it is IG-Boolean for
some finite or countable I.

Proof. Suppose first that I is finite or countable and that A is an IG-Boolean
subclass of P(ωω). By the previous result, to show that A is ωG-Boolean it is
enough to show that IG itself is ωG-Boolean.

Since I is finite or countable, there must be a one-one function k from I
into ω. Then let Ψ be the (ω, I)-Boolean set transformation such that Ψ(A) =
〈Aki〉i∈I for every A in ωG. Then because k is one-one, every element of IG
is of the form Ψ(G) for some G in ωG. Thus IG is equal to (ωG)Ψ and so is
ωG-Boolean.

The converse is even more straightforward.

Our last lemma says that countable products of ωG-Boolean classes are
ωG-Boolean.

Theorem IV.B.13. For any set I and any I-family C of subclasses of P(ωω):

• if I is countable and Ci is ωG-Boolean for each i in I, then Xi∈I Ci is
ωG-Boolean.
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Proof. For each i let Φi be a ω-ary Boolean set operation over ωω such that Ci =
(ωG)Φi for every i. Then let Ψ be the (I ×ω, I)-ary Boolean set transformation
over ωω such that Ψ(G) = 〈Ψi(〈G(i,n)〉n∈ω)〉i∈I for any element G of I×ωP(ωω).
It is easily verified that Xi Ci is (I×ωG)Ψ and so is I×ωG-Boolean. But I × ω is
countable; by the previous result, then, Xi Ci is ωG-Boolean.

For example, this result implies that if a subclass A of P(ωω) is ωG-Boolean
then so is the class of all countable intersections of elements of A. This is true
because the class of all such intersections is the class of all the results of applying
the countable intersection operation to elements of A×A×A× · · · .

We can now give a simple proof that the Σ and Π Borel classes are ωG-Boolean.

Theorem IV.B.14. For any positive countable ordinal µ:

• The class of all Σ0
µ subsets of ωω and the class of all Π0

µ subsets of ωω
are ωG-Boolean.

Proof. The proof (by induction on µ) uses the previous result and is straight-
forward.

Finally, we show that the various levels of the difference subhierarchies are
all ωG-Boolean.

Theorem IV.B.15. For any positive countable ordinal η and any countable
ordinal µ:

• the class Dfµ({A ∈ ωω : A is Π0
η} is ωG-Boolean.

Proof. We give the proof in the case η = 0, i.e., we show that each Dfµ(F) is
ωG-Boolean. The proof in the general case is completely analogous.

By definition, Dfµ(F) is {∂µ(D)}D∈D where

D =
{
D ∈ µ+1F : D is monotone nonincreasing and Dµ = ∅

}
.

In other words, Dfµ(F) = D∂µ ; and since ∂µ is clearly Boolean, it is enough to
show that the class D is ωG-Boolean. For any F in ω+1F let Φ(F ) be D where
Dν =

⋂
κ≤ν Fκ when ν < µ + 1, and Dµ+1 = ∅. It is easy to see that Φ is

Boolean and that D = (µ+1F)Φ. Thus D is µ+1F-Boolean and therefore (by
Theorems IV.B.10 and IV.B.13) ωG-Boolean.

Kantorovich and Livenson [13, 14]) prove a result that essentially states that
the class of projections of an ωG-Boolean class is again ωG-Boolean, so that for
example the class of Σ1

n subsets of ωω is ωG-Boolean for every n.
The preceding result can easily be used to establish the fact that a wide

variety of classes are ωG-Boolean. For example, if A and B are ωG-Boolean, then
so is the class of intersections of elements of A and B (i.e., {A ∩ B}A∈A,B∈B).
This is so because the class in question is the image of the class A×B (which is
ωG-Boolean by Theorem IV.B.12) under the binary intersection operation. In
later sections we will show that in fact every nonselfdual initial class of Borel
sets is ωG-Boolean.
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IV.C Reduction and expansion

In this section we study an important method of ‘expanding’ subclasses of P(ωω)
by means of generalized homeomorphisms, and show that the expansion of an
ωG-Boolean class shares many properties with the class itself.

Given a subclass A of P(ωω) and a countable ordinal µ, we define the ex-
pansion Aµ of A to be the collection of subsets of ωω that can be reduced to an
element of A modulo a closed set, the reduction being performed by a (µ, 0)-
homeomorphism. For convenience we give a more general definition that allows
classes of families to be expanded.

Definition IV.C.1. For any set I, any I-families A and B of subsets of ωω,
any closed set E and any countable ordinal µ:

B ≈µ A/E

iff there is a (µ, 0)-homeomorphism h from ωω onto E such that B = h−1 ◦A.

B0

B1

A0

A1

E

h

Figure IV.3

In case A and B are simply subsets of ωω we will write B ≈µ A/E instead
of 〈B〉 ≈µ 〈A〉/E.

Note that the inverse of h (being class 0) is continuous on E.

Definition IV.C.2. For any set I, any subclass A of IP(ωω), and any count-
able ordinal µ:

Aµ =
{
B ∈ IP(ωω) : B ≈µ A/E for some closed set E and some A in A

}
.

The usefulness of the expansion operation lies in the fact that in generalAµ is
a much larger class than A but nevertheless inherits many important properties
(such as that of being an initial class with a complete element) from A.

It is not possible to dispense with the closed set E (i.e., to consider only
(µ, 0)-homeomorphisms from ωω onto itself) without losing most of our main
results. For example, we will show that every Borel set can be reduced to an
open set modulo a closed set; but we cannot assume that the closed set is ωω
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because some Borel sets are countably infinite whereas every nonempty open
set is uncountable.

Our strategy for showing that certain properties are preserved by expan-
sions is to show that the expansion operation commutes with other operations
on classes. For example, it is easily seen that the union of expansions is the
expansion of the union.

Lemma IV.C.3. For any set I, any ω-sequence A of subclasses of IP(ωω) and
any countable ordinal µ: (⋃

i∈I
Ai
)µ

=
⋃
i∈I

(Ai)µ.

Proof. The proof is straightforward and is omitted.

Another result is that expansion commutes with application of Boolean set
transformations. To prove this result we use the following lemma that says that
if one family is reduced to another then so are the corresponding images under
any Boolean set transformation.

Lemma IV.C.4. For any sets I and J , any I-families A and B of subsets of
ωω, any (I, J)-ary Boolean set transformation Γ and any countable ordinal µ:

• if B ≈µ A/E then Γ(B) ≈µ Γ(A)/E.

Proof. Let h be the (µ, 0)-homeomorphism from ωω onto E such that B =
h−1 ◦A. Then Γ(B) = Γ(h−1 ◦A) = h−1 ◦ Γ(A) (by Theorem IV.B.5) and so h
also reduces Γ(B) to Γ(A) on E.

Theorem IV.C.5. For any sets I and J , any subclass A of IP(ωω), any (I, J)-
ary Boolean set transformation Γ and any countable ordinal µ:

(AΓ)µ = (Aµ)Γ.

Proof. Suppose first that C is in (AΓ)µ. Then C can be reduced to an element
of AΓ, i.e., C ≈µ Γ(A)/E for some A in A and some closed set E. Let h be a
function that performs this reduction, i.e., let h be a (µ, 0)-homeomorphism from
ωω onto E such that C = h−1 ◦Γ(A). Then C = Γ(h−1 ◦A) by Theorem IV.B.5.
Setting B = h−1 ◦ A we see that C = Γ(B) and B ≈µ A/E (so that h itself
reduces B to A). Thus C ∈ (Aµ)Γ.

Conversely, suppose that C is in (Aµ)Γ. Then C = Γ(B) for some B in Aµ.
Now there must exist an A in A and a closed set E such that B ≈µ A/E. Using
the previous result lemma, we have Γ(B) ≈µ Γ(A)/E and since C = Γ(B), C is
in (AΓ)µ.

We now proceed to prove the most important commutativity result, namely
the result that expansion commutes with countable product.

To understand the importance of this result, suppose first that we wish
to compute the expansion (Gδ)µ of the class Gδ of countable intersections of
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open sets. It might seem that we could use the previous result and conclude
that the class in question is (Gµ)δ. This is in fact the case, but our reasoning
is invalid: The class Gδ is the result of applying the countable intersection
operation to the elements of ωG, i.e., it is (ωG)δ. The previous result tells us
only that ((ωG)δ)

µ = ((ωG)µ)δ. We must also show that (ωG)µ = ω(Gµ), i.e.,
that (Xn∈ω G)µ = Xn∈ω Gµ.

Now in general it is not obvious that the product Xn∈ω Cµn of the expansions
of the components of an ω-sequence C of subclasses of P(ωω) is the same as the
expansion (Xn∈ω Cn)µ of the product. A sequence D (of subsets of ωω) is in the
former provided only that each component Dn is reducible to an element Cn of
Cn by some (µ, 0)-homeomorphism hn; On the other hand, for a sequence D to
be in the latter family, it is necessary that the entire sequence can be reduced
to an element of Xn∈ω Cn by means of a single (µ, 0)-homeomorphism. In other
words, for a sequence D to be in the latter class it is necessary that it be possible
to perform the reductions (of each Dn to the corresponding Cn) uniformly, i.e.,
by means of a single homeomorphism and modulo a single closed set.

A B

C

h0 h1

E0 E1

Figure IV.4

Exactly the same problem appears when we try to show that expansion
commutes with intersection (of subclasses of P(ωω)). In the simplest case, we
would like to show that (A∩B)µ = Aµ∩Bµ for appropriate subclasses A and B
of P(ωω). A set C is in Aµ ∩ Bµ provided it can be reduced to an element of A
(say by a homeomorphism h0 modulo closed set E0) and can be reduced to an
element of B (say by homeomorphism h1 modulo closed set E1). But a set is in
(A∩B)µ iff it can be reduced, by a single homeomorphism, to a single set that
is in both A and B. Again, we must find a method of combining two different
reductions and performing them uniformly.

This situation, in which one is required to combine two different descriptions
of the same object, arises quite often in logic. For example, in first-order model
theory we know that if an EC is both

∨0
2 and

∧0
2 then it is in the Boolean

algebra generated by the collection of
∨0

1 classes.
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To prove that expansion and product commute, we prove a lemma concerning
the slightly more general case in which the ordinals of the expansions may differ
in each coordinate. We show that Xn∈ω Cνnn = (Xn∈ω Cn)µ where µ =

⋃
n∈ω νn.

The proof requires that each Cn be an initial class.
The basic idea (due to Kuratowski) is to combine a sequence 〈hn〉n∈w of

reducing homeomorphisms (each hn a (νn, 0)-homeomorphism) simply by taking
their product. This yields a single reduction from ωω to ω(ωω) but we can use
a (0, 0)-homeomorphism between the two spaces to bring the reduction back
to the Baire space. We sharpen Kuratowski’s result by noting that not only is
the resulting homeomorphism of class (µ, 0), but also that the preimage of any
interval determined by a finite sequence of length n is not just Σ0

1+µ, but in fact

Σ0
1+νm for some m depending on n.

Lemma IV.C.6. For any ω-sequence C of subclasses of P(ωω) and any non-
decreasing ω-sequence ν of countable ordinals:

• if Cn is an initial class for each n then

Xn∈ω Cνnn ⊆ (Xn∈ω Cn)µ,

where µ =
⋃
n νn. Moreover, the reduction of any element of Xn∈ω Cνnn to

an element of Xn∈ω Cn can be performed by a homeomorphism h with the
property that h−1([s]) is Σ0

1+νn for any n in ω and any finite sequence s
of length n.

Proof. Let D ∈ Xn∈ω Cνnn and let µ =
⋃
n νn. Then for each n there is an

element Cn of Cn, a closed subset En of ωω and a (νn, 0)-homeomorphism hn
with continuous inverse gn from ωω onto En such that Dn = h−1

n (Cn).
The first step is to find an ω-sequence C ′ of subsets of ω(ωω), a function

h′ from ωω onto ω(ωω), a subset E′ of ω(ωω) and a function g′ from E′ to ωω
such that h′ is a (µ, 0)-homeomorphism from ωω onto E′, with inverse g′, which
reduces D to C ′.

The sequence C ′ is 〈
{δ ∈ ω(ωω) : δn ∈ Cn}

〉
n∈ω,

i.e., for each n, C ′n = p−1
n (Cn) where pn is the n-th projection function from

ω(ωω) to ωω.
The function h′ is Xn∈ω hn, i.e., h′(α) = 〈hn(α)〉n∈ω for any α in ωω.
The set E′ is{

δ ∈ Xn∈ω En : gi(δi) = gj(δj) for any i and j in ω
}
.

The function g′ is g0 ◦ p0|E′, i.e., g′(δ) = g0(δ0) for any δ in E′.
That h′ reduces D to C ′ is immediate: given any n and α we have h′(α) ∈

C ′n ⇔ h′(α)n ∈ Cn ⇔ hn(α) ∈ Cn ⇔ α ∈ D.
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That E′ is the range of h′ is also easy: for any δ in rg(h′), δ = h′(α) for
some α so that gi(δi) = gi(h

′(α)i) = gi(hi(α)) = α = gj(hj(α)) = gj(δj) for any
i and j in w. Conversely, if δ ∈ E′ then δn ∈ dm(gn) for each n and

h′(g′(δ)) = h′(g0(δ0)) = 〈hn(g0(δ0))〉n∈ω = 〈hn(gn(δn))〉n∈ω = 〈δn〉n∈ω = δ.

That g′ is the inverse of h′ is equally straightforward. We have just seen,
in the previous paragraph, that h′(g′(δ)) = δ for any δ in E′. Conversely, if
α ∈ ωω then g′(h′(α)) = g0(h′(α)0) = g0(h0(α)) = α.

The function g′ is continuous because g0 and p0 are. The set E′ is closed
because each En is closed and each gn is continuous. Finally, h′ is of class µ
because it is of class νn in the n-th coordinate and νn ≤ µ for each n (see, for
example, Kuratowski [19, p.382]).

We have therefore completed the first step.
The second step is to bring this reduction back to the Baire space, i.e.,

to find a sequence C ′′ in Xn∈ω Cn, a closed subset E′′ of ωω, and a (µ, 0)-
homeomorphism h′′ from ωω onto E′′ with inverse g′′ that reduces D to C ′′.

δ0(0)

δ1(0)

δ2(0)

...

δ0(1)

δ1(1)

δ2(1)

...

δ0(2)

δ1(2)

δ2(2)

...

· · ·

· · ·

· · ·

Figure IV.5

Let q be the function from ω(ωω) to ωω such that q(δ) is for any δ the result
of ‘merging’ the components of δ into a single element of ωω by tracing diagonals
(see diagram). In other words,

q(δ) =
〈
δ0(0), δ1(0), δ0(1), δ2(0), δ1(1), δ2(0), . . .

〉
.

It is easily verified that q is a homeomorphism between ω(ωω) and ωω; let r be
the inverse of q.

We define C ′′, E′′, h′′ and g′′ in terms of C ′, E′, h′ and g′ in the obvious
way: C ′′ = r−1 ◦ C ′, h′′ = q ◦ h′, E′′ = r−1(E′) and g′′ = g′ ◦ r.

It is immediate that h′′ is a (µ, 0)-homeomorphism onto E′′ with inverse g′′,
that E′′ is closed and that h′′ reduces D to C ′′ modulo E′′. Thus D ≈µ C ′′/E′′.
Finally, for each n, C ′′n = r−1(C ′n) = r−1(p−1

n (Cn)) and since r and pn are
continuous, C ′′n ≤ Cn. Since Cn ∈ Cn for each n and since each Cn is an initial
class, we have C ′′n ∈ Cn for each n. We have therefore reduced D to an element
of Xn∈ω Cn and so D ∈ (Xn∈ω Cn)µ.
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It remains only to check that the preimage under h′′ of an interval determined
by a sequence of length n is always a Σ0

1+νn set.
Let n be in ω and let s (= 〈s0, s1, ..., sn−1〉) be a sequence of length n. Then

h′′
−1

([s]) = h′
−1

(q−1([s])). Now it is easy to see that q−1([s]) is the product

[t0]× [t1]× · · · × [tm−1]× ωω × ωω × · · · .

of a sequence 〈[ti]〉i<m of at most n intervals with copies of ωω. For example, if
n = 6 then q−1([s]) is

[s0s1s3]× [s2s4]× [s5]× ωω × ωω × · · · .

But
h′−1

(
[t0]× [t1]× · · · × [tm−1]× ωω × ωω × · · ·

)
is

h−1
0 ([t0]) ∩ h−1

1 ([t1]) ∩ · · · ∩ h−1
m−1([tm−1]).

Now each hi is of class νi. Therefore each h−1
i ([ti]) is Σ0

1+νi . The inverse image

is thus a finite intersection of Σ0
1+νn sets (m ≤ n and ν is nondecreasing) and

so must also be Σ0
1+νn .

The fact that expansion commutes with countable products and intersections
of initial classes is an easy corollary of the above result.

Theorem IV.C.7. For any countable ordinal µ, any countable set I and any
I-family A of subsets P(ωω):

• if Ai is an initial class for each i in I then

1. Xi∈I Aµi = (Xi∈I Ai)µ;

2.
⋂
i∈I A

µ
i = (

⋂
i∈I Ai)µ.

Proof.

1. It follows directly from our last result that XiAµi ⊆ (XiA)µ. Conversely,
suppose that B ∈ (XiAi)µ. Then B ≈µ A/E for some closed set E and
some A in XiAi. But then Bi ≈µ Ai/E for each i, and since Ai ∈ Ai, we
have Bi ∈ Aµi . Thus XiAµi = (XiAi)µ.

2. Let B be a subset of P(ωω) and suppose first that B is in (
⋂
iAi)µ. Then

B ≈µ A/E for some closed set E and some A in
⋂
iAi. But since A

is in each Ai, we have B ∈ Aµi for each i and so B ∈
⋂
iA

µ
i . Thus

(
⋂
iAi)µ ⊆

⋂
iA

µ
i .

Now suppose on the other hand that B is in
⋂
iA

µ
i . This means that the

‘constant’ family 〈B〉i∈I is in XiAµi and so, by the result of part (1), it is
in (XiAi)µ. Therefore there is an element A of XiAi and a closed set E
such that 〈B〉i∈I ≈µ A/E.
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The different components of A may be unequal, but they must clearly
agree on E, i.e., Ai∩E = Aj ∩E for any i and j in I. Let k ∈ I and let A′

be a subset of ωω such that A′ ∩E = Ak ∩E and A′ ≤ Ak/E (such an A′

exists by Proposition I.A.5). Then A′ ∩E = Ai ∩E for all i and therefore
〈B〉i∈I ≈µ 〈A′〉i∈I/E, and so B ≈µ A′/E. But since Ai ∩ E = Ak ∩ E
for all i, we have A′ ≤ Ai/E for each i and so, since each Ai is an initial
class, A ∈ Ai for each i. Then A ∈

⋂
iAi and thus B ∈ (

⋂
iAi)µ. This

gives us
⋂
iA

µ
i ⊆ (

⋂
iAi)µ.

One of the most important benefits of these results is that they enable us
to compute the expansions of ωG-Boolean classes. If A is ωG-Boolean then
A = (ωG)Γ for some Boolean set transformation Γ. But then Aµ = ((ωG)Γ)µ =
((ωG)µ)Γ = (ω(Gµ))Γ so that we need know only the expansions of the class of
all open sets.

Our first step in this direction is to compute the simplest of these expansions,
namely G1.

Lemma IV.C.8. The class G1 is the class of Σ0
2 subsets of ωω.

Proof. Our first step is to show, by directly constructing reductions, that F ⊆
G1, i.e., that every closed set can be (1, 0)-reduced to an open set.

Let F be a closed set (we can assume F is nonempty) and let

S =

{
s ∈ Sq : s has no extension in F, but
every proper initial segment of s does

}
,

and let 〈si〉i∈m (m ≤ ω) be an enumeration of S without repetitions. It is easy
to see that −F =

⋃
i∈m[si] and that [si]∩ [sj ] = ∅ if i 6∈ j. Therefore, for any α

in −F there is a unique i in m and a unique α′ in ωω such that α = siα
′.

We define a function h from ωω to ωω as follows: for any α, if α ∈ −F then
h(α) = (i+ 1)α′ where α = siα

′ as above; and if α ∈ F then h(α) = 0α.
The range E of h is easily seen to be {0α}α∈F ∪

⋃
i∈m [i+1], which is clearly

a closed set.
To define the inverse g of h, if β ∈ E we set g(β) = siβ

′ if β = (i+ 1)β′ for
some i and β′, otherwise g(β) = 〈β(1), β(2), . . .〉. Then g is continuous and it is
easily verified that g and h are inverses.

The map h reduces F to the open set [〈0〉] (modulo E), i.e., F = h−1([〈0〉])
(as is easily checked). To complete the demonstration that F ≈1 [〈0〉]/E it
remains only to show that h is of class 1.

To do this, it is sufficient to show that h−1([t]) is Σ0
2 for any

t = 〈t0, t1, t2, ..., tn−1〉

in Sq. Simple calculation shows that h−1([t]) is [st0t1t2...tn−1]∪ ([t]∩F ) which
is in fact a closed set.
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Therefore F ≈1 [0]/E and so F ∈ G1. Since F was an arbitrary closed set,
we have F ⊆ G1.

Now to complete our proof, let σ be the ω-ary union operation. Then ωF ⊆
ω(G1) and so (ωF)σ ⊆ (ω(G1))σ. But (ωF)σ is the class of Σ0

2 sets, whereas
by previous results (ω(G1))σ = ((ωG)1)σ = ((ωG)σ)1 = G1, because G is closed
under countable unions. Thus the class of Σ0

2 sets is contained in G1.
Conversely, every G1 set is Σ0

2 because it is the inverse image, under a class-1
function, of an open set. Thus G1 is exactly the class of Σ0

2 sets.

To calculate Gµ in general we need the following lemma concerning iterated
expansions.

Lemma IV.C.9. For any set I, any subclass A of IP(ωω), and any countable
ordinals µ and η:

(Aη)µ ⊆ Aµ+η.

Proof. Let C be in (Aη)µ. Then C ≈µ B/F for some closed set F and some B
in Aη. Also, B ≈η A/E for some closed set E and some A in A. Let h′ and h
be (µ, 0) and (η, 0)-homeomorphisms respectively that perform these reductions,
and let g′ and g be their respective inverses. Then h ◦ h′ is of class µ + η, its
range g−1(F ) is a closed set, and it has a continuous inverse g′ ◦g|E. Thus h◦h′
is a (µ+ η)-homomorphism onto E and since

C = h′−1 ◦B = h′−1 ◦ (h−1 ◦A) = (h ◦ h′)−1 ◦A,

h ◦ h′ reduces C to A. Thus C ≈µ+η A/E and so C ∈ Aµ+η.

One of the important results of this section (to be given below) is that when
A (as above) is ωG-Boolean, the inclusion is an equality.

Theorem IV.C.10. For any countable ordinal µ:

• The class Gµ is the class of all Σ0
1+µ subsets of ωω.

Proof. The case µ = 1 is the result of the last section, and the case µ = 0 follows
from the fact that A0 = A for any initial class A.

Now suppose that µ > 1 and assume the result for all ordinals less than µ.
Suppose first that a subset H of ωω is in Gµ. Then H is the inverse image of an
open set under a class µ function, and so is Σ0

1+µ.

Now suppose that H is Σ0
1+µ. Then H is the union of an ω-sequence F

of subsets of ωω such that each Fn is a Π0
1+νn set for some νn less than µ.

We know by our induction hypothesis that each Σ0
1+νn set is in Gνn ; it follows

easily (using Theorem IV.C.5) that every Π0
1+νn set is in Fνn . Thus H ∈

(Xn∈ω Fνn)σ. Now F ⊆ G1, by Lemma IV.C.8, and (G1)νn ⊆ Gνn+1, and
so H is in (Xn∈ω Gνn+1)σ. But νn < µ for each n, and so H ∈ (Xn∈ω Gµ)σ.
But (Xn∈ω Gµ)σ = ((Xn∈ω G)µ)σs (by Theorem IV.C.7) = ((Xn∈ω G)σ)µ (by
Theorem IV.C.5) = Gµ. Thus H ∈ Gµ and so Gµ is the class of Σ0

1+µ subsets
of ωω.
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We can now conclude that the expansion ((ωG)Γ)µ of the ωG-Boolean class
determined by Γ is (ω(Gµ))Γ. The expanded class is the collection of all sets
formed by applying Γ to ω-sequences not of open sets, but of Σ0

1+µ sets. For
example, if D is the class of differences of open sets, then D3 is the class of
differences of Σ0

4 sets.
Furthermore, since we have already shown that the class of Σ0

1+µ sets is
ωG-Boolean, we know that the expansion of an ωG-Boolean class is ωG-Boolean.

Theorem IV.C.11. For any set I, any subclass A of IP(ωω) and any countable
ordinal µ:

• if A is ωG-Boolean then so is Aµ.

Proof. SinceA is ωG-Boolean we haveA = (ωG)Γ for some (ω, I)-ary Boolean set
transformation Γ. But then Aµ is, by the ‘commutativity’ results of this section,
(ω(Gµ))Γ which is ωG-Boolean by Theorems IV.B.13, IV.B.12 and IV.B.10.

We now proceed to prove the important result concerning iterated expansions
that we have already mentioned. We first show that the result is true of the
class of open sets.

Proposition IV.C.12. For any countable ordinals η and µ:

(Gη)µ = Gµ+η.

Proof. We proceed by induction on η.
The case η = 0 is satisfied because G0 = G.
Now suppose that η > 0 and assume the result for all ordinals less than η.
Since Gη is the class of Σ0

1+η sets, each set in Gη is the union of sets each

Π0
1+ν for some ν less than η. Furthermore, since each Σ0

ν set is in Gν , it follows

that each Π0
1+ν set is in Fν .

Therefore, let ν now be an ω-sequence of ordinals less than µ in which each
such ordinal appears infinitely often. Then we have Gη = (Xn∈ω Fνn)σ where σ
is the ω-ary union operation. Then (Gη)µ = ((Xn∈ω Fνn)σ)µ = ((Xn∈ω Fνn)µ)σ
(by Theorem IV.C.5) = (Xn∈ω (Fνn)µ)σ and since by induction we have (Gνn)µ =
Gµ+νn , we also have (Fνn)µ = Fµ+νn . Thus (Gη)µ equals (Xn∈ω Fµ+νn)σ which
is easily seen to be the class of Σ0

1+µ+η sets, i.e., the class Gµ+η.

Now that we have the result for G, it extends easily to every ωG-Boolean
class.

Theorem IV.C.13. For any set I, any subclass A of IP(ωω) and any countable
ordinals µ and η:

• if A is ωG-Boolean then
(Aη)µ = Aµ+η.

Proof. Let Γ be an (ω, I)-ary Boolean set transformation such that A = (ωG)Γ.
Then (Aη)µ = ((ω(Gη))Γ)µ = (ω((Gη)µ))Γ = (ω(Gµ+η))Γ (by the previous result)
= ((ωG)Γ)µ+η = Aµ+η.
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We close by noting that we can, in the case of the ωG-Boolean classes, give
a much simpler definition of the expansion operation.

Theorem IV.C.14. For any set I, any subclass A of IP(ωω) and any countable
ordinal µ:

• if A is ωG-Boolean then

Aµ =
{
f−1 ◦A : f is of class µ

}
A∈A,f :ωω→ωω

.

Proof. Let B be the set of preimages of elements of A under class µ functions.
That Aµ ⊆ B is immediate because every (µ, 0)-homeomorphism is a class µ
function.

For the other direction, let Γ be an (ω, I)-ary Boolean set transformation
such that A = (ωG)Γ. Then every element of B is easily seen to be in (ω(Gµ))Γ

and since this class is, by previous results, exactly Aµ, we have B ⊆ Aµ.
Therefore B = Aµ.

The reason we did not use this simpler definition of expansion is that we
could not see a way to prove that it commutes with product. The main open
question is: are the two definitions equivalent even for classes that are not
ωG-Boolean? We do not even know if Aµ is initial whenever A is.

IV.D Separated and partitioned unions

In this section we give some important if technical results about separated and
partitioned unions, i.e., about generalizations of the operations Pt0, Pt1, Sp0,
Sp1, etc., considered in Chapter III.

The importance of these unions lies in the fact that they are restricted forms
of countable union which, by itself, is a very powerful operation. The union⋃
nBn of an ω-sequence B of subsets of ωω can in general be of a degree very

much greater than that of any component Bn of B. This phenomenon can be
better understood by considering the game G(A,

⋃
nBn) (with A ⊆ ωω). The

problem facing Player I is that (speaking informally) he has no way of guessing
which Bn II might be playing into. Even if II has a winning strategy for each
game G(A,Bn) he has no a priori method of combining these strategies.

The situation is more hopeful, however, if B is (say) a partitioned union,
i.e., if there is an ω-sequence D of ‘simple’ (e.g., ∆0

2) sets that partition ωω and
for which Bn ⊆ Dn for each n. In this situation the sequence D can help I to
guess which Bn Player II might be considering playing into.

For example, if II’s guesses indicate that I will end up in D8, then I’s final
sequence will be in

⋃
nBn iff it is in B8. If this guess is correct, the game

G(A,
⋃
nBn) is essentially the game G(A,B8).

The above considerations are, of course, quite vague, but we saw in Theo-
rem III.A.12 and Theorem III.B.8 that they have some validity in at least the
case that the partitioning sets are ∆0

1 or ∆0
2. It might be possible to extend
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the game approach to higher levels; but instead, we will use the techniques of
the previous section to reduce the more complicated unions to those of the first
two levels. We begin making these ideas more precise by defining the Spµ and
Ptµ operations for any countable ordinal µ.

Definition IV.D.1. For any subclass A of P(ωω) and any countable ordinal µ:

Ptµ(A) =
{⋃
n

(An ∩Gn) : G partitions ωω
}
A∈ωA,G∈ω(Gµ)

;

Sp+
µ (A) =

{⋃
n

(An ∩Gn) : (Gi ∩Gj) = ∅ when i 6= j
}
A∈ωA,G∈ω(Gµ)

;

Sp−µ (A) = Sp+
µ (A−)−;

Spµ(A) = Sp+
µ (A) ∪ Sp−µ (A).

Thus Ptµ and the others are like Pt0 and the others except that the parti-
tioning (or separating) sets can be Σ0

1+µ, not just Σ0
1 (recall that Gµ is the class

of all Σ0
1+µ sets). The operations Ptµ, Spµ, Ptηµ, Spηµ and so on (η ∈ Ω + 1) are

defined as in Chapter III).
The next result describes the hierarchy formed by these operations.

Theorem IV.D.2. For any subclass A of P(ωω) and any countable ordinals ν
and µ:

• if ν < µ and ∅ and ωω are in A then

A ⊆ Ptν(A) = Sp+
ν (A) ∩ Sp−ν (A) ⊆ Ptµ(A).

Proof. We give only the proof that Ptν(A) = Sp+
ν (A) ∩ Sp−ν (A). The other

inclusions are easily verified.
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That Ptν(A) ⊆ Sp+
ν (A) and Ptν(A) ⊆ Sp−ν (A) is immediate. Therefore, let

B be an element of Sp+
ν (A) ∩ Sp−ν (A); we must show that B ∈ Ptν(A).

Since B ∈ Sp+
ν (A), we have B =

⋃
n(An ∩ Gn) for some ω-sequence A of

sets in A and some disjoint ω-sequence G of Gν sets. Also, since Sp−(A) =
Sp+(A−)−, we have −B ∈ Sp+(A−) and so −B =

⋃
n(G′n ∩ −An) for some A′

in ωA and some disjoint sequence G′ of Gν sets.
Thus we see that for any n, B agrees with An on Gn and with A′n on G′n,

i.e., B ∩Gn = An ∩Gn and B ∩G′n = A′n ∩G′n. Also,
⋃
nGn ∪

⋃
nG
′
n = ωω.

Now let G′′ be an ω-sequence enumerating the union of the ranges of G and
G′, and let A′′ be the corresponding ω-sequence enumerating the union of the
ranges of A and A′. Thus B ∩G′′n = A′′n ∩G′′n and

⋃
nG
′′
n = ωω. Finally, apply

the (infinite) reduction principle to G′′ yielding an ω-sequence G′′′ of disjoint Gν
sets such that

⋃
nG
′′
n =

⋃
nG
′′′
n and G′′′n ⊆ G′′n for all n. Thus B∩G′′′n = A′′n∩G′′′n

for each n and
⋃
nG
′′′
n = ωω. Therefore,

B = B ∩ ωω = B ∩
⋃
n

G′′′n =
⋃
n

(B ∩G′′′n ) =
⋃
n

(A′′n ∩G′′′n ),

and so B is in Ptν(A).

Next we present some simple results concerning composition of the opera-
tions.

Proposition IV.D.3. For any countable ordinal µ:

1. Sp+
µ ◦ Sp+

µ = Sp+
µ , Sp−µ ◦ Sp−µ = Sp−µ , and Ptµ ◦ Ptµ = Ptµ;

2. Ptν ◦ Sp+
µ = Sp+

µ and Ptν ◦ Sp−µ = Sp−µ for any ν less than or equal to µ.

Proof. All these equations are easily derived; we give only the proof that Ptν ◦
Sp+

µ = Sp+
µ if ν ≤ µ.

Let A be any subclass of P(ωω). Since A ⊆ Ptν(A) (by the previous result),
we have Sp+

µ (A) ⊆ Sp+
µ (Ptν(A)).

Now let C ∈ Sp+
µ (Ptν(A)) so that C =

⋃
n(Gn ∩ Bn) for some ω-sequence

G of disjoint Gµ sets and some ω-sequence B of elements of Ptν(A). Then for
each n there must be an ω-sequence G′n of disjoint Gν sets that partition ωω,
and an ω-sequence An of elements of A such that Bn =

⋃
m(G′n,m ∩An,m).

Let G′′ be an ω-sequence that enumerates {Gn ∩ G′n,m}n,m∈ω. Then each
component of G′′, being the intersection of a Gµ set and a Gν set, is an Gµ
set. Furthermore, different components of G′′ are easily seen to be disjoint. If
we let A′′ be the enumeration of {An,m}n,m∈ω corresponding to G′′, we have
C =

⋃
n(G′′n ∩A′′n) and so C ∈ Sp+

µ (A).

Thus Sp+
µ (A) = Sp+

µ (Ptν(A)) and so Ptν ◦ Sp+
µ = Sp+

µ .

We now note that separated and partitioned unions of initial classes are
initial.

Proposition IV.D.4. For any countable ordinal µ and any subclass A of P(ωω):
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• if A is an initial class then so are Spµ(A), Sp+
µ (A), Sp−µ (A) and Ptµ(A).

Proof. Suppose that C ∈ Sp+
µ (A) and that B ≤ C. Then C =

⋃
n(Gn ∩An) for

some ω-sequence G of disjoint Gµ sets and some A in ωA, and B = f−1(C) for
some continuous function f .

Thus B = f−1(
⋃
n(Gn ∩ An)) =

⋃
n(f−1(Gn) ∩ f−1(An)). Since f is con-

tinuous, f−1 ◦ G is an ω-sequence of disjoint Gµ sets and, since A is an initial
class, f−1 ◦A is an element of ωA. Therefore B ∈ Sp+

µ (A).

The proofs for Sp−µ , Spµ, and Ptµ are similar.

We now show that the expansions of separated or partitioned unions are
separated or partitioned unions of sets from the expanded classes with the sep-
arating or partitioning classes also expanded.

Proposition IV.D.5. For any subclass A of P(ωω) and any countable ordinals
µ and η:

• if A is an initial class then

Ptη(A)µ = Ptµ+η(Aµ),

with analogous equations holding for Spη, Sp+
η and Sp−η .

Proof. Suppose first that C ∈ Ptη(A)µ. Then C ≈µ B/E for some B in Ptη(A)
and some closed set E. Let h be a (η, 0)-homeomorphism that performs the
reduction.

Since B ∈ Ptη(A) we have B =
⋃
n(Gn ∩ An) for some ω-sequence G

of disjoint Gη sets with union ωω and some element A of A. Setting G′i =
〈h−1(Gi)〉i∈ω and A′i = 〈h−1(Ai)〉i∈ω it follows (by Theorem IV.A.2) that G′ is
an ω-sequence of disjoint Gµ+η sets with union ωω and that A is an element of
ωA. Since C = h−1(B) =

⋃
n(G′n ∩A′n), we have C ∈ Ptµ+η(Aµ).

Now suppose that C ∈ Ptµ+η(Aµ). Then C =
⋃
n(G′n ∩ A′n) for some

ω-sequence G′ of disjoint Gµ+η sets with union ωω and some A in Aµ. Now
each G′n can be reduced (by a (µ, 0)-homeomorphism and modulo a closed set)
to a Gη set, and each A′n can be reduced to an element of A. Therefore by
Lemma IV.C.6 there is a single closed set E, a single ω-sequence G′′ of Gη sets,
a single element A′′ of ωA and a single (µ, 0)-homeomorphism h that reduces
G′ and A′ to G′′ and A′′ respectively on E.

It follows (using Lemma IV.C.4) that C ≈µ
⋃
n(G′′n∩A′′n)/E and that 〈G′′n∩

E〉n∈ω partitions E. However, G′′ may not partition ωω and so one more step
is required.

Let f be a continuous function from ωω onto E such that f |E is the identity
on E. Let G = f−1 ◦ G′′ and A = f−1 ◦ A′′. Then each Gn is in Gη, each An
is in A (because A is initial). Also, Gn ∩ E = G′′n ∩ E and An ∩ E = A′′n ∩ E
for all n, and, since G′′ partitions E, G partitions f−1(E), which is ωω. Thus
C ≈µ

⋃
n(Gn∩An)/E and so C has been reduced to an element (

⋃
n(Gn∩An))

of Ptη(A). We conclude that C ∈ Ptη(A)µ and that in general Ptµ+η(Aµ) =
Ptη(A)µ. The proofs of the remaining, analogous, results are similar.
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We conclude this section by proving that Sp+
0 and Sp+

1 preserve ωG-Boolean-
ness. The importance of this fact lies in Theorems III.B.8 and III.E.11, which
link these two operations with the star and sharp operations on degrees.

We first need a lemma concerning the degree of the intersection of a set with
a closed set.

Lemma IV.D.6. For any subset A of ωω and any closed subset E of ωω:

A ∩ E ≤ ∅+A.

Proof. In G(A∩E, ∅+A) Player II copies I’s moves, adding 1 to each, as long
as I’s position has an extension in E.

If this is the case throughout the game, I’s final sequence α will be in E,
II’s final sequence will be α + 1 and II wins because α ∈ A ∩ E ⇔ α ∈ A ⇔
α+ 1 ∈ ∅+A.

Now suppose, on the other hand, that I has just played so that his position
no longer has an extension in E. This means that I’s final sequence must end
up in −E and therefore in −(A ∩ E). In this situation II simply plays a 0
and is ensured victory because any infinite sequence with an occurrence of 0 is
in −(∅+A).

Theorem IV.D.7. For any subclass A of P(ωω):

• if A is a countable union of ωG-Boolean classes then Sp+
0 (A) is ωG-

Boolean.

Proof. By hypothesis A =
⋃
n Bn for some ω-sequence B of ωG-Boolean classes.

For each n we know by Proposition IV.B.9 that Bn = In(bn) for some non-
selfdual degree bn. Let a = jn(b); then Sp+

0 (A) = Sp+
0 (Pt0(A)) (by Proposi-

tion IV.D.3) = Sp+
0 (Pt0(

⋃
n In(bn))) = Sp+

0 (In(jn(b))) (by Theorem III.A.13)
= Sp+

0 (In(a)) = In(a+ 1) by Theorem III.B.8 and Proposition III.C.4.
Now consider first the case that each bn is the degree of a ∆0

2 set. Then a is
also the degree of a ∆0

2 set. It is easy to see, then, that a+1 is a nonselfdual of a
∆0

2 set and therefore In(a+ 1) is either Dfµ(F) or Dfµ(F)− for some countable
ordinal µ. By Theorem IV.B.14, then, In(a+ 1) (= Sp+

0 (A)) is ωG-Boolean.
We can therefore assume that some bn is not the degree of a ∆0

2 set. Fur-
thermore, since a is the join of b, we can assume that no bn is the degree of a
∆0

2 set and so in particular rω ≤ bn for all n.
Now let C be an ω-sequence enumerating the range of B in which every com-

ponent of B occurs infinitely often, and let c be the corresponding enumeration
of the range of b. Then it is easy to see that

Sp+
0 (A) =

{⋃
n

(Gn ∩ Cn) : the components of G are disjoint
}
C∈Xn∈ω Cn,G∈ωG

.

The class Xn∈ω Cn is ωG-Boolean but the collection of ω-sequences of disjoint
open sets is not. As a result we cannot immediately apply Theorem IV.B.10.
Instead, we must devise an alternate definition of Sp+

0 (A) that somehow cir-
cumvents the disjointedness condition.
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Let

D =
{(⋃

n

(Gn ∩ Cn)
)
−
⋃
n 6=m

(Gn ∩Gm)
}
G∈ωG,C∈Xn∈ω Cn

.

This class is clearly (by Theorem IV.B.10) ωG-Boolean; we will show that it is
equal to Sp+

0 (A).
The inclusion Sp+

0 (A) ⊆ D is immediate, because if G is disjoint then⋃
n6=m(Gn ∩Gm) = ∅.

H

G′0

G′1

G′2

G0

G1

G2

C0

C1

C2

Figure IV.7

Now let D ∈ D, i.e., D = (
⋃
n(Gn ∩ Cn)) −

⋃
n 6=m(Gn ∩ Gm) for some G

in ωG and some C in Xn∈ω Cn. Let H =
⋃
n 6=mGn ∩ Gm. By the generalized

reduction principle, there is an ω-sequence G′ of disjoint open sets such that⋃
nGn =

⋃
nG
′
n and G′n ⊆ Gn for all n. It then follows easily that D =⋃

n(G′n ∩ (Cn −H)).
The set H is open; therefore, by our previous lemma we have Cn−H ≤ ∅+Cn

for all n. Also dg(∅ + Cn) = 1 + dg(Cn) ≤ 1 + cn. But cn > rω, so that by
Theorem III.C.6 we have cn = rω +dn for some degree dn (we do not need SLO
because rω is the degree of a ∆0

2 set). Thus 1+cn = 1+(rω+dn) = (1+rω)+dn.
It is easily verified that 1 + rω = rω and so 1 + cn = cn. Thus dg(∅+ Cn) ≤ cn
and so Cn −H ∈ Cn for any n.

This means that D ∈ Sp+
0 (A) and so D = Sp+

0 (A) and Sp+
0 (A) is therefore

ωG-Boolean.

The result just given would appear to be one that would be difficult to prove
without some knowledge of degrees. We know of no direct proof that does not
consider the two cases according to whether or not A consists of ∆0

2 sets.

Theorem IV.D.8. For any subclass A of P(ωω):

• if A is a countable union of ωG-Boolean classes then Sp+
1 (A) is ωG-

Boolean.
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Proof. Let B, C, a, b and c be as in the proof of the previous theorem. Then in
the same manner as before we see that

Sp+
1 (A) = Sp+

1

(
Pt1(A)

)
= Sp+

1

(
Pt0

(⋃
n

In(bn)
))

= Sp+
1

(
In(jn(b))

)
= Sp+

1

(
In(a)

)
= In(a]).

We are therefore proving that the sharp operation preserves the ‘Booleanness’
of a degree.

Suppose first that a is the degree of a ∆0
2 set and let p be the degree of

a complete F1 (Π0
2) set. Then a ≤ p and so a] ≤ p] = p (see the proof of

Theorem III.F.2); in fact (see again Theorem III.F.2) it is easily calculated that
a] = ∅ or a] = p. Thus In(a]) is either {∅} or F1 and both are ωG-Boolean.
Therefore, as before, we may assume that a is not the degree of a ∆0

2 set and
so in particular a > rω.

As before, the definition of Sp+
1 (A) is not obviously the definition of an

ωG-Boolean class, and so we must provide an alternate definition. Let

D =
{⋃
n

((Gn −Gn+1) ∩Hn) : G is monotone nonincreasing
}
H∈ωIn(a]),G∈ωG

.

Now In(a]) (= Sp+
0 (In(a))) is, by the previous result, ωG-Boolean, and so

ωIn(a∗) is as well. Furthermore, the collection of monotone nonincreasing ele-
ments of ωG is also ωG-Boolean (it is GΦ where Φ(G) = 〈

⋂
i≤nGi〉n∈ω) and so

it follows with little difficulty that D is ωG-Boolean.
We now show that D = Sp+

1 (A).
Any member of D is clearly a ∆0

2-separated union of sets in In(a∗). Thus
D ⊆ Sp+

1 (In(a∗)) = Sp+
1 (Sp+

0 (In(a)) = Sp+
1 (In(a)) (by Proposition IV.D.3)

= Sp+
1 (A).

Next, let A be of degree a. Since Sp+
1 (A) = In(a]), to show that Sp+

1 (A) ⊆ D
it is enough to show that A] ∈ D, because D is an initial class. For any n, let
Gn = {α ∈ ωω : α has at least n occurrences of 0} and for any n let Hn =
(Gn −Gn+1) ∩A].

That G is a decreasing sequence of open sets is clear. Also, Gn − Gn+1 is
the set of elements of ωω that have exactly n occurrences of 0. It is easily seen,
then, that H0 = {α+ 1}α∈A = ∅+A and if n > 0,

Hn =
{
s0(α+ 1) : s has exactly n− 1 0’s

}
α∈A,s∈Sq

= ∅+A+ ∅+ ∅+ · · ·+ ∅ (with n ∅’s added on the right).

But ∅ + A + ∅ + ∅ + · · · + ∅ = ∅ + A + ∅, and since A is not ∆0
2 we have

0 + A ≡ A. Thus for any n we have Hn ≤ A + 0 and so Hn ∈ In(a∗). Since
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A] ⊆
⋃
n(Gn−Gn+1) we have A] =

⋃
n(Gn−Gn+1)∩A] =

⋃
n(Gn−Gn+1)∩Hn

and so A] ∈ D.
Thus D = Sp+

1 (A) and so Sp+
1 (A) is ωG-Boolean.

IV.E The construction principle for
the collection of ∆0

1+µ sets

In this section we turn our attention to the problem of finding a hierarchy for
the collection of ∆0

1+µ subsets of the Baire space (µ ∈ Ω). This problem was
solved long ago in the case that µ is a successor ordinal: Kuratowski [19, p.451]
proved that the difference hierarchy over the class of Π0

1+η sets exhausts the

collection of ∆0
1+η+1 sets. But the problem of finding a hierarchy in the case

that µ is an infinite limit ordinal remained open until now, and its solution is
the main result of this section.

We begin by showing that the difference hierarchy over F can be expressed
in terms of separated unions (Addison pointed this fact out to us).

Theorem IV.E.1. For any ordinal µ in Ω

Dfµ(F)± = Spµ0
(
{∅, ωω}

)
where, as usual, Sp0

0(A) = A and Spη0(A) = Sp0(
⋃
ν<η Spν0(A)) for any subclass

A of P(ωω) and any positive countable ordinal η.

Proof. Since Df0(F)± = {∅, ωω} = Sp0
0({∅, ωω}), it is enough to establish the

result for positive µ. Furthermore, since for positive µ we have Dfµ(F)± =
In(rµ+1)± (Theorem III.F.7), it is enough to show that In(rµ+1)± = Spµ0 ({∅, ωω})
for any positive µ.

We proceed by induction on µ. The case µ = 1 is immediate because
Sp0({∅, ωω}) = Sp+

0 ({∅, ωω}) ∪ Sp−0 ({∅, ωω}) = F ∪ G (as is easily verified)
= Df1(F).

Now suppose that µ > 1 and assume the result for all positive ν less than µ.
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Then

Spµ0
(
{∅, ωω}

)
= Sp0

(⋃
ν<µ

Spν0({∅, ωω}
)

= Sp0

( ⋃
1≤ν<µ

Spν0({∅, ωω})
)

= Sp0

( ⋃
1≤ν<µ

In(rν+1) ∪ In(rν+1−)
)

= Sp0

(
Pt0

( ⋃
1≤ν<µ

In(rν+1) ∪ In(r−ν+1)
))

(by Proposition IV.D.3)

= Sp0

(
In(lub{rν+1, rν+1−}1≤ν<µ)

)
= Sp0

(
In(rµ)

)
= Sp+

0

(
In(rµ)

)
∪ Sp−0

(
In(rµ)

)
= In(r∗µ) ∪ In(r◦µ) (by Theorem III.B.8)

= In(rµ+1) ∪ In(r−µ+1) (by Theorem III.C.7)

= In(rµ+1)±.

Thus the levels of the difference hierarchy over F correspond to the levels
formed in closing {∅, ωω} out under separated unions. This result generalizes
quickly, using expansions, to the collection of ∆0

1+η+1 sets.

Theorem IV.E.2. For any countable ordinals η and µ:

Dfµ(Fη) = Spµη
(
{∅, ωω}

)
.

Proof. As we showed in IV.C.5, Dfµ(Fη) = Dfµ(F)η which in turn, by the
previous result, is equal to Spµ0 ({∅, ωω}) and using Proposition IV.D.5 it follows
that Spµ0 ({∅, ωω})η = Spµη ({∅, ωω}η) = Spµη ({∅, ωω}).

This gives us a construction principle for the collection of ∆0
1+η+1 sets.

Theorem IV.E.3. For any countable ordinal η:

• the class of ∆0
1+η+1 subsets of ωω is SpΩ

η ({∅, ωω}), i.e., the least collection

containing ∅ and ωω and closed under ∆0
1+η-separated unions.

Proof. The result follows directly from Theorem IV.C.14 and Proposition IV.D.4.

This result does not provide a construction principle for the collection of
∆0

1+λ sets in the case that λ is a limit ordinal. The case λ = 0 was solved by
Kalmar [12] and Barnes [5] but the more general problem (that was first posed
by Luzin [21]) had been, up to now, unsolved.

161



To appreciate the difficulties involved, and the method of solution, consider
the simplest case, when λ = ω. For convenience let A be the collection of ∆0

(ω)

sets, i.e., the collection of those sets that are ∆0
n for some finite n (These are

the arithmetic sets.)
It is easy to see that not every ∆0

ω set (recall 1 + ω = ω) is arithmetic. For
example, if B is a ∆0

1-partitioned union of arithmetic sets it will be Σ0
ω. But

−B will also be a union of arithmetic sets (as can easily be checked) and so
B is ∆0

ω. However, if the sets whose union is A are chosen from increasingly
higher levels of the arithmetic hierarchy, it is clearly possible that B will not be
an arithmetic set.

Furthermore, the class Pt0(A) clearly does not exhaust the class of D0
ω sets.

For each n, any ∆0
1+n-partitioned union of arithmetic sets is ∆0

ω, and as n
increases the class of all such unions will (one must assume) also increase. In
other words,

A ⊂ Pt0(A) ⊂ Pt1(A) ⊂ Pt2(A) ⊂ · · · .

Nor is there any reason to think that even this hierarchy accounts for all ∆0
ω

sets. A set that is a ∆0
1-partitioned union of a sequence of sets each component

of which is a ∆0
1+n-partitioned union of arithmetic sets for larger and larger n

(the set in question will be in Pt0(Pt(ω)(A))) is still ∆0
ω. Such a set, however,

is not likely to be a ∆0
1+n-partitioned union of arithmetic sets for any single n.

Moreover we can form unions of this type in which the partitioning sets are
∆0

1+m for larger and larger m and expect to get even more complex sets; in
other words we would expect that

Pt0

(
Pt(ω)(A)

)
⊂ Pt1

(
Pt(ω)(A)

)
⊂ Pt2

(
Pt(ω)(A)

)
⊂ · · · .

What lies behind these considerations are the following two facts: (i) the arith-
metic sets are ∆0

ω; and (ii) the collection of ∆0
ω sets is closed under Ptn for

each n. We are therefore led to conjecture that the collection of ∆0
ω sets is the

least one possessing these properties, i.e., that this collection is the closure of
A under all the Ptn (simultaneously). This simple construction principle would
yield a fairly complex hierarchy with Ω main levels plus further subdivisions.
We show that this is indeed the case.

The proof works by reducing a given ∆0
ω set to a ∆0

1 set and then using the
fine print in Lemma IV.C.6 to lift the Kalmar hierarchy over the class of ∆0

1

sets up to to the class of ∆0
ω sets. Instead of giving a direct proof, however, we

give a more general result concerning Ptλ with λ a positive limit ordinal. The
solution to the problem of Luzin then follows as a corollary.

Theorem IV.E.4. For any subclass A of P(ωω) and any positive limit ordi-
nal λ:

• if A contains ∅ and ωω then

Ptλ(A) = SpΩ
(λ)(A).
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Proof. We show first that SpΩ
(λ)(A) ⊆ Ptλ(A). For any class B, if B ⊆ Ptλ(A)

and ν < λ then Spν(B) ⊆ Ptλ(B) ⊆ Ptλ(Ptλ(A)) = Ptλ(A) by Theorem IV.D.2
and Proposition IV.D.3. Thus in general B ⊆ Ptλ(A) implies Sp(λ)(B) ⊆ Ptλ(A)

and so a simple induction on µ gives Spµ(λ)(A) ⊆ Ptλ(A). Thus SpΩ
(λ)(A) ⊆

Ptλ(A).
Now let B be in Ptλ(A) and let ν be an increasing ω-sequence of ordinals

whose union is λ. Then B =
⋃
n(G′n ∩ A′n) for some A′ in ωA and some ω-

sequence G′ of Σ0
λ sets that partition ωω. Each G′n is Σ0

λ and is therefore
a countable union of ∆0

(λ) sets. Since the class of ∆0
(λ) sets is closed under

differences, G′n is a disjoint union of such sets. Therefore, there is an ω ×
ω sequence D′′ of disjoint ∆0

(λ) sets such that G′n =
⋃
mD

′′
n,m for every n.

Therefore, setting A′′n,m = A′n for all m we see that B =
⋃
n,m(D′′n,m ∩ A′′n,m).

Finally, by reindexing and reordering, it is easy to see that there must be an A
in ωA, an ω-sequence ν of ordinals less than λ and an ω-sequence D′ of disjoint
∆0

(λ) sets that partitions ωω such that B =
⋃
n(D′n∩An) and each D′n is ∆0

1+νn .

For any n, since D′n is ∆0
1+νn , we have D′n ∈ Fνn∩Gνn (by Theorem IV.C.10)

= (F ∩ G)νn (by Theorem IV.C.7). In other words, each D′n can be reduced
to a ∆0

1 set (modulo a closed set) by a (νn, 0)-homeomorphism. Therefore, by
Lemma IV.C.6 we know that there is a single closed set E, a single ω-sequence
D of clopen sets and a single (λ, 0)-homeomorphism h from ωω onto E that
reduces D′ to D, i.e., such that D′ = h−1 ◦D, and such that h−1([s]) is ∆0

1+νn
for any n and any sequence s of length n.

h−1([s1])

h−1([s2])

h−1([s3])

...

Figure IV.8

Now, for any s let Cs = B ∩h−1([s]). For any s we have [s] =
⋃
k[sk] and so

h−1([s]) = h−1(
⋃
k[sk]) and so in turn Cs =

⋃
k(B∩h−1([sk])) =

⋃
k Csk. Also,

Csk = Csk ∩ h−1([sk]) for each k, and so Cs =
⋃
k(Csk ∩ h−1([sk])). If we let n

be the length of s plus one, we see that h−1([sk]) is ∆0
1+νn for every k. Finally,

[sk] and [sk′] are disjoint when k and k′ are different; and so, therefore, are
h−1([sk]) and h−1([sk′]). This all implies that Cs is a ∆0

1+νn-separated union
of the elements of {Csk}k∈ω. In other words, Cs ∈ Spνn({Csk}k∈ω).
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Therefore, let V = {s ∈ Sq : Cs ∈ Sp(λ)
Ω(A)}. For any s, if sk ∈ V for each

k then (letting n be the length of s plus one) we have Cs ∈ Spνn({Csk}j∈ω) ⊆
Spνn(SpΩ

(λ)(A)) (because sk ∈ V for all k) ⊆ Sp(λ)
Ω(A) (as is easily established

using Proposition IV.D.3) and so s ∈ V .
Now (and this is the standard argument) suppose that the empty sequence (∅)

is not in V . Then by the preceding argument there must be a k0 in ω such that
the sequence 〈k0〉 is not in V . Applying the argument again, there must be a
k1 such that the sequence k0k1 (or, more properly, 〈k0, k1〉) is not in V . Again,
there must be a k3 such that the sequence k0k1k2 6∈ V and so on.

Therefore (by dependent choice) there must be an α in ωω such that α|n 6= V
for every n. Since

⋃
nD
′
n = ωω, we must have E ⊆

⋃
nDn, so that either

α ∈ −E or α ∈
⋃
nDn. Since −E is open, as is each Dn, it follows that for

some n we have either [α|n] ⊆ −E or [α|n] ⊆ Dm for some m.
In the first case, we would have Cα|n = B ∩ h−1([α|n]) = B ∩ ∅ = ∅ and so

Cα|n = ∅ ∈ A ⊆ SpΩ
(λ)(A). Then α|n ∈ V , a contradiction.

In the second case, suppose that [α|n] ⊆ Dm. Then h−1([α|k]) ⊆ D′m and so
Cα|n = B ∩h−1([α|n]) =

⋃
k(Dk ∩Ak)∩h−1([α|n]) = Am ∩h−1([α|n]) (because

α|n ⊆ D′m implies h−1([α|k]) ⊆ Dm) which, because Am ∈ A and h−1([α|n])
is ∆0

1+νn , is in Spνn(A) and therefore in SpΩ
(λ)(A). Thus Cα|n is in V , again a

contradiction.
Therefore ∅ ∈ V and so B, which is C∅, is in SpΩ

(λ)(A).

Notice first that the class A did not really enter into the proof; for example,
elements of A were neither reduced nor expanded. The result is really a theorem
about partitions.

Also, notice that not only do we lift the ∆0
1 construction principle, our proof

works by lifting a particular construction of a particular set.
Our construction principle for the collection of ∆0

1+µ sets now follows. We
can in fact formulate it in such a way as to include also the case in which µ is
a successor ordinal.

Theorem IV.E.5. For any positive countable ordinal µ:

• the class of ∆0
1+µ subsets of ωω is SpΩ

(µ)({∅, ωω}).

Proof. If µ = ν + 1, we have Sp(µ) = Spν and so the result follows from The-
orem IV.E.3 and IV.C.5. If µ is a limit ordinal, it follows from the previous
result plus the fact that the collection of ∆0

1+µ sets is Ptµ({∅, ωω}).
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Chapter V

The Degrees of
the Borel Sets

In this chapter we use our hard-won gains to reveal the structure of the collection
of degrees of Borel sets. We show that the collection is semiwellordered by ≤,
and calculate the order type as εΩ1 , εΩ being the Ω-th derivative of the function
that enumerates the famous “epsilon numbers”. We also calculate the ordinals
corresponding to the individual levels of the Borel hierarchy and to the levels of
the difference subhierarchy. Finally, we show that each nonselfdual initial class
is ωG-Boolean, and that the degree of a set is determined by the collection of
ωG-Boolean classes of which it is a member. Our basic strategy is to show, by
induction on µ, that the degrees of sets in Cµ are well behaved whenever those
in C are.

In Section V.A we study the Boolean and lub-Boolean degrees. These are
the degrees for which the corresponding initial classes are ωG-Boolean or are
countable unions of ωG-Boolean classes. We show that the collection of such
degrees is closed under the degree operations.

In Section V.B we define the degree jump operations. The jump operation
jµ is the operation on degrees that corresponds to µ-expansion on the corre-
sponding initial classes.

Section V.C is devoted to the regular degrees. A degree b is regular if the
collection {d ∈ Dg : d ≤ b} is well behaved in a variety of ways. For example,
every degree in this collection is Boolean or lub-Boolean, and ≤ is required to
be well founded on these degrees. We show that the regular degrees are closed
under the degree operations and the jump operations.

In Section V.D we pause to summarize some results (due to Veblen) in the
theory of ordinal functions and their derivatives. These results will be necessary
for the computation of the desired order types.

In Section V.E we study the θµ functions. Each θµ is an ordinal function
corresponding to jµ that gives the order type of the collection of selfdual degrees
reducible to a degree jµ(b) in terms of the ordinal determined in the same way
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by b itself (b must be a regular degree). We give expressions for each θµ in terms
of µ and the derivatives of the epsilon function.

Finally, in Section V.F we derive the announced results concerning the struc-
ture of the collection of degrees of Borel sets.

V.A Boolean and lub-Boolean degrees

In this section we define the collection of Boolean and lub-Boolean degrees—
these are the degrees whose corresponding initial classes are ωG-Boolean, or
are ∆0

1-partitioned unions of ωG-Boolean classes. We show that the collection
of Boolean or lub-Boolean degrees is closed under the operations defined in
Chapter III.

Definition V.A.1. For any degree a:

• a is Boolean iff In(a) is ωG-Boolean.

Proposition V.A.2. Every Boolean degree is nonselfdual.

Proof. Let a be a Boolean degree. Then In(a) is ωG-Boolean and so, by Theo-
rem IV.B.10, In(a) 6= In(a)−. But In(a)− = In(a−); therefore a 6= a−.

Our first closure property is easily established.

Proposition V.A.3. The dual of a Boolean degree is Boolean.

Proof. Let a be a Boolean degree. Then In(a−) = In(a)−, which is ωG-Boolean
because In(a) is ωG-Boolean.

The lub-Boolean degrees are those that are proper least upper bounds of
Boolean degrees.

Definition V.A.4. For any degree b:

• b is lub-Boolean iff b is the lub of a countable set of Boolean degrees of
which b is not a member.

Our next closure result is that of closure under lub.

Proposition V.A.5. For any countable set {bn}n∈ω of degrees:

• if bn is Boolean or lub lub-Boolean for each n in ω, then lub{bn}n∈ω is
also Boolean or lub-Boolean.

Proof. For each n let {an,m}m∈ω be a countable set of Boolean degrees whose
lub is bn (if bn is already Boolean we can set an,m = bn for every m). Let c be
an ω-sequence of degrees enumerating {an,m}n,m∈ω and let d = jn(c). If d is in
the range of c, then d is Boolean, otherwise it is lub-Boolean. Since d = jn(b),
it follows that lub{bn}n∈ω is Boolean or lub-Boolean.

Next, we consider the successor operation.
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Proposition V.A.6. For any degree a:

• if a is lub-Boolean then a+ 1 (= a?) is Boolean.

Proof. Since a is lub-Boolean, it must be the join of some ω-sequence b of
Boolean degrees. Then by Theorem III.B.8, we have

In(a+ 1) = Sp+
0 (In(a))

= Sp+
0

(
Pt0

(⋃
n

In(bn)
))

= Sp+
0

(⋃
n

In(bn)
)
.

Since each bn is Boolean, each In(bn) is ωG-Boolean and so Sp+
0 (
⋃
n In(bn)) is

ωG-Boolean by Theorem IV.D.7. Thus a+ 1 is Boolean.

In trying to prove that the sum of Boolean degrees is Boolean we encounter
difficulties similar to those involved in proving (in Section IV.D) that Sp+

0 and
Sp+

1 preserve Booleanness. The most natural definition of In(b+ c) in terms of
In(b) and In(c) involves certain restrictions and so is not obviously the definition
of an ωG-Boolean class. We avoid the problem as we did in Section IV.D by
finding an alternate definition of the class in question that is valid for all but a
few degrees.

Proposition V.A.7. For any degrees b and c:

• if b is lub-Boolean then

1. if c is Boolean then so is b+ c;

2. if c is lub-Boolean then so is b+ c.

Proof. Suppose first that c is Boolean. If c is the degree of a ∆0
2 set, i.e.,

if c is either qµ or q−µ for some µ in Ω, then b + c can be obtained from b
using the operations of dual, successor and lub. A simple induction on µ, using
Propositions V.A.6, V.A.5 and V.A.3, shows that b+ c must be Boolean.

Therefore, we can assume that c is not the degree of a ∆0
2 set, and in

particular we can assume that c = 1 + c (see Theorem IV.D.7).
We define the subclass D of P(ωω) as follows:

D =
{

(B′ ∩G) ∪ (−G ∩ C ′)
}
B′∈In(b+1),C′∈In(C),G∈G .

The classes G, In(C) and (by PropositionV.A.6) In(b + 1) are all ωG-Boolean,
and it therefore follows easily from Proposition IV.B.11 and other results in that
section that D is also. We will see that elements of D are unions of sets from
In(c) and In(b+ 1), separated by an open set.

To show that D = In(b+c), we first show that every element of D is reducible
to an element of In(b+ c). Let D be in D, so that D = (G∩B′)∪ (−G∩C ′) for
some open set G and some elements B′ and C ′ of In(b+1) and In(c) respectively.
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Since c = 1 + c, it follows that b + c = b + 1 + c and therefore that B′ + C ′ is
in In(b+ c). Then in G(D,B′ + C ′), Player II copies Player I’s moves, adding
1 to each of them, until (if ever) Player II enters G; at which point Player II

plays a 0, and then begins copying I’s moves again, starting with the first, this
time without adding 1 to them.

If Player I never enters G, his final sequence α will be in −G, Player II’s
final sequence will be α+ 1, and α ∈ D ⇔ α ∈ C ′ ⇔ α+ 1 ∈ B′ +C ′ and so II

wins.
On the other hand, suppose that Player I entered G when his position was s.

Then I’s final sequence α will be in G, II’s final sequence will be (s+1)0α, and
α ∈ D ⇔ α ∈ B′ ⇔ (s+ 1)0α ∈ B′ + C ′ and II wins again.

Therefore D ≤ B′ + C, and so D ∈ In(b + c), and we can conclude that
D ⊆ In(b+ c).

Finally, we show that In(b+ c) ⊆ D by showing that any element of b+ c is
in D.

Therefore let B be in b and C be in c, so that B + C is in b + c. Then
B+C = {α+ 1}α∈C ∪{(s+ 1)0α}s∈Sq,α∈ωω = (B+ ∅)∪ (∅+C). Clearly, B+ ∅
is in b + 1, and since 1 + c = c, the set ∅ + C is in C. Furthermore, if we set
G = {(s + 1)α}s∈Sq,α∈ωω (= ωω + ∅), we see that G is open, that B + ∅ ⊆ G,
and that ∅+C ⊆ −G. Therefore B +C = ((B + ∅) ∩G) ∪ ((∅+C) ∩−G) and
so B + C is in D.

Thus In(b+ c) = D and since D is ωG-Boolean, b+ c is a Boolean degree.
Now suppose that c is lub-Boolean. Then c is the join of some ω-sequence a

of Boolean degrees whose range does not contain c. But then 〈b+ an〉n∈ω is an
ω-sequence of degrees whose range does not contain b+c and whose join is b+c;
and by the result just established, each b + an is a Boolean degree. Therefore
b+ c is lub-Boolean.

The remaining closure properties are easily established.

Proposition V.A.8. For any degree b and any countable ordinal µ:

• if b is lub-Boolean then so is b · µ.

Proof. The proof is a straightforward induction on µ, and is omitted.

Proposition V.A.9. For any degree b:

• if b is lub-Boolean then b] is Boolean.

Proof. Since b is lub-Boolean, it is the join of an ω-sequence a of Boolean degrees.
Then In(b]) = Sp+

1 (In(b)) (by Theorem III.E.11) = Sp+
1 (Pt0(

⋃
n In(an))) (by

Theorem III.A.13) = Sp+
1 (
⋃
n In(an)) (by Proposition IV.D.3). Since each an is

Boolean, it follows by Theorem IV.D.8 that Sp+
1 (
⋃
n In(a, n)) is also, and so b]

is a Boolean degree.
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V.B The jµ functions

In this section we define an Ω-sequence j of functions on the collection of Boolean
and lub-Boolean degrees. Each jµ corresponds to the µ-expansion operation
applied to initial classes. In general, if a is a Boolean or lub-Boolean degree the
degree jµ(a) will lie far beyond a; but (as we shall see later) the structure of
the set of degrees less than jµ(a) is closely related to (and can be determined
from) the structure of the degrees less than a.

If a is a Boolean degree, In(a) must be an ωG-Boolean class. It therefore fol-
lows that In(a)µ is also an ωG-Boolean class, which must correspond to another
Boolean degree; this second degree is jµ(a).

Proposition V.B.1. For any degree a and any countable ordinal µ:

• if a is Boolean there is a unique Boolean degree b such that

In(a)µ = In(b).

Proof. Since a is Boolean, In(a) is ωG-Boolean and so (by Theorem IV.C.11)
is In(a)µ. Then by Proposition IV.B.9 In(a)µ has a maximal element. If we let
b be the degree of that element, we see that In(b) = In(a)µ, and therefore b is
Boolean. Furthermore, b is clearly unique; for any other degree c, if In(b) = In(c)
then b = c.

Definition V.B.2. For any Boolean degree a:

• jµ(a) is the unique Boolean degree such that

In(jµ(a)) = In(a)µ.

For example, if q1 is the degree F−G consisting of all ‘true’ closed sets, then
In(q1) is the class F of all closed sets. Since F1 is the class of all Π0

2 sets, it
follows that j1(q1) is the degree F1 − G1 of all ‘true’ Π0

2 sets. Similarly, if q2

is the degree of ‘true’ differences of closed sets, then j1(q2) is the degree of all
‘true’ differences of Π0

2 sets.
Notice that even j1 increases rapidly with a: between q0 (= 1) and q1 there

is only one degree (namely r1), but between j1(q0) (which is q0, j0 being the
identity) and j1(q1) there are Ω many degrees.

We would like to extend each jµ to lub-Boolean degrees as well, but the
previous definition is not applicable. In general, if a is lub-Boolean the class
In(a)µ will not be of the form In(b) (for example, In(r1)1 is the class of ∆0

2

sets). What we must do instead is to define jµ(a) to be the lub of the results of
applying jµ to the Boolean degrees of which a is the lub. To do this we must
first verify that it does not matter which particular countable set of Boolean
degrees we choose with a as the lub. This, however, requires SLO.

We first establish a simple lemma concerning lubs of nonselfdual degrees.

Lemma V.B.3 (SLO). For any sets L and M of degrees:
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• if all degrees in L and M are nonselfdual, and if L and M both have lubs,
then

lub L ≤ lub M

implies that every degree in L is reducible to some degree in M .

Proof. Suppose that ∀a ∈ L ∃b ∈ M a ≤ b is not true; then ∃a ∈ L ∀b ∈ M
a 6≤ b and so by SLO, there is an a in L such that b ≤ a− for every b in L. This
means that lub M ≤ a−, and since a ≤ lub L ≤ lub M , it follows that a ≤ a−,
i.e., that a is selfdual, impossible.

Proposition V.B.4 (SLO). For any ω-sequences a and a′ of degrees:

• if an and a′n are, for each n, Boolean, then

jn(a) = jn(a′)

implies
jn
(
〈jµ(an)〉n∈ω

)
= jn

(
〈jµ(a′n)〉n∈ω

)
.

Proof. It follows from the previous lemma that each component of a is reducible
to some component of a′ and vice versa. Now for any n and m, an ≤ a′m
implies In(an) ⊆ In(a′m) which in turn implies that In(an)µ ⊆ In(a′m)µ and
so jµ(an) ≤ jµ(a′m). Thus every element of {jµ(an)}n∈ω is reducible to some
element of {jµ(a′m)}m∈ω (and vice versa) and so the lubs of the last two sets
(which are the joins of the corresponding sequences) must be equal.

Definition V.B.5. For any lub-Boolean degree b and any µ in Ω:

jµ(b) = jn
(
〈jµ(an)〉n∈ω

)
for some (any) ω-sequence a of Boolean degrees whose join is b.

We now show (assuming SLO) that jµ preserves order and arbitrary lubs.

Proposition V.B.6 (SLO). For any degrees b and b′, and any countable ordi-
nal µ:

• if b and b′ are Boolean or lub-Boolean then b ≤ b′ iff jµ(b) ≤ jµ(b′).

Proof. Since b and b′ are Boolean or lub-Boolean, there are ω-sequences a and
a′ of Boolean degrees whose joins are b and b′ respectively.

If b ≤ b′, then by our lemma every component of a is reducible to a compo-
nent of a′, and so (using the same argument as in the proof of Proposition V.B.4)
every element of {jµ(an)}n∈ω is reducible to an element of {jµ(a′m)}m∈ω. The
lub of the first set (namely jµ(b)) is therefore reducible to the lub of the second
set (namely jµ(b′)).

Now suppose that jµ(b) ≤ jµ(b′). Then by the lemma, every element of
{jµ(an)}n∈ω) is reducible to some element of {jµ(a′m)}m∈ω. For any n and m,
suppose that jµ(an) ≤ jµ(a′m) but that an is not reducible to a′m. By SLO

170



we have a′m ≤ a−n and thus jµ(a′m) ≤ jµ(an)−, but this is impossible because
it implies that jµ(an) ≤ jµ(an)− (recall that jµ(an) is Boolean and therefore
nonselfdual).

It follows then that every component of a is reducible to some component
of a′ and thus the join of the first (namely b) must be reducible to the join of
the second (namely b′).

Proposition V.B.7 (SLO). For any degree c, any set I, and any I-family a
of degrees, and any countable ordinal µ:

• if c and, for each i, ai are Boolean or lub-Boolean, then

c = lub{ai}i∈I implies jµ(c) = lub{jµ(ai)}i∈I .

Proof. Since lub-Boolean degrees are already countable lubs of Boolean degrees,
and since jµ commutes with countable lubs, we can assume that each ai is
Boolean. Also, since c is lub-Boolean, there is an ω-sequence b of Boolean
degrees whose join is c. We must therefore show that lubn jµ(bn) (that is,
lub{jµ(bn)}n∈ω) is equal to lubi ai.

Since lubi ai ≤ lubn bn it follows from the lemma that each ai is reducible to
some bn and so, by the usual reasoning, each jµ(ai) is reducible to some jµ(bn).
This means that the lub of {jµ(bn)}n∈ω is an upper bound of {jµ(ai)}i∈I .

Suppose, however, that it is not the least, i.e., that there is an upper bound
d of {jµ(ai)}i∈I to which lub{jµ(bn)}n∈ω is not reducible. Clearly, there must
be some m for which jµ(bm) 6≤ d. At the same time, we know by our lemma that
jµ(ai) ≤ d for every i. By SLO we have d ≤ jµ(bm)− and so jµ(ai) ≤ jµ(bm)−

for every i. By reasoning as in the previous result, we conclude that ai ≤ bm
for each i, and so b−m is an upper bound of {ai}i∈I . However lubn bn is the
lub of {ai}i∈I ; thus b−m ≤ lubn bn and so, using our lemma again, b−m ≤ bn for
every n. But this implies b−m ≤ bm which is impossible because bm is Boolean
and therefore nonselfdual.

Each jµ is therefore a lub-preserving embedding of the class of Boolean and
lub-Boolean degrees into itself.

The justification of the definition of the jµ functions used SLO and so hence-
forth any result using or involving these functions must be considered to depend
on SLO.

V.C The regular degrees

We now turn our attention to the regular degrees, those degrees b for which the
collection {a ∈ Dg : a ≤ b} is well behaved in that ≤ is well-founded on it, and
every element is Boolean or lub-Boolean. We show that the regular degrees are
closed under the degree operations, and that these degree operations induce the
corresponding ordinal operations on order types under ≤.

Definition V.C.1. For any degree b:
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• b is regular iff

1. b and every degree reducible to b is Boolean or lub-Boolean;

2. ≤ is well founded on the collection of degrees reducible to b.

The word “regular” is perhaps somewhat misleading, because we have as yet
no reason to think that any but a tiny minority of degrees are regular.

Proposition V.C.2. The regular degrees are closed under the degree operations,
i.e.

1. the dual of a regular degree is regular;

2. the join of an ω-sequence of regular degrees is regular;

3. the star of a regular lub degree is regular;

4. the sum of a regular lub degree and a regular degree is regular;

5. the positive countable ordinal multiples of a regular lub degree are regular;

6. the sharp of a regular lub degree is regular.

Proof. The proofs are simple applications of the results, given in Chapter III,
that characterize, for each operation, the collection of degrees reducible to the
result of the operation; and the results in Section V.A to the effect that the
Boolean and lub-Boolean degrees are closed under the degree operations.

For example, to establish (4), suppose that b is a regular lub degree and
that c is a regular degree. Then by Theorem III.C.6, it follows that any degree
reducible to b+ c is either reducible to b or is of the form b+ d for some degree
d reducible to b. If a is reducible to b, then a is Boolean or lub-Boolean because
b is; and if a is of the form b+ d then d is Boolean or lub-Boolean because c is
regular, and b is Boolean or lub-Boolean because it is regular, and so b + d is
also Boolean by Proposition V.A.7.

Finally, suppose that ≤ is not well founded on {a ∈ Dg : a ≤ b + c}, so
that there is an ω-sequence a of degrees reducible to b + c such that a0 >
a1 > a2 > · · · . Now it cannot be the case that an ≤ b for any n, for then
〈an, an+1, an+2, . . .〉 would be a descending ω-sequence of degrees reducible to b,
which is impossible because b is regular. Thus an > b for each n and so, by
Theorem III.C.6, there is for each n a degree dn reducible to c such that an =
b+ dn. But then we can conclude by Theorem III.C.5 that d0 > d1 > d2 > · · · ,
which is impossible because c is regular.

It follows immediately that at least the degrees of ∆0
2 sets are all regular.

Proposition V.C.3. Every degree of a ∆0
2 set is regular.

Proof. Since the degree 1 is obviously regular, and since the collection of degrees
of ∆0

2 sets is generated from 1 using dual, sum and join, their regularity follows
from the previous result.
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It follows directly from the definition of regularity that ≤ is well founded
on the collection of regular degrees; therefore, assuming SLO, the regular lub
degrees must be well ordered. This fact allows us to assign ordinals to regular
lub degrees.

Proposition V.C.4. The collection of regular lub degrees is well ordered by ≤.

Proof. The SLO principle implies that the order is a linear one; if a is an ω-
sequence of regular degrees, we cannot have a0 > a1 > a2 > · · · because this
would imply that a0 is not regular.

Definition V.C.5. The ordinal Λ is the order type of the collection of regular
lub degrees under ≤.

The fact that the degrees of ∆0
2 sets are all regular tells us that Λ is not less

than Ω.
Furthermore, if µ is in Ω, it is easy to see that r1+µ is the µ-th regular lub

degree. This suggests an obvious way to extend the sequence r.

Definition V.C.6. For any ordinal λ in Λ:

• r1+λ is the λ-th regular lub degree.

For example, rΩ must be the least regular lub degree above the degrees of
∆0

2 sets—that is, the lub of the degrees of a complete Fσ set and of a complete
Gδ set. Notice that if λ is infinite then 1 + λ = λ and so the λ-th regular lub
degree is simply rλ.

We now show that the degree operations on elements of {r1+λ}λ∈Λ induce
the corresponding ordinal operations on the subscripts.

Theorem V.C.7. The ordinal Λ is closed under addition, countable union, and
multiplication by ordinals less than or equal to Ω; and for any positive ordinals ζ
and λ in Λ, any ω-sequence η of positive ordinals in Λ and any positive countable
ordinal µ:

1. r(
⋃
n ηn) = jn(〈r(ζn)〉n∈ω);

2. rζ+1 = lub{r?ζ , r◦ζ};

3. rζ+λ = rζ + rλ;

4. rζ·µ = rζ · µ;

5. rζ·Ω = lub{r]ζ , r[ζ}.

Proof. The proofs are again simple applications of the results of Chapter III; if
rκ is the result of a degree operation, we use the characterization of the set of
degrees reducible to rκ to determine the order type of this set and show it to
be the result of using the analogous ordinal operations.
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For example, to demonstrate (3), suppose that ζ and λ are in Λ. Then by
Proposition V.C.2 the degree rζ + rλ is regular, and since it is also a lub degree
it must be rκ for some κ in Λ.

Now every degree less than rζ + rλ is either reducible to rζ or of the form
rζ + d with d less than rλ. The collection of lub degrees less than rζ + rλ is
therefore the union of the set {rζ′}1≤ζ′≤ζ and the set {rζ + rλ′}1≤λ′<λ with
every element of the first set properly preceding every element of the second.
The order type of {d ∈ Dg : d is a lub degree and d < rκ} is thus the order type
of the ordinal ζ + λ with 0 removed, and so k must be ζ + λ.

Since we know that 1 ∈ Λ it follows that Λ is greater than or equal to the
least positive ordinal closed under the ordinal operations referred to above. This
is the ordinal ΩΩ, and (as we shall see) the set {r1+η}η∈ΩΩ is the collection of

lub degrees of ∆0
3 sets.

V.D Ordinal functions

In this section we pause to give some simple but necessary background on ordinal
functions, their derivatives and fixed points, and on generalized epsilon numbers.
Most of the results can be found in some form in Veblen [39]; we have simplified
the presentation and results for our purposes.

By an ordinal function we mean an ordinal valued function whose domain
is an ordinal. We will be concerned exclusively with increasing ordinal func-
tions. We consider each such function as enumerating its range, and it is easy
to see that each set of ordinals has a unique increasing ordinal function that
enumerates it in this sense.

Proposition V.D.1. For any set L of ordinals:

• there is a unique ordinal κ and a unique increasing ordinal function φ with
domain κ such that L = Rg(φ) (the function φ is said to enumerate L).

Proof. The proof is straightforward.

When φ enumerates L, and ζ ∈ Dm(φ), we will refer to φ(ζ) (which we may
also write as “φζ”) as “the ζ-th element of L.” Note that the 0-th element of
L is the least (first) element of L. To give a simple example, let L be the set
of limit ordinals in Ω. Then the set L is enumerated by the function φ with
domain Ω such that φ(µ) = ω · µ for any µ. As another example, consider the
set of γ-numbers in Ω, i.e., the set of countably infinite ordinals closed under
addition. This set is enumerated by the function γ on Ω for which γ(µ) = ω1+µ

for any µ.
The enumerating function φ of a set L can be regarded as a shorthand

notation for elements of L, which may be large and complicated. Nevertheless,
if the set in question is large enough, there will be elements of L for which this
shorthand saves nothing, i.e., ordinals ζ for which ζ = φ(ζ). These are the fixed
points of φ.
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Definition V.D.2. For any ordinal function φ:

Fx(φ) =
{
ζ ∈ Dm(φ) : ζ = φ(ζ)

}
.

For example, the ordinal ωω is a fixed point of the function that enumerates
the limit ordinals in Ω; ωω is the (ωω)-th limit ordinal. The least fixed point of
the function γ mentioned above is

ωω
ω.
..

,

i.e., the limit of the sequence

ω, ωω, ωω
ω

, . . . .

The following simple result is useful in computing the fixed points of complicated
functions.

Lemma V.D.3. For any increasing ordinal functions φ and ψ:

Fx(ψ ◦ φ) = Fx(ψ) ∩ Fx(φ).

Proof. Suppose first that ζ ∈ Fx(ψ ◦ φ), i.e., that ζ ∈ Dm(ψ), that ψ(ζ) ∈
Dm(φ), and that ζ = φ(ψ(ζ)). Then ζ ≤ ψ(ζ) (because ψ is increasing) ≤
φ(ψ(ζ)) (because φ is increasing) = ζ. Thus ζ ≤ ψ(ζ) ≤ ζ, i.e., ζ = ψ(ζ) and
ζ ∈ Fx(ψ). Also, since ζ = φ(ψ(ζ)) we have ζ = φ(ζ) and ζ ∈ Fx(φ). Therefore
ζ ∈ Fx(φ) ∩ Fx(ψ).

On the other hand, if ζ ∈ Fx(ψ) ∩ Fx(φ) then ζ = φ(ζ) = φ(ψ(ζ)) and so
ζ ∈ Fx(ψ ◦ φ).

The derivative of an increasing ordinal function is the function that enumer-
ates the set of its fixed points.

Definition V.D.4. For any increasing ordinal function φ:

• the function φ′ (the derivative of φ) is the unique increasing ordinal func-
tion that enumerates Fx(φ).

For example, the derivative ψ of the function that enumerates the countably
infinite limit ordinals is defined by setting ψ(µ) = ωω+µ for any countable µ.
The derivative of the function γ is the function ε that enumerates the famous
“epsilon numbers”: ε0 is the least fixed point of γ, i.e.,

ωω
ω.
..

.

Obviously, once we have formed the derivative of φ we can form the derivative
φ′′ of φ′, then the third derivative φ′′′, then the fourth φ(4), and so on. We can
even extend this process to give infinite derivatives of φ, one for each infinite
ordinal. If λ is a limit ordinal we define φ(λ) to be the function that enumerates
those ordinals that are fixed points of φ(κ) for every κ less than λ. For our
purposes, however, we will need only derivatives up to and including the Ω-th.
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Definition V.D.5. For any increasing ordinal function φ:

• the sequence 〈φ(µ)〉µ∈Ω+1 is the unique Ω+1-sequence of increasing ordinal
functions such that for any µ in Ω:

1. φ(0) = φ;

2. φ(µ) enumerates
⋂
ν<µ Fx(φ(ν)) if µ > 0.

The following intuitively plausible results are easily established.

Theorem V.D.6. For any increasing ordinal function φ and any ordinals ν
and µ in Ω + 1:

• if ν ≤ µ then

1. Rg(φ(ν)) ⊇ Rg(φ(µ));

2. Dm(φ(ν)) ⊇ Dm(φ(µ));

3. φ(ν)(ζ) ≤ φ(µ)(ζ) for any ζ in Dm(φ(µ)).

Proof. A simple induction suffices.

We might remark that the sequence of derivatives may vanish, i.e., φ(ν)

might be ∅ for large enough ν.
It is worth noting that iterated derivatives are additive.

Theorem V.D.7. For any increasing ordinal function φ and any ordinals µ
and η in Ω + 1:

• if µ+ η ∈ Ω + 1 then
(φ(µ))(η) = φ(µ+η).

Proof. A simple induction on η suffices.

We will in fact need only the case η = 1.
The ordinal functions we will be dealing with will have the important prop-

erty that the value at a limit ordinal is the limit of the values at smaller ordinals.
Such functions are said to be continuous.

Definition V.D.8. For any increasing ordinal function φ:

• φ is continuous iff

φ(λ) =
⋃
κ<λ

φ(κ)

for any infinite limit ordinal λ in Dm(φ).

Our first result concerning continuity is that it is preserved by the operation
of taking the derivative.

Theorem V.D.9. For any increasing ordinal function φ and any ordinal µ
in Ω:

176



• if φ is continuous then so is φ(µ).

Proof. We proceed by induction on µ.
The case µ = 0 is immediate because φ(0) = φ.
Now let µ > 0 and assume the result for all ν less than µ, and let λ be

an infinite limit ordinal in the domain of φ(µ). Then φ(µ)(λ) is (by definition)
the least element of

⋂
ν<µ Fx(φ(ν)) which is greater than φ(µ)(κ) for all κ less

than λ.
Let ζ =

⋃
κ<λ φ

(µ)(κ) and let ν < µ. Since φ(ν) is continuous by the in-

duction hypothesis (and since φ(µ) and φ(ν) are increasing) we have φ(ν)(ζ) =⋃
κ<λ φ

(ν)(φ(µ)(κ)) =
⋃
κ<λ φ

(µ)(κ) (because φ(µ)(k) is, for every κ in λ, a fixed

point of φ(ν)) = ζ.
Thus ζ is a fixed point of φ(ν) for every ν less than µ. Since φ(µ)(λ) is the

least such ordinal greater than or equal to ζ, we have φ(µ)(λ) = ζ and so φ(µ)

is continuous.

One of the most important properties of the continuous increasing ordinal
functions is that their fixed points can be computed by iteration: for any ζ, the
sequence

ζ, φ(ζ), φ(φ(ζ)), φ(φ(φ(ζ))), . . .

converges (if it is well defined) to a fixed point of φ, namely the least fixed point
of φ not less than ζ.

Theorem V.D.10. For any increasing ordinal function φ and any ω-sequence
ζ of ordinals:

• if φ is continuous, if ζn is in Dm(φ) for each n, if
⋃
n ζn is in Dm(φ) and

if
ζn+1 = φ(ζn)

for every n in ω, then
⋃
n ζn is the least fixed point of φ not less than ζ0.

Proof. Let ζω =
⋃
n ζn. Since φ is continuous, φ(ζω) =

⋃
n φ(ζn) =

⋃
n ζn+1 =

ζω because ζn ≤ ζn+1 for each n.
Now let ζ ′ be a fixed point of φ such that ζ ′ ≥ ζ0. Since φ is increasing,

φ(ζ ′) ≥ φ(ζ0). But φ(ζ ′) = ζ ′ and φ(ζ0) = ζ1; thus ζ ′ ≥ ζ1. Continuing in this
way we see that ζ ′ ≥ ζn for all n, and so ζ ′ ≥ ζω.

This last theorem in a sense give us an inductive definition of the derivative
of φ in terms of φ: φ′(κ+ 1) is the limit of the sequence

φ′(κ) + 1, φ(φ′(κ) + 1), φ(φ(φ′(κ) + 1)), . . . .

We now give a version of this result that defines φ(µ) inductively in terms of the
functions φ(ν) with ν < µ.

Theorem V.D.11. For any increasing ordinal function φ, any limit ordinal µ
in Ω, and any ordinal ζ:
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• if ζ ∈ Dm(φ(ν)) for all ν less than µ, and
⋃
ν<µ φ(ν)(ζ) ∈ Dm(φ(ν)) for

all ν in µ, then
⋃
ν<µ φ(ν)(ζ) is the least element of

⋂
ν<µ Fx(φ(ν)) not

less than ζ.

Proof. Let ζ ′ =
⋃
ν<µ φ

(ν)(ζ).

Let η be any ordinal less than µ. Since the sequence 〈φ(ν)(ζ)〉ν<µ is non-
decreasing, and since µ is a limit ordinal, ζ ′ is also the union of all but the
first η components of this sequence. Thus φ(η)(ζ ′) = φ(η)(

⋃
η<ν<µ φ(ν)(ζ)) =⋃

η<ν<µ φ(η)(φ(ν)(ζ)) (because φ(η) is continuous). Given any ν greater than η,

however, the function φ(ν) is a derivative (the (ν − η)-th) of φ(η), and so its
range is a subset of Fx(φ(η)). This means that φ(η)(φ(ν)(ζ)) = φ(ν)(ζ). There-
fore φ(η)(ζ ′) =

⋃
η<ν<µ φ(η)(φ(ν)(ζ)) =

⋃
η<ν<µ φ(ν)(ζ) = ζ ′. The ordinal ζ ′ is

therefore in
⋂
η<µ Fx(φ(η)).

Now we show that ζ ′ is the least such fixed point not less than ζ. Let κ
be an element of

⋂
η<µ Fx(φ(η)) such that ζ ≤ κ. Given any η in µ, we have

φ(η)(ζ) ≤ φ(η)(κ) because φ(η) is increasing. But φ(η)(κ) = κ because κ is a
fixed point of φ(η); thus φ(η)(ζ) ≤ κ. Since this is true for all η less than µ, we
conclude that

⋃
η<µ φ(η)(ζ), which is ζ ′, is less than or equal to κ.

In general, then, if µ is a limit ordinal φ
(µ)
(κ+1) is the lub of the set{

φ(ν)(φ(µ)(κ) + 1)
}
ν<µ

(and notice that the result holds even if µ = Ω). This result does not, however,
imply that φ(µ)(κ) varies continuously with µ. In general φ(µ)(κ) will not equal⋃
ν<µ φ

(ν)(κ), although it does follow that φ(µ)(0), the least fixed point of φ(ν)

for every ν in µ, is the lub of {φ(ν)(0)}ν<µ.
We have aready made reference to the function ε.

Definition V.D.12. The function ε is the unique increasing ordinal function
whose range is {∅} ∪ {ζ ∈ i1 : ωζ = ζ}.

In other words, ε is the derivative of the exponentiation-by-ω function re-
stricted to i1 (it is the derivative of a continuous function and is therefore itself
continuous).

The function ε and its derivatives will figure prominently in later sections and
we therefore close this section by establishing two important results concerning ε.

Theorem V.D.13. For any countable ordinal µ:

ε(µ)(Ω) = ε
(Ω)
1 = Ω.

Proof. A simple double induction shows that ε(µ)(η) < Ω for all countable µ
and η, and it is easily established that ε(µ)(Ω) = Ω for all countable µ.

By Theorem V.D.11 we know that ε(Ω)(1) is
⋃
µ∈Ω ε(µ)(1) (recall that ε0 = 0,

and so ε
(Ω)
0 = 0). It is easy to show that 〈ε(µ)(1)〉µ∈Ω is cofinal in Ω and therefore

has limit Ω.
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Finally, we note that fixed points greater than Ω of exponentiation-by-ω are
exactly fixed points of exponentiation-by-Ω.

Theorem V.D.14. For any ordinal ζ:

• if ζ > Ω then
ωζ = ζ ⇔ Ωζ = ζ.

Proof. Suppose first that ζ = Ωζ . Since ζ ≤ ωζ ≤ Ωζ , we have ζ = Ωζ .
Now suppose that ζ > Ω and that ζ = ωζ . Since ζ > Ω we have ζ = Ω + κ

for some positive κ. Then

ζ = ωζ = ωω
ζ

= ωω
Ω+κ

= ωω
Ω·ωκ = ωΩ·ωκ = (ωΩ)ω

κ

= Ωω
κ

.

This means that
Ω · ζ = Ω · Ωω

κ

= Ω1+ωκ = Ωω
κ

= ζ.

Therefore, Ω · ζ = ζ. Finally,

ζ = ωζ = ωΩ·ζ = (ωΩ)ζ = Ωζ .

This result and the previous one together imply that εΩ+κ (κ > 0) is the κ-th
fixed point of the exponentiation-by-Ω function and from that we can conclude,
for example, that εΩ+1 is the limit of the sequence

Ω, ΩΩ, ΩΩΩ

, . . . .

V.E The θµ functions

The function θµ (µ a countable ordinal) is the ordinal function corresponding
to the function jµ on degrees. In this section we study the θµ functions, show
that each has domain Λ (the order type of the regular lub degrees) and show
how these functions relate to the generalized ε-numbers.

Definition V.E.1. For any countable ordinal µ:

θµ =
{
〈λ, η〉 ∈ Λ× Λ : jµ(r1+λ) = r1+η

}
.

For example, since j1(r1) is r1, and since j1(r2) is rΩ, it follows that 0 and 1
are in the domain of θ1 and that θ1(0) = 0 and θ1(1) = Ω.

Proposition V.E.2. For any countable ordinal µ:

• θµ is an increasing continuous ordinal function whose domain is closed
in Λ.
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Proof. We must first show that the domain of θµ is an ordinal, i.e., that it is
closed downwards. Therefore, suppose that λ ∈ Dm(θµ), that η = θµ(λ) and
that λ′ < λ. Then r1+λ′ < r1+λ, which implies that jµ(r1+λ′) < r1+η, and
since r1+η is regular and jµ(r1+λ′) is a lub degree, it follows that jµ(r1+λ′) is a
regular lub degree and so must be r1+η′ for some η′ in Λ. Thus λ′ ∈ Dm(θµ)
and η′ = θµ(λ′).

Because jµ is increasing on degrees it follows that θµ is increasing on ordinals
and is therefore an increasing ordinal function.

To show now that θµ is continuous and has a domain that is closed in Λ, let
λ be a positive limit ordinal in Λ and suppose that every ordinal less than λ is
in Dm(θµ). We must show that λ ∈ Dm(θµ) and that θµ(λ) =

⋃
η<λ θµ(η) (it

is immediate that 0 ∈ Dm(θµ) and θµ(0) = 0).
If λ has cofinality ω, there is some ω-sequence κ of ordinals less than λ such

that λ =
⋃
n κn. Now the ‘addition by 1 on the left’ function is continuous, so

that 1+
⋃
n κn =

⋃
n(1+κn). Thus 1+λ =

⋃
n(1+κn) and so r1+λ = lubn r1+kn

by Proposition V.B.7. Then

jµ(r1+λ) = jµ(lubn r1+κn)

= lubn jµ(r1+κn)

= lubn r1+θµ(κn)

= r
(

1 +
⋃
n

θµ(κn)
)
.

This means that λ ∈ Dm(θµ) and that θµ(λ) =
⋃
n θµ(κn) =

⋃
η<λ θµ(η)

because θµ is increasing.
Therefore, suppose that λ does not have cofinality ω. The degree r1+λ is

still, however, a Boolean lub degree and so is the join of an ω-sequence a of
Boolean degrees. This means that r1+λ is the lub of the maximal elements of
the range of a (for otherwise it would be a lub degree). Thus r1+λ must be the
lub of c and c− for some component c of a (c is clearly a regular nonselfdual
degree).

Now suppose that a degree d is reducible to both c and c−, i.e., that d < c.
Then either d is lub-Boolean, and so is r1+κ for some κ less than λ; or else d is
Boolean, in which case it is reducible to the lub of d and d−, which again must
be of the form r1+κ. We conclude, then, that every degree less than both c and
its dual is reducible to an element of {r1+κ}κ<λ.

In terms of initial classes, this means that

In(c) ∩ In(c−) =
⋃
κ<λ

In(r1+κ).

Taking expansions, and applying Lemma IV.C.3 and Theorem IV.C.7, we see
that

In(c)µ ∩ In(c−)µ =
⋃
κ<λ

In(r1+κ)µ.
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But In(c)µ = In(jµ(c)), In(c−)µ = In(jµ(c−)), and, for any κ less than λ we have
In(r1+κ)µ ⊆ In(r1+κ + 1)µ = In(jµ(r1+κ + 1)) (because r1+κ + 1 is Boolean)
⊆ In(jµ(r1+κ+1)). Thus

In(jµ(c)) ∩ In(jµ(c)−) =
⋃
κ<λ

In(jµ(r1+κ+1))

=
⋃
κ<λ

In(jµ(r1+κ))

=
⋃
κ<λ

In(r1+θµ(κ)).

The above implies that every degree below jµ(c) is below r1+θµ(κ) for some
κ less than λ. This means, first of all, that jµ(c) and jµ(c)− and therefore also
jµ(r1+λ) are regular. Thus jµ(r1+λ) = r1+η for some η in Λ, so that λ ∈ Dm(θµ)
and θµ(λ) = η. Finally, the above implies that the regular lub degrees below
r1+η are exactly those of the form r1+ζ with ζ ≤ θµ(κ) for some κ less than λ,
i.e., for some ζ less than

⋃
κ<λ θµ(κ). This implies that η =

⋃
κ<λ θµ(κ) and so

θµ(λ) =
⋃
κ<λ θµ(κ). Thus θµ is continuous at λ.

The crucial step in the proof was the use of Theorem IV.C.7 to lift the
construction principle for In(c) ∩ In(c−) up to give us a construction principle
for In(jµ(c)) ∩ In(jµ(c)−).

Now that we know that each θµ is continuous, we know that once we are able
to express θµ(λ+1) in terms of θµ(λ) (λ ∈ Λ) we should be able to determine θµ.
In particular, if the domain of θµ is closed under successor, then it must be equal
to Λ.

Our first step is to determine θ1.

Proposition V.E.3. The domain of θ1 is Λ, and

θ1(λ) = Ωλ

for any positive ordinal λ in Λ.

Proof. We proceed by induction on λ.
Suppose first that λ = 1. The ordinal θ1(1) is the index in r of j1(r2). Now

j1(r2) = j1(lub{r?1 , r◦1}) = lub{j1(r?1), j1(r◦1)}.
In general, if b is a regular lub degree then b is the join of a sequence a of

regular nonselfdual degrees. We saw in Section III.B that In(b?) is Sp+
0 (In(b))
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which in turn is Sp+
0 (Pt0(

⋃
n In(an))) = Sp+

0 (
⋃
n In(an)). Then

In(j1(b?)) = In(b∗)1

= Sp+
0

(⋃
n

In(an)
)1

= Sp+
1

(⋃
n

In(an)1
)

(by Propositions IV.D.3 and IV.D.5)

= Sp+
1

(⋃
n

In(j1(an))
)

= Sp+
1

(
Pt0

(⋃
n

In(j1(an))
))

= Sp+
1

(
In(lubn j1(an))

)
= Sp+

1 (In(j1(b))

= In(b]).

We can therefore conclude that j1(lub{b?, b◦}), which is the result of applying
j1 to the next regular lub degree after b, is lub{j1(b)], j1(b)[}. We can now
proceed to a proof of the stated result by induction on λ.

Suppose first that λ = 1. Then j1(r1+λ) = j1(r2) = lub{j1(r1)], j1(r1)[} (by
the above) = lub{1], 1[} (because j1(r1) = r1) = rΩ because 1] is the degree
of a complete Σ0

2 set, making lub{1], 1[} the least nonselfdual greater than any
degree of a ∆0

2 set. This degree is regular because all degrees of ∆0
2 sets are

regular.
Now suppose that λ = κ + 1 and assume the result for κ, i.e., assume that

θ1(κ) = Ωκ. Thus j1(r1+κ) = rΩκ (= r1+Ωκ) and so

j1(r1+λ) = j1(r1+κ+1)

= lub
{
j1(r1+κ)], j1(r1+κ)[

}
(by our reasoning above)

= lub
{
r]Ωκ , r

[
Ωκ
}

= rΩκ·Ω (by Theorem V.C.7)

= rΩκ+1

= rΩλ

= r1+Ωλ .

This means that λ+ 1 ∈ Dm(θ1) and θ1(λ) = Ωλ.
Finally, if λ is a limit ordinal in Λ, and θ1(κ) = Ωκ for every κ less than λ,

then by Proposition V.E.2 λ is also in Dm(θ1) and θ1(λ) =
⋃
κ<λ θ1(κ) =⋃

1≤κ<λ θ1(κ) =
⋃

1≤κ<λ Ωκ = Ωλ.

In a sense, the degree operations were developed just to prove this last result.
We can now proceed to determine the rest of the θµ functions without further
use of degree operations.
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At this point it will be convenient to define a sequence R of initial classes
corresponding to the sequence r of regular lub degrees.

Definition V.E.4. The sequence R is the unique Λ-sequence of subclasses of
P(ωω) such that

Rλ =
{
A ⊆ ωω : dg(A) < r1+λ

}
for any ordinal λ in Λ.

For example, R0 is {∅, ωω}, R1 is the class F ∪G of closed or open sets, R2

is the class of differences and codifferences of open sets, Rω is the collection of
all finite Boolean combinations of open sets, and RΩ is the class F1 ∪ G1 of all
Σ0

2 or Π0
2 sets.

The importance of the sequence R lies in the fact that it is closed under
expansion, with µ-expansion corresponding to the θµ function on the indices.

Proposition V.E.5. For any ordinals λ and ζ and any countable ordinal µ:

• if λ ∈ Λ then Rλ is a union of ωG-Boolean classes and

(Rλ)µ = Rζ

iff λ ∈ Dm(θµ) and ζ = θµ(λ).

Proof. We know that r1+λ is lub-Boolean; therefore, there must exist an ω-sequence
a of Boolean degrees whose join is r1+λ. Then for any subset A of ωω, dg(A) <
r1+λ iff dg(A) ≤ an for some n. This means that

Rλ =
{
A ⊆ ωω : dg(A) < r1+λ

}
=

{
A ⊆ ωω : dg(A) ≤ an for some n

}
=

⋃
n

In(an),

so that Rλ is a union of Boolean classes.
Now suppose that η ∈ Λ and that (Rλ)µ is Rη. Taking a as above, we have

(Rλ)µ = (
⋃
n In(an))µ =

⋃
n In(an)µ =

⋃
n In(jµ(an)). Furthermore, since a

has no maximal component, neither does 〈jµ(an)〉n∈ω, so that
⋃
n In(jµ(an)) is

{A ⊆ ωω : dg(A) < lubn jµ(an)}. But since this last set is, by hypothesis, Rη,
and since the latter is {A : dg(A) < r1+η}, it must be that r1+η = lubn jµ(an).
This degree is equal to jµ(lubn an), i.e., jµ(r1+λ). Thus λ ∈ Dm(θµ) and
η = θµ(λ).

Conversely, suppose that λ ∈ Dm(θµ) and that η = θµ(λ). Then

(Rλ)µ =
{
A : dg(A) < lubn jµ(an)

}
(as before)

=
{
A : dg(A) < r1+η

}
(because lubn jµ(an) = jµ(lubn an) = jµ(r1+λ) = r1+θµ(λ) = r1+η)

= Rη (by definition).
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Our first application of the sequence R is in showing that the additive prop-
erty of expansions (Theorem IV.C.13) carries over to the θµ functions.

Proposition V.E.6. For any countable ordinals ν and µ:

• if Dm(θν) = Λ and Dm(θµ) = Λ then Dm(θν+µ) = Λ and

θν+µ(λ) = θν(θµ(λ))

for any λ in Λ.

Proof. Let λ be in Λ. Since Rλ is a union of ωG-Boolean classes, we know
that (Rλ)ν+µ = ((Rλ)µ)ν . Since λ ∈ Dm(θµ), we know that θµ(λ) is in Λ
and (Rλ)µ = Rθµ(λ). Then since θµ(λ) ∈ Dm(θν), we know that (Rθµ(λ))

ν =
Rθν(θµ(λ)), which implies that λ ∈ Dm(θν+µ) and θν+µ(λ) = θν(θµ(λ)).

One of the main reasons for requiring regular degrees to be Boolean is to
allow us to prove this result (the analogous result concerning expansions was
proved for unions of ωG-Boolean classes only).

It follows almost immediately that the domain of θn (n ∈ ω) is Λ and that
for positive λ in Λ we have

θn(λ) = ΩΩ.
..

Ωλ

with n Ω’s in the ladder of exponents. For example,

θ3(λ) = θ1(θ1(θ1(λ))) = ΩΩΩλ

for all positive λ. Furthermore, the above result implies that jn(r2) is regular
for all n in ω. Now r2 is the lub of F −G and G −F , so that jn(r2) is the lub of
Fn − Gn and Gn − Fn. This implies that the degree of a set that is Σ0

n or Π0
n

must be regular; since this is true for all n in w, we can already conclude that
every degree of an arithmetic set is regular. In particular, we now know that
≤ is well founded on the collection of degrees of arithmetic sets. We can even
calculate the order type (of the collection of lub degrees in this set); it must be
the limit of the sequence

Ω, ΩΩ, ΩΩΩ

, . . . ,

which is the ordinal εΩ+1, the first ε-number after Ω (see the remarks following
Theorem V.D.14).

The last result does not, however, give us much information about the ∆0
ω

sets or, more generally, about θω (which is not the limit of 〈θn〉n∈ω any more
than the class of ∆0

ω sets is the collection of all arithmetic sets).
In terms of the sequence R, our informal argument showed that the class A

of all arithmetic sets is RΥ1 where Υ1 = εΩ+1. If we want to know the structure
of the collection of degrees of ∆0

ω sets we need to show that every ∆0
ω set is in

RΥ′ for some particular Υ′. The first available value for Υ′ is Υ1 + 1, but the
following result tells us that we have much further to go.

Proposition V.E.7. For any ordinal λ in Λ:
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• λ+ 1 ∈ Λ and Rλ+1 = Sp0(Rλ).

Proof. By definition, Rλ = {A : dg(A) < r1+λ}. Furthermore, since r1+λ is
a lub degree, there is an ω-sequence a of regular Boolean degrees whose join
is r1+λ. For any A, A < r1+λ iff A ≤ an for some n, and so Rλ =

⋃
n In(an).

Now r1+λ+1 = lub{(r1+λ)?, (r1+λ)◦} and thus

Rλ+1 = In((r?1+λ) ∪ In((r1+λ)◦)

= Sp+
0 (In(r1+λ)) ∪ Sp−0 (In(r1+λ))

= Sp0(In(r1+λ))

= Sp0

(
Pt0

(⋃
n

In(an)
))

= Sp0

(⋃
n

In(an)
)

= Sp0(Rλ).

This means that RΥ1+1 is Sp0(RΥ1
), i.e., Sp0(A). We have already seen

(in Section IV.E) that this class is only slightly larger than A. If we want
to exhaust the collection of ∆0

ω sets we must take not only Sp0(A), nor even
Sp1(A) or Sp2(A), but must instead close A out under all the Spn operations.

Consider now the second substep in forming this closure, namely the class
Sp1(A). We know that A1 = A; therefore Sp1(A) = Sp1(A1) = Sp0(A)1. The
class Sp0(A)1 is (RΥ1+1)1, which is Rθ1(Υ1+1) and since Υ1 + 1 > 0, this class
is RΩΥ1+1 . Similarly, the class Sp2(A), which is the third substep in forming
the closure, is equal to Sp0(A)2, which is Rθ2(Υ1+1), which reduces to

R
ΩΩΥ1+1

and in general, Spn(A) is
R

ΩΩ.
..

ΩΥ1+1

with n Ω’s in the ladder of exponents. The class Sp(ω)(A) is therefore the union
of the sequence

RΥ1+1, RΩΥ1+1 , R
ΩΩΥ1+1 , . . .

of classes. Now in general the sequence R is not continuous, i.e., Rλ (λ a
limit ordinal) is not in general equal to

⋃
κ<λ Rκ, but this is the case if λ has

cofinality ω.

Proposition V.E.8. For any ordinal λ and any ω-sequence κ of ordinals:

• if λ =
⋃
n κn and κn ∈ Λ for all n, then λ ∈ Λ and

Rλ =
⋃
n

Rκn .
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Proof. By Theorem V.C.7 we know that 1+λ ∈ Λ and that r1+λ = r(1+
⋃
n κn).

Therefore, if A is any subset of ωω, then A < r1+λ iff A < r(κn) for some n.
Thus Rλ = {A : A < r1+λ} =

⋃
n{A : A < r(κn)} =

⋃
n Rκn .

We see then that Sp(ω)(A) is RΥ2 where Υ2 is the limit of the sequence

Υ1 + 1, ΩΥ1+1,ΩΩΥ1+1

, ΩΩΩΥ1+1

, . . . .

But this is just the least fixed point of the exponentiation-by-Ω function that is
greater than Υ1 (see the remarks following Theorem V.D.14); in other words,
since Υ1 is εΩ+1, it follows that Υ2 is εΩ+2.

The class Sp(ω)(A) does not, of course, exhaust A; it is only the first (of Ω
many) main steps in closing A out under the Spn. The next main step is to form
Sp(ω)

2(A), i.e., Sp(ω)(Sp(ω)(A)). This class is the union of all Spn(Sp(ω)(A))
(for n ∈ ω) and it is easy to see that it is RΥ3 , Υ3 being the limit of the sequence

Υ2 + 1, ΩΥ2+1, ΩΩΥ2+1

, . . . .

The ordinal Υ3 is clearly the least ε-number greater than Υ2, i.e., it is εΩ+3.
The class Sp2

(ω)(A) is therefore RεΩ+3
.

In the same way, it is easy to see that the class Sp3
(ω)(A) is RεΩ+4

, that

Sp4
(ω)(A) is RεΩ+5 , and that in general

Sp(ω)
µ(A) = R

(
εΩ+µ+1

)
(care must be taken in verifying this for infinite µ). Since the collection of ∆0

ω

sets is the union of the sequence 〈Spµ(ω)(A)〉µ∈Ω, it follows that it is also the union

of the sequence 〈RεΩ+µ+1〉µ∈Ω. The sequence R is definitely not continuous at
limit ordinals of cofinality greater than ω; the class RΩ+Ω is actually (as we
shall soon see) the collection of subsets of ωω that are either Σ0

ω or Π0
ω. It is

true, however, that the order type of the collection of lub degrees of ∆0
ω sets

is εΩ+Ω, and that rεΩ+Ω
is the lub of the degree of a ‘true’ Σ0

ω set and the degree

of a ‘true’ Π0
ω set. Finally, if we recall that rεΩ+1

is already not the degree of an
arithmetic set, we see that in fact the class of arithmetic sets constitutes only a
tiny fraction of the class of all ∆0

ω sets.
The approach we have just outlined gives us far more than the order type of

the degrees of the ∆0
ω sets; it allows us to determine θω in general by giving us

a definition of θω(λ+ 1) in terms of θω(λ). To see this, suppose that η = θω(λ),
so that

(Rλ)ω = Rη.

We know that Rλ+1 = Sp0(Rλ). Taking expansions of both sides, we have

(Rλ+1)ω = Sp0(Rλ)ω

= Spω((Rλ)ω)

= Spω(Rη)
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and to determine the latter it is enough to determine Ptω(Rη). Theorem IV.E.4
(the general construction principle of which the solution to Luzin’s problem was
a corollary) tells us that

Ptω(Rη) = SpΩ
(ω)(Rη).

Proceeding as before, we see that Sp0(Rη) isRη+1; but in order to determine
Sp(Rη) we will need to assume that (Rη)1 = Rη, i.e., that η is a fixed point
of θ1. For if this is so, then

Sp1(Rη) = Sp1((Rη)1)

= Sp0(Rη)1

= (Rη+1)1

= Rθ1(η+1)

= RΩη+1 .

Similarly, (Rη)2 = ((Rη)1)1 = (Rη)1 = Rη and a similar calculation reveals
that Sp2(Rη) must be

RΩΩη+1 .

We can therefore continue as we did earlier and conclude that Sp(ω)(Rη) is the
least epsilon number (i.e., least fixed point of θ1) greater than η. Proceeding
to the construction of Sp(ω)(Rη), we see that this class must be R′η where η′ is
the Ω-th epsilon number (fixed point of θ1) greater than η. In other words, if
η = εκ then η′ = εκ+Ω. Our induction hypothesis (that η is a fixed point of θ1,
i.e., an ε-number) is therefore justified, and it follows (after some calculation of
initial values) that

θω(λ) = εΩ·(1+λ)

for positive λ in Λ (θω(0) is of course 0).
This approach can be generalized to any power µ of ω: for any λ in Λ we

have
θµ(λ) = ψΩ·λ

where ψ enumerates
⋂
ν<µ fx(θν).

The first step in proving this result is to show that Sp(µ) takes us from one
fixed point to another.

Lemma V.E.9. For any countable ordinal µ:

• if µ is a power of ω and Dm(θν) = Λ for all ν less than µ and η is in⋂
ν<µ fx(θν), then η is not the greatest element of that set and η′ ∈ Λ and

Sp(µ)(Rη) = Rη′

where η′ is the least element of
⋂
ν<µ fx(θν) greater than η.
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Proof. Let ν be less than µ. Since η is a fixed point of θν , it must be in Λ;
therefore, (Rη)ν = Rθν(η) = Rη. Thus Spν(Rη) = Spν((Rη)ν) = Sp0(Rη)ν (by
Proposition IV.D.5) = (Rη+1)ν (by Proposition V.E.6) = Rθν(η+1). This means
that Sp(µ)(Rη) =

⋃
ν<µ Spν(Rη) =

⋃
ν<µ Rθν(η+1). Let η′ =

⋃
ν<µ θν(η);

then by Proposition V.E.8, we know that η′ ∈ Λ and
⋃
ν<µ Rθν(η+1) = Rη′ .

Thus Sp(µ)(Rη) = Rη′ .
To see that η′ is in

⋂
ν<µ fx(θν), let ν′ be an ordinal less than µ. Then

θν′(η
′) = θν′

(⋃
ν<µ

θν(η + 1)
)

=
⋃
ν<µ

θν′(θν(η + 1))

=
⋃
ν<µ

θν′+ν(η + 1)

(by Proposition V.E.6 and the fact that each θν has domain Λ).
But µ, being a power of ω, is closed under addition; thus ν′ + ν < µ for all

ν less than µ. This implies that
⋃
ν<µ θν′+ν(η + 1) =

⋃
ν<µ θν(η + 1) = η′ so

that η′ is a fixed point of θν′ . Since this is true of all ν′ less than µ, it follows
that η′ ∈

⋂
ν<µ fx(θν).

Finally, to show that η′ is the least such fixed point, let η′′ be any element
of
⋂
ν<µ fx(θν) and assume that η + 1 ≤ η′′. Then θν(η + 1) ≤ θν(η′′) = η′′ for

all ν, and so, taking unions, η′ ≤ η′′.

Thus Sp(µ) takes us from one fixed point of θµ to the next.

Proposition V.E.10. For any infinite power µ of ω and any increasing ordinal
function ψ:

• if Dm(θν) = Λ for every ν less than µ and ψ enumerates
⋂
ν<µ fx(θν)

then Dm(θµ) = Λ and
θµ(λ) = ψΩ·λ

for any λ in Λ.

Proof. We proceed by induction on λ. The case λ = 0 is immediate. Therefore
let λ be a successor ordinal and assume the result for its predecessor κ. Thus
we know that κ ∈ Dm(θµ), that θµ(κ) = ψΩ·κ, and that (Rκ)µ = RψΩ·κ . Let
ζ = Ω · κ; then by our previous result we conclude that ζ + 1 ∈ Dm(ψ) and
Sp(ω)(Rψζ ) = Rψζ+1

. Applying our result again, we see that ζ + 2 must also be

in Dm(ψ) and that Sp2
(µ)(Rψζ ) = Rψζ+2

. In this way a simple induction shows
that ζ + n ∈ Dm(ψ) and Spn(µ)(Rψζ ) = Rψζ+n for all n in ω.

Now each ψζ+n (n ∈ ω) is a fixed point of each θν (ν < µ). Since each ψζ+n
is in Λ it follows by Theorem V.C.7 that

⋃
n ψζ+n must also be in Λ. Finally,

since each θν is continuous,
⋃
n ψζ+n is also in

⋂
ν<µ fx(θν). This implies that
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ζ + ω ∈ Dm(ψ), that ψζ+ω =
⋃
n ψζ+n, and that

Sp(µ)
ω(Rψζ ) = Sp(µ)

(⋃
n

Sp(µ)
n(Rψζ )

)
= Sp(µ)

(⋃
n

Rψζ+n
)

= Sp(µ)

(
R
(⋃
n

ψζ+n

))
(by Theorem IV.C.7)

= Sp(µ)(Rψζ+ω )

= Rψζ+ω+1
.

It is straightforward to generalize this argument and prove by induction that
ζ + ν + 1 ∈ Dm(ψ) and

Sp(µ)
ν(Rψζ ) = Rψζ+ν+1

for all infinite ν in Ω. From this it follows that

Sp(µ)
Ω(Rψζ ) =

⋃
ω≤ν<Ω

Rψζ+ν+1

=
⋃
ν∈Ω

Rψζ+ν .

Consider now the initial class Sp+
µ (Rψζ ) and its dual, Sp−µ (Rψζ ). Since Rψζ =

(Rκ)µ, we have Sp+
µ (Rψζ ) = Sp+

µ ((Rκ)µ) = (Sp+
0 (Rκ))µ. This class (and also

its dual) must, by Proposition V.E.5 and Theorems IV.D.7 and IV.C.11, be
ωG-Boolean. These classes therefore define a dual pair b and b− of nonselfdual
Boolean degrees. (In fact it is not hard to see that b = jµ(rκ + 1)). Any
degree less than both b and b− must be the degree of a set that is in both
Sp+

µ (Rψζ ) and Sp−µ (Rψζ ), i.e., (by Theorem IV.D.2) a set in Ptµ(Rψζ ). But

Ptµ(Rψζ ) = SpΩ
(µ)(Rψζ ) (by Theorem IV.E.4) =

⋃
ν<µRψζ+ν (as above) and

thus every degree less than both b and b− is less than r1+ψζ+ν for some ν in Ω.
Therefore, b and b− are regular; and since, conversely, each r1+ψζ+ν is less than
both b and b−, it must be the case that

⋃
ν∈Ω ψζ+ν ∈ Λ and that the lub of

these degrees (which is a regular lub degree) is r(
⋃
ν∈Ω ψζ+ν).

The ordinal
⋃
ν∈Ω ψζ+ν , being in Λ, is therefore in the domain of each θν

(ν < µ). Furthermore, this ordinal is a union of ordinals each of which is a
fixed point of each θν . We can therefore conclude that

⋃
ν∈Ω ψζ+ν is itself in⋂

ν<µ fx(θν) and it follows easily that ζ + Ω ∈ Dm(ψ) and
⋃
ν∈Ω ψζ+ν = ψζ+Ω.

Thus

(Rλ)µ = Spµ(Rψζ )
= In(b) ∪ In(b−)

= R
(⋃
ν∈Ω

ψζ+ν

)
= Rψζ+Ω
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and so λ ∈ Dm(θµ) and θµ(λ) = ψζ+Ω = ψΩ·κ+Ω = ψΩ·(κ+1) = ψΩ·λ.
Finally, suppose that λ is a limit ordinal in Λ and assume the result for all κ

less than λ. Then θµ(κ) = ψΩ·κ for all κ less than λ. By Proposition V.E.2 we
know that θµ is continuous and that its domain is closed in Λ; thus λ ∈ Dm(θµ)
and θµ(λ) =

⋃
κ<λ θµ(κ) =

⋃
κ<λ ψΩ·κ. The ordinal θµ is therefore the union of

ordinals each of which is a fixed point of each θν . Then as above it follows easily
that this ordinal must itself be in

⋂
ν<µ fx(θν) and so (since Ω ·λ =

⋃
κ<λ Ω ·κ),

Ω · λ ∈ Dm(ψ) and ψΩ·λ =
⋃
κ<λ ψΩ·κ. Therefore θµ(λ) =

⋃
κ<λ θµ(κ) =⋃

κ<λ ψΩ·κ = ψΩ·λ.

This last result will enable us to determine θµ for any µ. For example, it tells
us that θω(λ) is ψΩ·λ where ψ enumerates the fixed points of {θn}n∈ω. However,
each θn is θ1 composed with itself n times, so that the fixed points of θn are
exactly those of θ1. This means that ψ enumerates the fixed points of θ1, i.e.,
that ψ = θ′1. In other words, θω(λ) = θ′1(Ω · λ).

Similar reasoning shows that in general θω·µ(λ) is θ′µ(Ω · λ), and this allows
us to determine θω2 , θω3 , θω4 and so on. A little calculation shows that

θωn(λ) = θ
(n)
1 (Ω · λ)

for any finite n.
As for θωω , we know that θωω (λ) is ψΩ·λ where ψ enumerates

⋂
n fx(θωn).

Simple considerations show that this set is equal to
⋂
n fx(θ

(n)
1 ), and so our

function ψ must be the ω-th derivative θ
(ω)
1 of θ1. Proceeding in this way we

soon see that our equation for θωn generalizes to yield the following equation
for θωµ for any countable ordinal µ.

Proposition V.E.11. For any positive countable ordinal µ and any λ in Λ:

• the domain of θωµ is Λ and

θωµ(λ) = θ
(µ)
1 (Ω · λ).

Proof. We proceed by induction on µ. The case µ = 1 is straightforward (ev-
erything is 0); therefore, assume that µ > 1 and that the result holds for all
positive ν less than µ.

By our induction hypothesis we know that Dm(θων ) = Λ for all ν less than µ.
This in turn implies (using Proposition V.E.3) that Dm(θη) = Λ for any η of
the form ων0 +ων1 + · · ·+ωνn−1 for any nonincreasing sequence ν0, ν1, . . . , νn−1

of ordinals less than ωµ. Since every ordinal less than ωµ is of this form (the
sequence ν isin fact unique), we can conclude that Dm(θη) = Λ for any η less
than µ.

It now follows, using our previous result, that Dm(θωµ) = Λ and that
θωµ(λ) = ψΩ·λ for any positive λ, where ψ enumerates

⋂
η<ωµ fx(θη). Using our

previous characterization of the ordinals less than ωµ, we see that
⋂
η<ωµ fx(θη)

is ⋂
v∈nµ

fx(θων0+ων1+···+ωνn−1 ).
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Now for any nonincreasing sequence ν0, ν1, . . . , νn−1 we know by Proposi-
tion V.E.3 that

θων0+ων1+···+ωνn−1 = θωνn−1 ◦ θωνn−1 ◦ · · · ◦ θων0 ,

and so, by Lemma V.D.3, the set of fixed points of the function on the left is the
intersection of the set of fixed points of the functions appearing on the right.
All this implies that

⋂
η<ωµ fx(θη) is

⋂
ν<µ fx(θων ).

Now let ν be an ordinal less than µ. We know, by the induction hypothesis,

that θων (λ) = θ
(ν)
1 (Ω · λ) for all λ. If we define φ to be the multiplication-by-Ω

function on Λ, i.e., if we set φ(λ) = Ω ·λ for all λ in Λ, we see that θων is θ
(ν)
1 ◦φ.

We know by Lemma V.D.3 that fx(θ
(ν)
1 ◦ φ) = fx(θ

(ν)
1 ) ∩ fx(φ). The fixed

points of θ1 are 0 together with the fixed points of exponentiation by Ω; in other
words, they are 0 and the ε-numbers. Every fixed point of θ1 is therefore a fixed

point of φ, i.e., fx(θ1) ⊆ fx(φ). This in turn implies that fx(θ
(ν)
1 ) ⊆ fx(φ) and so

we see that fx(θ
(ν)
1 ◦ φ) = fx(θ

(ν)
1 ).

We have therefore shown that fx(θων ) is fx(θ
(ν)
1 ). Since this is true for

any ν less than µ, the set
⋂
ν < µ fx(θων ) must be

⋂
ν<µ fx(θ

(ν)
1 ) so that ψ,

which enumerates this set, must (by the definition of differentiation) be the

function θ
(µ)
1 . We therefore conclude that θωµ(λ) = θ

(µ)
1 (Ω · λ) for all λ in Λ, as

required.

This result allows us to express θµ (for certain µ) in terms of the derivatives
of θ1. The next result relates these derivatives to those of the function ε, and
allows us to define at least some of the ‘unknown’ θ functions in terms of the
‘known’ ε function.

Theorem V.E.12. For any countable ordinal µ:

θ
(1+µ)
1 (λ) = ε

(µ)
Ω+λ

for any positive λ in Λ.

Proof. We proceed by induction on µ. Suppose first that µ = 0.
We know that ε by definition enumerates the set of all ordinals η in i2 such

that η = ωη (recall that we restricted ε to i2 to make it a function; elementary
considerations show that Λ ⊆ i2). By Theorem V.D.11, we see that this set
consists of the countable ε-numbers, the ordinal Ω, and all ordinals η in i2 such
that η = Ωη.

The function θ′1, on the other hand, enumerates the fixed points of θ1 which
(using Proposition V.E.3) we know to be 0 together with all ordinals η in Λ
such that η = Ωη.

We see therefore that θ′1 and ε enumerate the same elements of Λ that are
greater than Ω, but that ε enumerates a subset of Ω+1 of order type Ω+1 where
θ′1 enumerates the single ordinal 0. From this it follows easily that θ′1(λ) = εΩ+λ

for positive λ.

191



Now suppose that µ > 0 and assume the result for all ν less than µ. The

functions ε(µ) and θ
(1+µ)
1 enumerate

⋂
ν<µ fx(ε(ν)) and

⋂
ν<1+µ fx(θ

(ν)
1 ) respec-

tively; the second set is easily seen to be
⋂
ν<µ fx(θ

(1+ν)
1 ). We argue almost

exactly as before, to the effect that the two sets have the same elements of Λ
that are greater than Ω.

To see this, let ν be less than µ and let λ be an element of Λ greater than
Ω such that λ = ε(ν)(λ). Then λ must be an ε-number, so that λ = Ωλ. Since

λ is a power of Ω, we have λ = Ω + λ and so λ = ε
(ν)
λ = ε

(ν)
Ω+λ = θ

(1+ν)
1 (λ) and

therefore λ is a fixed point of θ
(ν)
1 . Similarly, any fixed point of θ(1+ν) is a fixed

point of ε(ν).

Clearly the only element of
⋂
ν<µ fx(θ

(1+ν)
1 ) that is less than or equal to Ω

is 0, whereas such elements of
⋂
ν<µ fx(ε(ν)) have (by Theorem V.D.13) order

type Ω. It follows in the same way as before that θ
(1+µ)
1 (λ) = ε(µ)(Ω + λ) for

any positive λ.

Theorem V.E.13. For any countable ordinal µ:

θ(1+µ)
ω (λ) = ε

(µ)
Ω·(1+λ)

for any positive λ in Λ.

Proof. Let λ be a positive ordinal in Λ; then θ
(1+µ)
ω (λ) = θ

(1+µ)
1 (Ω · λ) (by

Proposition V.E.11) = ε(µ)(Ω + (Ω · λ)) (by Theorem V.E.12) = ε(µ)(Ω · (1 +
λ)).

Since we already know what θ1 (= θω0) is, we have now ‘solved’ the problem
of determining θν in the case that ν is a power of ω. Furthermore, we know
that every countable ordinal is a sum of powers of ω; this fact, together with
Proposition V.E.3, allows us to express any θν in terms of the ε function and
its derivatives.

Theorem V.E.14. For any infinite countable ordinal µ, any nonempty finite
nonincreasing sequence ν of countable ordinals, any natural number m:

• if
µ = ω1+ν0 + ω1+ν1 + · · ·+ ω1+νn +m

then

θµ(λ) = ε(ν0)(ε(ν1)(· · · (ε(νn)(Ω + Ω · ΩΩ.
..

Ωλ

)) · · · ))

for any positive λ in Λ, there being m Ω’s in the ladder of exponents (the
innermost expression reducing to Ω + Ω · λ when m = 0).

Proof. It follows directly from Proposition V.E.3 and Theorem V.E.13 that
θµ(λ) is

ε(ν0)(Ω · (1 + ε(ν1)(Ω · (1 + · · · ε(νn)(Ω · (1 + ΩΩ.
..

Ωλ

)) · · · )))).
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However, ordinals in the range of ε and its derivative are all ε-numbers and
are therefore unchanged by addition and multiplication by Ω. As a result, the
expression above reduces to the expression required.

This result specifies θµ only for infinite µ; for finite µ, see Proposition V.E.3.
For most ordinals, the expression given above simplifies even further. For ex-
ample, if λ is a positive element of Λ then

θωω+ω2+3(λ) = ε(ω)(ε(1)(Ω + Ω · ΩΩΩλ

)) = ε(ω)(ε′(ΩΩΩλ

)).

V.F The degree structure of the Borel sets

In this section we gather the fruits of the labour of the preceding chapters and
sections and compute the order type of the collection of selfdual degrees of Borel
sets. We show that this ordinal is the least greater than Ω that is a fixed point
of the ε function and all its countable derivatives. We also compute the ordinals
corresponding to the levels of the Borel hierarchy and difference subhierarchy.

Proposition V.F.1. For any countable ordinals µ and η, any nonempty finite
nonincreasing sequence ν of countable ordinals of length η, and any natural
number k:

• if
µ = ω1+ν0 + ω1+ν1 + · · ·+ ω1+νn−1 + k

then the class of selfdual degrees of sets in Dfη(Fµ)± is well-ordered by ≤
with order type

ε(ν0)(ε(ν1)(· · · (ε(νn−1)(Ω + Ω · ΩΩ.
..

Ωη

)) · · · ))

where there are k Ω’s in the ladder of exponents (in the case k = 0, the
inner expression reduces to Ω + Ω · η).

Proof. Since Dfη(Fµ)± = Dfη(F)±
µ

= (Rη)µ = Rθµ(η) the result follows from
Theorem V.E.14.

For example, the order type of the collection of degrees of sets in level five
of the difference hierarchy over the class of ∆0

ωω+ω12+ω8+4 sets is

ε(ω)(ε(11)(ε(7)(Ω + Ω · ΩΩΩ5

)))

which simplifies to

ε(ω)(ε(11)(ε(7)(ΩΩΩ5

)),

because the class in question is

Df5(Fω
ω+ω12+ω8+3)±.
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This result covers only the infinite levels of the Borel hierarchy—the finite
levels will be dealt with separately.

We now state an immediate corollary of the previous result that gives the
ordinals corresponding to the infinite main levels of the Borel hierarchy.

Theorem V.F.2. For any infinite countable ordinal µ, any nonempty nonin-
creasing sequence ν of countable ordinals of length n, and any natural number k:

• if
µ = ω1+ν0 + ω1+ν1 + · · ·+ ω1+νn−1 + k

then the collection of selfdual degrees of ∆0
µ sets is wellordered by ≤ with

order type

ε(ν0)(ε(ν1)(· · · (ε(νn−1)(Ω + Ω · ΩΩ.
..

Ω

)) · · · )),
there being k Ω’s in the ladder of exponents (the inner expression being
Ω + Ω when k = 0).

Proof. The result follows immediately from the previous result and the fact that
Df1(Fµ)+

− is the class of sets that are Σ0
µ or Π0

µ.

For example, the order type of the collection of selfdual degrees of ∆0
ωω+ω3+1

sets is
ε(ω)(ε(2)(Ω + Ω · Ω))

which simplifies to
ε(ω)(ε(2)(Ω2)).

That of the collection of degrees of selfdual ∆0
ω5+3 sets is

ε(4)(Ω + Ω · ΩΩΩ

),

which simplifies to

ε(4)(ΩΩΩ

).

That of the collection of ∆0
ωω+ω8 sets is

ε(ω)(ε(7)(Ω + Ω)).

Finally, that of the collection of ∆0
ω sets is (as we saw in earlier sections)

εΩ+Ω.

It is now a relatively simple matter to compute the order type of the collec-
tion of selfdual degrees of Borel sets.

Theorem V.F.3. The collection of degrees of Borel sets is semiwellordered
by ≤, and the subcollection of selfdual degrees of Borel sets is wellordered by ≤
with order type

ε
(Ω)
1 ,

i.e., the least ordinal greater than Ω that is a fixed point of ε(µ) for every count-
able ordinal µ.
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Proof. The class of Borel sets is the union of the class of ∆0
µ sets for µ in Ω. For

each such µ the class in question is (R1)µ which, by Proposition V.E.5 is Rθµ(1).
The degrees of sets in each Rθµ(1) are clearly regular; therefore, any degree of a
Borel set is regular. It follows then that ≤ semiwellorders the collection degrees
of Borel sets.

The order type of the collection of selfdual degrees of Borel sets is clearly
the union of the order types of the collections of selfdual degrees of ∆0

1+µ for
all countable µ. Clearly, the ordinal in question is also the union of the order
types of the collections of degrees of ∆0

ω1+ν sets for all ν, and this is, by our
previous result,

⋃
ν∈Ω ε

(ν)(Ω + Ω).
We know by Theorem V.D.11 that this ordinal is the least ordinal not less

than Ω + Ω that is an element of
⋂
ν∈Ω fx(ε(ν)). The elements of this set,

however, must all be at least ε-numbers (i.e., in the range of ε) and the least
ε-number greater than Ω is

ΩΩΩ.
..

.

Since this ordinal is (much) greater than Ω+Ω, it follows that the least element
of
⋂
ν∈Ω fx(ε(ν)) is also the least element of the same set greater than Ω. The

least such ordinal greater than Ω (i.e., not less than Ω+1) is simply ε
(Ω)
1 (because

ε
(Ω)
0 = Ω) and so this is the order type of the selfdual degrees of Borel sets.

The order types corresponding to finite levels of the Borel hierarchy are
particularly simple.

Theorem V.F.4. For any natural number n and any countable ordinal µ:

• the collection of selfdual degrees of sets in Dfµ(Fn)± is wellordered by ≤
with order type

ΩΩ.
..

Ωµ

,

there being n Ω’s in the ladder of exponents (when n = 0 the order type is
simply µ).

Proof. The class Dfµ(Fn)± = Dfµ(F)±
µ

= (Rµ)n = Rθn(µ) and the result
follows from Theorem IV.E.5.

Theorem V.F.5. For any natural number n:

• the class of ∆0
1+n sets is wellordered by ≤ with order type

ΩΩ.
..

Ω

,

there being n Ω’s in the ladder of exponents (this ordinal being 1 if n = 0).

Proof. This result follows immediately from the previous one.
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We can illustrate these results by describing a quick trip up through the ∆0
ω

sets.
The degree r1 is the least selfdual degree (there is no r0), and it is the degree

of a ‘proper’ clopen set, i.e., a clopen set that is neither empty nor coempty.
The class of selfdual degrees of ∆0

1 therefore has order type 1.
The next selfdual degree, r2, is the lub of the degree of a proper open set

and its dual. The sets of degree less than or equal to r2 are those which are
differences of open sets and whose complements are differences of open sets.

The degree r3 is the lub of the degree of a proper difference of open sets and
its dual. The sets of degree r2 or less are those sets A such that both A and
−A are 3-ary differences of closed sets.

The degree rω is the lub of {r1+n}n∈ω; it is the least degree not of a set that
is a finite Boolean combination of open sets. In general, the degree r1+µ (which
is simply rµ if µ is infinite) is the degree maximal among those of a set A such
that both A and −A are µ-ary differences of closed sets.

The collection of selfdual degrees of ∆0
2 sets is therefore {r1+µ}µ∈ω and its

order type is Ω. The degree rΩ is the lub of the degree of a true Gδ (Π0
2) set

and its dual. The degree rΩ+1 is not, however, the lub of a degree of a true
difference of Gδ sets and its dual; it is only the degree of the union of a Gδ and an
Fσ separated by a clopen set. We must climb through a whole double hierarchy
of Ω2 levels before we pass level two of the difference hierarchy and reach rΩ2 ,
the lub of the degree of a true difference of Gδ sets and its dual.

The third level of this difference hierarchy is not passed until we reach rΩ3 .
The class of sets A such that both A and −A are 3-ary differences of Gδ sets is
therefore the union of the range of a hierarchy of Ω3 levels; in other words, a
hierarchy with Ω main levels, each level of which can be divided into Ω sublevels
each of which in can in turn be divided into Ω sublevels.

In the same way we pass the fourth level (of the difference hierarchy) with
rΩ4 , the fifth with rΩ5 , and all the finite levels with rΩω . In general, rΩµ (µ a
positive countable ordinal) is the degree of a set maximal for those that are
µ-ary differences of Gδ sets but not ν-ary differences for any ν less than µ.

What is somewhat unexpected is the way in which the complexity of the
difference hierarchy increases so quickly—for example, the class of 3-ary differ-
ences of Gδ sets is only a tiny fraction (1/Ω, to be exact) of the collection of
4-ary differences of Gδ sets.

We finally pass the degrees of ∆0
3 sets with rΩΩ , which is the lub of the

degree of a true Σ0
3 set and its dual. The degrees of the form rΩΩµ correspond

to the various levels of the difference hierarchy over the class of ∆0
4 sets. At

this level of the Borel hierarchy the complexity of the levels of the difference
subhierarchy increases at an even faster rate.

The degree rΩΩΩ is the first selfdual degree lying above all the Σ0
4 and Π0

4

sets, and degrees of the form
r
ΩΩΩµ

correspond to the levels of the difference hierarchy over the class of ∆0
5 sets. In
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the same way, we see, for example, that

r
ΩΩΩΩΩ

is the least selfdual degree lying above the class of Π0
6 and Σ0

6 sets, or that

r
ΩΩΩΩΩΩΩω

is the least selfdual degree lying above the class of all finite Boolean combinations
of Σ0

8 sets.
We continue through the arithmetic hierarchy in this way until we reach the

degree rΥ, Υ being the limit of the sequence

Ω, ΩΩ, ΩΩΩ

, ΩΩΩΩ

, . . . .

The ordinal Υ is εΩ+1, the least ε-number greater than Ω. This ordinal can be
thought of as

ΩΩΩ.
..

with the dots indicating infinitely (i.e., ω many) Ω’s in the ladder of exponents.
The degree rΥ (i.e., rεΩ+1

) is the least selfdual degree lying above the class of

arithmetic sets; it is not, however, the least degree lying above the Σ0
ω and Π0

ω

sets; it is the degree of a ∆0
ω set. The class of arithmetic sets is an unimaginably

tiny fraction of the class of ∆0
ω sets. In order to go beyond the class of ∆0

ω sets
we must skip the next Ω many degrees whose indices are ε-numbers greater
than Ω.

The least selfdual degree above the class of Σ0
ω and Π0

ω sets is rεΩ+Ω
(this

being the simplest case of Theorem V.F.2), εΩ+Ω being of course the Ω-th ε
number greater than Ω. The degrees of the form rεΩ+µ

with µ ∈ Ω are all

degrees of ∆0
ω sets, and they correspond to the Ω stages formed in closing the

class of arithmetic sets out under the operations of ∆0
η-separated union, for n

in ω.

Theorem V.F.6. For any countable ordinal µ:

• The class of all subsets of ωω of degree less than rεΩ+µ+1 is Aµ where A0

is the class of arithmetic sets and for each positive η in Ω the class Aη is
⋃
m∈ω Am : there exists a positive n in ω

and an ω-sequence D of disjoint ∆0
n sets

such that Am ⊆ Dm for all m in ω


A∈ω(

⋃
ν<η Aν)

.

Proof. The result follows directly from Lemma V.E.9.

The preceding results give us a complete description of the structure of the
selfdual degrees of Borel sets, and so it remains only to describe the structure
of the nonselfdual degrees as well. These appear (in dual pairs) immediately
above every selfdual degree and just below every selfdual degree whose index is
an ordinal of cofinality greater than ω.

197



Theorem V.F.7. For any nonselfdual degree q of a Borel set:

• the dual pair {q, q−} is either

1. the pair {rκ + 1, rκ + 1−} for some positive κ in ε
(Ω)
1 ; or

2. the least upper bounds of the set {r1+κ}κ<λ for some positive limit

ordinal λ in ε
(Ω)
1 of cofinality greater than ω; or else

3. the minimal pair {1, 1−}.

Proof. Let λ be {κ ∈ ε(Ω)
1 : r1+κ < q}; it is clearly an ordinal.

If λ = 0 then case (3) clearly applies.
Next, suppose that λ is a successor ordinal, the successor of κ. Then r1+κ

is the greatest selfdual degree less than q. Furthermore, if p is a nonselfdual
degree less than q it must be less than r1+κ; for otherwise r1+κ < lub{p, p−} < q,
impossible (because lub{p, p−} is selfdual). Thus q and q− are the least degrees
above r1+κ; the set {q, q−} must therefore be {r1+κ+1, r1+κ+1−} and case (2)
applies.

If λ is a positive limit ordinal of cofinality ω, there must be an ω-sequence
κ of ordinals whose limit is λ. But this implies that rλ is lubn r(1 + κn), and
since every degree in this sequence is less than q, it follows that rλ is also less
than q. This in turn implies (by the definition of λ) that λ < λ, impossible.
Therefore λ cannot be a positive limit ordinal of cofinality ω.

Finally, suppose that λ is a positive limit ordinal of cofinality greater than ω.
If d is a selfdual degree less than q, it must (by the definition of λ) be of the
form r1+κ with κ less than λ. On the other hand, if p is a selfdual degree less
than q, p is less than lub{p, p−} which is also less than q. Thus q and q− are
the lubs of {r1+κ}κ∈λ and case (2) applies.

Finally, we show that the relation ≤ on the Borel sets (at least) has a natural
definition in terms of Boolean set transformations.

Definition V.F.8. For any subsets A and B of ωω:

A ≤B B

iff A is in every ωG-Boolean class that has B as a member.

In other words, A ≤B B means that B is at least as difficult to ‘construct’
(using Boolean set transformations applied to open sets) as is A. For example,
if A ≤B B and B is the difference of two Gδσδ sets, then A must also be the
difference of two Gδσδ sets. The significance of ≤B was also discussed in the
introduction.

It is easily shown that ≤B is a refinement of ≤.

Proposition V.F.9. For any subsets A and B of ωω:

if A ≤ B then A ≤B B.
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Proof. The result follows immediately from the fact that ωG-Boolean classes are
initial (see Theorem IV.B.10).

The two relations ≤ and ≤B are, on the face of it, very different; the first was
defined in terms of continuous functions (or infinite games) while the second was
defined in terms of Boolean set transformations. In the preceding sections, how-
ever, we have seen that there is in fact a close connection between degrees and
ωG-Boolean classes. Nevertheless it is still something of a surprise to discover
that the two relations are, on the Borel sets at least, identical.

Theorem V.F.10. For any subsets A and B of ωω:

• if A and B are Borel then

A ≤ B iff A ≤B B.

Proof. If A ≤ B, then A ≤B B by the previous result. We therefore assume
that A ≤B B and prove that A ≤ B. Let a and b be the degrees of A and B
respectively.

Clearly A ≤ B iff A ∈ In(b). If b is a nonselfdual degree, the class In(b) must
be ωG-Boolean, because B is Borel and all degrees of Borel sets are regular.
Obviously B ∈ In(b), and therefore (because A ≤B B) A ∈ In(b) and so A ≤ B.

On the other hand, if b is selfdual, then In(b) = In(b+ 1)∩ In(b+ 1−). Since
B is Borel both b + 1 and b + 1− are regular nonselfdual degrees; thus both
In(b + 1) and In(b + 1−) are ωG-Boolean classes. Therefore, since B is in both
these classes and A ≤B B, we have A ∈ In(b + 1) ∩ In(b + 1−) = In(b) and
so A ≤ B.

This last result is especially important because it gives us a characterization
of ≤ (namely the definition given for ≤B) on the Borel sets that makes no
reference to infinite games or reducing functions.
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Conclusion

The primary goal of this work was a systematic study of the collection of degrees
of the Borel sets. This study has been remarkably rewarding. Among the most
important results are the following:

1. the relation ≤ semiwellorders the degrees of Borel sets;

2. every selfdual degree has a nonselfdual pair immediately above it;

3. every nonselfdual degree pair has a selfdual degree immediately above it;

4. at limit ordinals of cofinality ω we find a selfdual degree;

5. at limit ordinals of cofinality greater than ω we find a pair of nonselfdual
degrees;

6. every nonselfdual degree is of the form C−C− for some ωG-Boolean class C;

7. every selfdual degree is the lub of a countable set of nonselfdual degrees;

8. the relation ≤ measures ‘ease’ of constructing a set from open sets using
ωG-Boolean operations.

9. every nonselfdual initial class (of Borel sets) is ωG-Boolean.

The most obvious way in which the present research can be continued is to
study the extent to which the properties above can be extended to classes larger
than the class of all Borel sets. In particular, are the same properties true of
the collection of degrees of projective sets, if we assume PD? And are they true
of the class of all degrees, if we assume full AD?

At the time [40] that the author first announced the results for the Borel sets
it was an open question whether or not any of the above properties generalized
(except (3) and (4), which are easy to verify). Fortunately (for descriptive
set theory if not for the author) these questions were soon settled by Addison’s
students. It is now known that these properties are indeed true of the degrees of
projective sets (assuming PD) and of the collection of all degrees (assuming AD).

The most important of all these generalizations is the generalization of (1).
In 1973 Martin [23] proved that AD implies that ≤ on the degrees is well
founded. His proof used a game argument but one very different from any
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presented in this work; it involves the “0–1” law of measure theory. It was Mar-
tin’s new technique that allowed the resolution of the other problems. Martin’s
result, like all the others, can be ‘restricted’ to the projective sets: PD implies
that ≤ semiwellorders the degrees of projective sets.

A few years later Steel [34] and Van Wesep [37] showed that in general
A ≤ −A implies A ≤L −A. This settled (2), (5), and (7) affirmatively. At
about the same time Van Wesep, building on earlier work by Steel, Radin and
Miller, proved that every nonselfdual initial class is ωG-Boolean and so settled
the remaining problems, again affirmatively. The proof of these last results used
the degree operations developed in Chapter III and the stretch operation (as
defined in Section I.B).

The work of Steel, Van Wesep and others also revealed one very important
property of the degrees of Borel sets that is missing from the list given above. It
was discovered that the separation principle holds at every level of the hierarchy
defined by ≤. More precisely, it was shown that if c is a nonselfdual degree of a
Borel set, then exactly one of In(c) and In(c−) has the first separation property.
This result was generalized by Steel [35] who was finally able to show that
for any nonselfdual class C, exactly one of C and C− has the first separation
property.

Of course, a number of questions still remain to be resolved. It would be very
nice to learn of some connection between properties of the ordinal of a degree,
and properties of the corresponding initial class (a few such connections have
been discovered). It would also be very interesting to know of some ‘inductive’
definition of the degrees, which allows a given degree to be constructed from
those below it. This might, for example, allow properties of subsets of ωω to
be proved by induction on the degree of the set involved. Finally, it would also
be interesting to extend the ‘classical’ characterization of the levels of the Borel
hierarchy and the difference subhierarchy to other initial classes of Borel sets.
By this we mean some system for selecting particular ωG-Boolean operations
that determine the other initial classes.

The investigations of the author and the other researchers mentioned above
have revealed a symmetry and regularity that can hardly be expected on the ba-
sis of the definition of ≤. The close connection between ≤ and the ωG-Boolean
operations justifies the opinion, expressed in the introduction, that this relation
really is a measure of difficulty of defining (i.e., the complexity) of a subset of
the Baire space. A great deal has been discovered in a relatively short time;
yet there is still much we do not know. I sincerely hope that the long over-
due completion of this dissertation will aid and encourage the further study of
continuous preimage.
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Collection de monographies sur la théorie des fonctions. Gauthier-Villars,
Paris, 1930.

[22] Donald A. Martin. Measurable cardinals and analytic games. Fundamenta
Mathematicae, 66:287–291, 1969/1970.

[23] Donald A Martin. The Wadge degrees are well ordered. Hand-written
notes, 1973.

[24] Donald A Martin. Borel determinacy. Annals of Mathematics, Second
Series, 102(2):363–371, 1975.

[25] Jan Mycielski. On the axiom of determinateness. Fundamenta Mathemat-
icae, 53:205–224, 1963.

[26] J. Oxtoby. The Banach–Mazur game and the Banach category theorem. In
Contributions to the Theory of Games III, volume 39 of Annals of Mathe-
matical Studies, pages 159–163. Princeton University Press, 1957.

204



[27] Hilary Putnam. Trial and error predicates and the solution to a problem
of Mostowski. Journal of Symbolic Logic, 30(1):49–57, 1965.

[28] Hartley Rogers, Jr. Computing degrees of unsolvability. Mathematische
Annalen, 138:125–140, 1959.

[29] Hartley Rogers, Jr. Theory of recursive functions and effective computabil-
ity. McGraw-Hill, New York, 1967.
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Sciences, Paris, 164:88–91, 1917.

[37] Robert A. Van Wesep. Subsystems of Second-order Arithmetic, and De-
scriptive Set Theory under the Axiom of Determinateness. PhD thesis,
University of California, Berkeley, 1977.

[38] Robert Vaught. Invariant sets in topology and logic. Fundamenta Mathe-
maticae, 1974/1975. Collection of articles dedicated to Andrzej Mostowski
on his sixtieth birthday.

[39] Oswald Veblen. Continuous increasing functions of finite and transfinite
ordinals. Transactions of the American Mathematical Society, 9(3):280–
292, 1908.

[40] W. W. Wadge. Degrees of complexity of subsets of the Baire space. Notices
of the American Mathematical Society, 19:A–714, 1972.

205


